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FREFACF. 


The present Treatise on Algebra is in many respects a new 
iiook of its kind. It contains many theorems which, though 
lseful to junior students, are not generally found m the 
ext books in common use. My object has been from the 
leginning to draw the attention of the student to a theoretical 
study of the subject, which should properly be the aim of 
ivery elementary book. Hence many important suggestions 
lave been made in the shape of Remarks, Foot-notes, etc. 
n the treatment of the whole subject, I have followed what 
o me seemed to be the most approved method of writing 
ext-books, v is , to illustrate every article by examples, to give 
ithers for exercise, and where possible, to direct the student 
o work out the same example by different methods. At the 
:nd of each Chapter, Questions for examination have been 
;iven which, while testing the knowledge of the student in 
he portion he has gone through, will naturally lead him to 
ubjects treated later on. 

The four fundamental operations of Addition, Subtraction, 

.lultiplication and Division have been placed consecutively m 

rder to enable the student to have a fair acquaintance with 

he first four ruks of Algebra, before beginning the more 

omplex Chapters on Formulse and Factors. The treatment of 

his portion has moreover been very copious, as regards both 

iie theory and the practice of the subject, while such matter 

s presents difficulty to the beginner has been carefully 

« 

Kcluded. It is hoped therefore that the book in its earlier 
ortions will be found to serve pre-eminently as a beginner’s 
and-book. 
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PREFACE 


The Chapter on Factors, justly considered as of the highest 
importance to beginners, has been greatly developed The" 
tentative process of factorisation, itself of great practical 
value, has been supplemented, m the case of expressions of 
the second degree, by the general method adapted from the 
Theory of Quadratics The resolution into factors of some.J 
special expressions of higher degree and of homogeneous 
symmetrical expressions by the help of the Remainder 1 
Theorem, has been given m Chapter XXII It is thus believed 
that as far as the range of this treatise permits, the theory of 
factorisation has been presented m a tolerablylcomplete form 

I have introduced, after Division, a section on Simple Equa-| 
lions, with a view to make Algebra interesting to the student ' 
at an early stage of his progress This appears to me, moreover, 
to be the most natural order, for without some knowledge 
of Equations, the theory of Divisors and Multiples and of 
Fractions cannot be properly understood Hence Simple 
Equations have been treated in two sections, in the second of! 
which, inserted after Fractions, the theory of the subject has 
been more fully dwelt upon. 

In the second section on Equational Problems, instead o 
merely giving illustrative examples, as is ordinarily done,] 
1 have tried to explain the general principles on which \ 
the solution of particular kinds of problems depends [See 
§§ 231*235 inclusive] x 

In Chapter XXII, many useful theorems with their applica- 
tion, together -with some other interesting matters have been 
given, which, it is hoped, will make the present tieatise 
interesting to the student of Algebra 




The examples are numerous, many of which are original j 
while the rest have been taken from Cambridge and other 
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Examination Papers. The book thus contains many new ex- 
amples, besides some old ones which have been inserted on 
account of their special interest 

In the Appendix, solutions of a number of examples, chiefly 
selected from the body of the work, have been given, in illus- 
tration of what is commonly called algebraical ‘ artifices .’ 
The Appendix also contains a set of Miscellaneous Examples 
for exercise, arranged in the form of Papers. 

At the end, Examination Papers of the Indian Universities, 
together with an Addendum containing solutions of difficult 
questions set at the several Universities, have been given. 

It is thus hoped that the present edition will be of still 
greater service to students than its predecessors, especially, 
to those who begin the subject for the first time. 

Any suggestions towards improvement from gentlemen 
engaged in the cause of education, if kindly communicate^, 
will be most thankfully received. 

Calcutta, December 21 , 1S94 . 


PREFACE TO THE THIRTEENTH EDITION. 

In this edition the book has been thoroughly revised and 
much useful matter has been added, especially in the Chapters 
on Formula and Factors. It is, therefore, believed that the 
work in its present form will be found particularly interesting to 
the beginner 


Calcutta, December z 9 % zPoj. 


S. C. BASU. 
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INTRO D u uriu jn 

DEFINITIONS 

' 1 Origin of tbe Science It is now generally admitted that 
the Hindus were the inventors of the Science of Algebra It was. 
introduced iuto Europe about the beginning of the thirteenth 
centun, from the works «>f the Arabic wi iters ‘‘who certainlj 
derivecl their knowledge from the Hindus ” Hence the name 
Algebra “is the European corruption of the first words of an 
Arabic phrase, which may he thus written, al jebr c al mokabalah 
meaning restoration and reduction ” 

S. Quantity, unit, measure In Algebra, Quantity de- 
notes a magnitude that can be exactly ‘measured by a smaller magni- 
tude of its own Lind. This smaller magnitude is called its unit, 
and is represented by the figure 1 (read one or unity) Thus the 
quantity "five rupees” contains fix e times its unit one rupee ; ‘‘eight 
lard-.” means eight times its unit one yard, "thirty-six square feet*’ 
denotes an area thirty-siv times as much as the unit one square foot ; 
and so on 

It thus appears that every quantity is measured by the number of 
time? it contains its unit. This number , which indicates how often 
a quantity contaius its unit, is called the measure of that quantity , 
thus in the above examples 5 is the measure of the mini of money 
viz “5 rupees”? 8 is the measure of the length viz ‘ 8 } ai ds ” ; and 
so on Therefore the number which is the measure of a quantity 
represents that quantity. In Algebra we are concerned with only 
the»e numbers and therefore the letters which aie symbols of quan- 
tities always represent numbers whether whole or fractional [*-ee § 29] 
A. whole nnmber is called an Integer . the corresponding adjective 
is integral. 

Sometimes the word quantity is used to denote an Expression 

[§ 16 ] 

* 

3 Definition Algebra is the science that treats of numbers. 

In Aiithmetic (which also treats of numbeis), numbers are re- 
presented by fignres having definite values , but in Algebia numbers 
tre denoted by letters, each of which cau stand for any number 
whatever Hence, conclusions m Algebra are general , but those in 
Arithmetic are particular Algebra may, therefore, be termed general 
r universal Arithmetic * 

' Sir Isaac Newtox calls it Universal Arithmetic 
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4 Symbols The letters used in Algebra, to denote numbers, 

are usually called Symbols Generally the small letters of the 
alphabet are employed, as a, b, c, m,n,. a, y, s Some- 
times capital letteio and letters of the Greek alphabet are used , 
as d, 21, (i, ffi, 7 « 

5 Letters with accents and suffixes To preserve sym- 
metiy of operations, it is often found comcuicnt to use the same 
letters with accent or suffixes , as 

a', b", e"‘ (lead a dash, b two-dash, c three dash, ) , 
a lt b s , c 3 (rend a one, b two, c three,... ) 

Note It should be carefully remembeiedtbat o', b", c"’, or n,, 
b„, c„ „ha\e no necessary connection (as to value) with n, b, c, 

tt Kaowns or Constants Quantities which hare determi- 
nate ■values are called Known oi Constant Quantities, oi simply Con- 
stants They are generally represented by the first letters of the 
alphabet , as a, b, c, d, 

7 Unknowns or Variables Quantities whose values have 

to be determined, are called Unknown Quantities or Usxxowyy 
We shall also call them Variable Quantities or simply Variables 
T hey are Usually lepiesented by the last letters of the alphabet , as 
r,y,5,«, . 

8 Sign + This sign, which is read plus, signifies that the 
quantity before which it stands, is to be added 1 Inis a-r-b means 
that the quantity b is to be added to the quantity a if a represent 
10 and b represent "5, then a + b repre-ents 10+3 or 13 Similarly 
w + in + s signifies that s is to be added to the sum of a and m , t e , 
m is to be added to a , and then to the sum : is to be added , if a 
stand for r >, ui foi 8, and : foi 1, then « + m + s stands foi 5+8 + 1 
or 14 

* 

9 Sign - This sign, which is read minus, implies that the 
quantity before winch it stands is to be subtracted Tims a — b 
signifies that the quantity b is lo be subtiacted from the quantity 
« if a represent 6 and b iepre s ent 4, a — b represents 6 — 4 or 2 
Suntlarly « -m -c signifies that the quantity «t is to be subtracted 
from a and then * is to be subtracted from the result if « 
stand for 8, m for 4 and c foi 3, then a — mi— s stands for 8—4— 1 
or 1 

So aUo a -p+q signifies that p is to be first subtracted from a, 
and then q added to the result and a+p—q signifies that p is to 
bs added to a, and then q subtracted from the result 

Note From §§ S and 9, it is seen that in Additions and Subtractions, 
the order of the operations tsfrom l*ft to right 


DEFINITIONS 


3 


14 ] 


10. Sign — . Tins sign, placed between two quantities, sig- 
nifies that their difference is to be taken. Thus signifies eithei 
s— i/ or y— v according as ,% or y is the greatei if i repiesent 2 and 
;/ lepreseut 5, v~y lepresents 3 This sign is used when we do not 
blow which of the two quantities is the greater. 

• 

11 Sign ± This sign, which is read plus or minus, signifies 
that the quantity before which it stands, n, to be added or sub- 
tracted Thus a±b signifies that 6 is to be added to or subtracted 

_ from, a . if a stand for 8 .uid b for 3, « + 6 stands for 8+3, te, foi 
11 or 5. 

12 Sign x This sign, which is read into, signifies that of 
the two quantities between which it is placed, the first is to be 
multiplied b\ the second. Thus a x b means that the quantity a is 
to be muUqilied b\ the quantity ft if a leprcsent 8 and & represent 
4, «xft iepre*ents 8x1 or 32* Similaih r'xftxc signifies that a is 
to be multiplied by b and then the result i* to be multiplied by c. 

In Algebra, this sign vs- often omitted between a figuie and a 
letter, or between two lettcr-j Thu* 5 x « is tlie same as 5a; a x ft 
is» the same as aft ; 3 x x xy x s is 3ri/c 

Sometimes a point is used instead of this sign , thus a x b is 
lepresented by a b , 13 and 1x2 bignifj the same thing. [See § 18, 
Note 2] 

The sign x, or its eqnnalent point, cannot bs omitted between 
numeral figures, for m Arithmetic 23 means, not 2 x 3, but 20 + 3 
If, however, it is meant that 2 is to be multiplied bv 3, then it must 
be written either 2 xg or 2 3 

UE3unK To distinguish a decimal paint fiom n point as a sign of « 
multiplication, the former is placed hxqh r up: Thus 2 3 means 2A and 
2 3 means 2 x 3 or C 


15 Sign -r Til*, sign, which is read divided hi/ oi by, signifies 
that of the two quantities between which it is placed, the formei 
is to bo divided b) i he latter. Thus a — b signifies that « is to be 
diuded by b , if a stand for 84 and 6 for 7, a— ft stnnds for 84-*-7 
or 12 Similarly «— b—c mean* that a is to be divided by ft, 
and then the result is to be divided by c 
So also u-t-bxc means that a is to be divided by ft and then the 
result multiplied by e; and ax 6+e means that « is to be multi- 
plied by ft, and then the lesult divided by c. 

Note From §§ 12 and 13, it is seen that in Multiplications and Divi- 
sions, the aider of the opeiahons is f ion i left to right. 

. Signs of Operation. The four signs , x and — are t 
called the signs of operation 

t 
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15 Sign = This sign, 19111011 is read ts equal to or equals^ 
signifies that the quantities between which it is placed, are equal. 
Thus #=0 signifies that x is equal to a 

16 Expression, Term Any collection of algebraic symbols 
connected by the signs of operation, is called an Algebraical 
Expression or simply an Expression Thus a+b—m+fd is an 
expression m which a, b, m, /, d are symbols An expression is 
sometimes called a Quantity [See § 2 J 

The parts of an expression, connected by the signs + or — , are 
called its Terms Thus the expression 3o a + 6 + l — icx* contains 4 
terms 3o a , b, 1 and 4 as? , the expression a -5xc— 2d+l— ex 6 / con- 
tains 3 terms a, b x c— 2d and 1 — 0 x 5/ , and so on 

11 Particular Names of Expressions When an expres- 
sion consists of one term, it is called a Simple Expression, or a 
Monomial, as a, — 56, 3pr 4 , &c When an expression consists of 
two terms, it is called a Binomial Expression, or bnefly a Binomial , 
as a + 5, ax — by &c When an expression consists of three terms, it 
is called a Trinomial Expression, or briefly a Trinomial, as 
o + 5 + c, «*+6y-3s, &c When an expression consists of seveial 
terms, it is called a Multinomial or a Polynomial Expression, or 
briefly a Polynomial, as o+ 6 +c+d+e+/, au 4 + 6 * 8 +ci a +da? 
+c, &c A Polynomial is sometimes termed Compound Quantity or 
Compound Expression 

18 Numei ical Value We have seen [§ 3] that symbols m 
Algebra may stand for any number whatever An expression there- 
fore will have a numerical value when the value of each of its sym- 
bols is given m numbers To find this value, we substitute the 
given numbers for the letters and proceed as in Arithmetic, 

Examples ( 1 ) 

Ex 1. If r=8,y=5and s = 3, find thenumlrical value of x+y+z 
®+y+s=8+5+3=l 6 

Ex 2 If a =4, 5=9, find the mimencal*values of 7® and ah 
7® = 7x4 = 28 , 

®6 = 4x9 = 36 

Ex 3 If ®=25, 5=10, find the numerical value of o+25 
0+26 = 25+2x10=25+20=45 

Ex 4 If 3 = 5 , y— 11, find the numerical value of 3x +y — 10 
3a+i/ - 10 =3x5 + 11 -10=15 + 11- 10=16 

Ex 6 If o=26, 6=10, find the numerical value of l + o — 6 + 06 , * 
l + o -6 + o6=l +25 -10 + 25x10=16+250=266 
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Bx. 0 If find the numerical value of a - , 

M 

n 13 l — -—*=13^ — 0— 7^. 

,V ' 3 

4 4 |) 

Ex. 7 If <?=£?>, find the numerical value of ~+x. 

' 5 o 

5 5 .4 1 4 14*4 5 , 

— + X!= 3 *' — •** - *cx — 4 fc y* . tta^cs j 

o 2 3 5 5 5 5 r» 

If tf«G, 5»0, c=*4, d»3, o«2 t /**l, find the mnniuical value of 
8 2rt+3 8. fic-H/. 10. &4-c4*rf 1L 3«+6~l, 

12. a-c 13. 14/— 2n. 14. 5c— d+2f. 15. ttb—Tc 

18 Gac-ed-W.f. 17. l?5-2c-3d. 18. 3ff ~2&-5/+Gfl 

18. IQc-f 10c?— 5s-*5f. 20 Gabc—3bcd—lief. 

21 9a&/'— 3 bc/— S erf. 22 abe+bed+ede+def 


nn ha 
23 . 

a e 


2.1 1 

24. ~ 4" *>— o /• 


26 


U+UJ 

<i b c a 


« T (/ 2/ 

If o~~, 6-^, c**|, find the numerical value of 
28 5«+2&. 27. 28. ?+£--&. 29 4tth-~r + 2& 

♦) V C M 


Koto 1 The following properties of o should be carefully 
remembered — (i) If hen any one of the r ci eral Humbert multiplied 
together w 0, the ~ctv.lt v> 0 , (n) When Q it dnukd bj any number, 
the result is 0 ; fin) The addition or *ub’ractton of 0 cannot affect 
the i altie of a Quantity' 


Examples (U) 

If ««3, 6»7, c=2, d—0, find the numerical value of 
Ex L 2a+&4-c£and 2a+b~d. 

The addition or subtraction of <7 « Inch *=0, does not affect the 
value, therefore each of the quantities 

» ‘»2B4-h~2 y S+T^G+T 411 13 

I Ex. 2 . Gitbc ; 12 had ; Zbed , IBacd 
Gr&c=Gx 3x7x2— 252 

Each of the othert. is 0, for d which —0, occurs in each of them. 
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If «=3 6=7, c = 2, d=0, fiwl the numerical ialue of 
Ex 3 S6+2d-17c 

5&+2<2-17c=5x 7 + 2x0-17x2 = 35+0-34 = 1 


Ex. 4 


5 

10 


126c 
a + d 
6+c 


ad 56c _ ac 
Tc + 14 36 
ac? 56o ac 
6c + 14 _ 36 
0 18ac 

1L 


0 5x7x2 

= 7x2 + 14 

7 13ad 
1 5c -3 6 
4eZ+9c 


3x 2 

3x7 



45 


8 

12 


15a6tf 9 
26+4c 
36 + a-2 


2a6c 


If a=l, 6=7, c=0, t = 10, y = 6, s = 5, find the value of 


13 

8ab 14 

166i 

15 17cy 10 

lap 17 

18 

■foacx 19 

isbvz 

20 -$ z abxy 


21 3 ax—e 

22 

Jxp—ab 

23 

5Qay—3bxz 


24 £a6c— 3.ry 


12.re 2by 






Sf ~ 3a; 






If a=3, 6=7, c 

=2, cZ= 

= 0, find the numerical value of 

26 

2a -8d 

27 

136+lOcf-a 

28 

18c + a+5<2 

20 

3n6— 2ccZ+66 

30 

4abd +9bc — 2a6c 

31 

5cf cd 2bd 
2a ’ a6 ’ 5ac 


2cJ>d 1 


Ga - 25 + 4d 


2a6 + 6c — 5cd 

32 

3a c + 2 

33 

5 a +id - 2c 

34 

3ac-4a6+66c 


Note 2 The piecedmg examples are simple , but there, as 
elsewhere, the order of the operations is from left to right [gS* 9, 
13, Notes] Hence to find the numerical value of an expression, 
we find (1) the value of each term by proceeding from left to right, 
and then (2) the value of the whole expression bj proceeding also 
from left to light Thus to find the value of 

16x8-12+36-4x14-6-72x5-8-3 
The expression has 3 terms, viz 

16x8-12, 36-4x14-6, and 72x6-8-3 
First term =15x8-12=120-12=10, 
second term =36—4x14—6=9x14—6 = 126—6=21 , 
third term =72x6—8—3=360—8—3=46—3=15 
Value reqd =10+21-15 = 31-15=16 

'■Remakk The case in which the sign of multiplication is, omitted 
between two or more quantities dcsen os special notice Here the omission 


nrmmoss 


i 


»3 


of the sign and Hie con«c-uioiit elnscnc^ of the ijuantitms cause the result! 
to he regarded as a writ ouantitv. Ibus a -^bx c means that a is to he 
k)rt divided by b and then the result is to he multiplied bj c (§ 11], 
but a — be mean’) that b and c arc to he multiplied tint and then ft is to 
he divided by the result Hone* if a = h». 5—3 and r=4. ti — bx f ' — 
:!0-3x4=l~’x4-lS t lwtn-i- _.{G-I2=3 S.milailv a-nt > h up and 
o give different remits ; and *-o on 

Examples (m). 

Find the value of 


7. 

20+ 1 X 3. 

2. 35-7 

— 1 

3 

fl + Gx 1 

4 

1? 

-S+4 

6. 

5x3-16- 

-4 f 6— 2xfi - 

-3> 






8 

2x6-4+: 

8— 2x5-=*4 ~ 

15-3 

X 2a* 

■5 





If c«=12, b»2, c>=3, (f = 

1, find 

the 

numerical a 

•nine of 



7. 


8. ey.?)>rf. 

9 

ff&T'*. 

10 ft- 

— c: 

K(t 

11, 

'J-rCd 

12 a + (7- 

rf> 

13 

tt-bxe 

14 <*- 

+ 0- 

-rXf/ 

ID 

r*i 

4 a^b~-cd 

16 c + 

b±d- 

-fc- 

2e 17 

fffi-f 

+c 

— 6xc 

18 

a—3f>+<x- 

s-3 >: 5+1 


19. 

SJvcj.3, 

/x>lc— { 1 

f 


20, 

3c^-2S+'* 

v: r id^-oxtl 


21 

</ X?>+C — 

tfri/Xf 


+6c 

22. 

Gcl-x \b-r 

c-~cd-±-T)(ci- 

•h — 3im— 

2&-r30 vji,/ 

4 




23 Sn+3&XGr+C(/-^2~ l£.i + X 16<r-{ltf ^»W 


Examples fivj 

If <p=r£ j,r !*, fuid th* \nlue of 


1 10+2//— It 2, dp - it — *«/ 3 

< j, | 

4, |> 15n 4- 10t» — l q 6 

2a 2/1 11§X«<7 r 

'ib~ b r tp 12n 



n p 


tr b , f<2 

6 p 


~9 


If r-~ ‘02, ‘•--’OOi'i, f.nd the mine 6f 

8* 5r — 10.i« 8 r*~T5tM2" 10 4’*' — 3r + » — r' 


1& Product, jEPootor, Coefficient. When two oi more quan- 
tities are multiplied together the result u called the Contimj? B 
Product, or simply the Product of the quantities Thu* (Labe is 
the product of 2, a, b, and c 

Each of tiic quantities multiplied together to form a product 
is called a Fa< top. of the product Thus 2, a, b, and c, are cadi a 
factoi of 2 ohc. 
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When a product is considered as divided into two sets of factors, 
each -et is called the Coefficient (that is, the co factor ) of the other 
Thus in 2abc, 2 is the co efficient of abc, 2 a is the co-efficient of be, 
and 2a6 is the co efficient of c , m xyc, v is the co efficient of yz, y of 
xz, and z of xy When the co efficient is expressed m number , it is 
called a numerical co efficient, and is generally placed first , thus 2 is 
thp numerical coefficient in 2 aba The numerical coefficient may be 
either integral or fractional , thus 3, § are coefficients in 3a, i>z 

and §mn respectively When the coefficient is expressed m letter, 
it is called a literal coefficient , thus m is the literal coefficient m ma 

Note Where there is no numerical factor, the coefficient may he 
supposed to be unity Thus in a and xyz the coefficient of a and of xyz 
is unity 

20 Power, Index, Exponent If a quantity be multiplied 
by itself any number of times, the product is called a Power of that 
quantity Thus aa is called the second power or the square of a , 
aaa is called the third power oi the cube of a , aaaa is called the 
fourth power of a , and so on The quantity itself ib called its first 
power , thin. tlie_/frs< power of a is a 

For the sake of convenience aa is written a 3 , aaa is written a 8 , 
aaaa is written a 4 , and generally aaaa . to n factors is written a”. 
The small figure or letter placed above a quantity and to it3 right to 
indicate how often that quantity is to be taken as q factor in a power, 
is called the Index or Exponent of that power Thus 2, 3, 4, « 
are the indices or exponents of a 3 , a s , a 4 and a" respective!) 

The first power of a being a or a 1 , the index r of the first power of a 
quantity is unity 

( In the above examples, a 5 is read “a laised to the second power,” 
or “a squared" , a 3 is read “a raised to the third power,” or “a cubed",, 
a 4 is read, “a raised to the fourth power,” or briefly, “a to the fouith” , 
and a n is read “a to the nth,” oi “a 7ith ” 

21 Bracket, Vinculum The signs ( ), { }, [ ] are called 
Brackets They aie used to enclose the terms of an expression 
which aie meant to be taken collectively Thus tn a + (b + c), the 
terms b and c are enclosed in a bracket, for their sum is meant to 
be added to a , similarly m(a + Z>) means that m to be multiplied 
by the sum of a and b , (a + b )— means that the sum of a and 5 
is to be divided by x 2 , ( ab) s means that a is to be multiplied by 6, 
and the pioduct is to be squared , and so oil 

Sometimes instead of brackets a line is placed over the teims 
' which are meant to he taken as a whole , thus a+6 + c 16 the same as 
a + (6 + c) The line is then termed a V ixculum 

The three kinds of Brackets are sometimes conveniently called 
Parentheses, Braces and Oiotchets respectively 
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Examples. 

„ If a=3, a— 2, y=4, find the value of 
Ex. 1. 4 5 =4x4X4x4x4=1024 
JEx. 2. (15}*=(15) 9 =15x 15x15 = 3375 
Ex. 3 7 2 “=7 2 * s =7 0 = 7 x 7 x 7 x 7 x 7 x 7=117649 

Ex. 4 4o 4 =4x3 4 =4x3x3x 3x3 = 324. 

Ex 5. (5ar) a: «(5x3x2) s = (30) s =30x30=900. 

6. 5 s . 7. S x . 8 (28) 2 . 0 (12)“. 10 (50) v . II 3°*. 

If a— 2, b—0, c=8, -r=3, y— 4, find the value of 
12 o 6 13. 3c 5 . 14. 1 4y s 15. 120a,- 6 10. 24&v 8 . 

17. 16c*a? 4 , 18 fo 2 ry 2 . 19 20 3?oW 

21 3 s 2 <x 4 c;y 5 . 22. J-rVy 5 23 

If «=5, 6=1, c= 4, ?n=2, n=3, r=7, a; =6, find the value of 
24. a". 25. m* 28 3f‘. 27 56’. 28. 4c“. 29. (2«6) K . 
30. (4a 2 r) c . 31 (3ar) m6 32. 3mV 33 %xa m . 34. f s nx\ 


35. 

Sr s m r . 36. 


37 r ?f e d 1 c m n t . 

38 JW, 


If o=4, x—r- 

=2,y=3, 

find the value of 


39. 

©* 

!©• 

41 (is)’- 42 - 

(£)' 

43 

3/3ar\° 

iW) ' 

i 




S3. Squaie .Boot, Cube Boot The Square Root of a given 
quautity is that quantity whose square, or second power, gives the 
proposed quantity. Thus 2 is a square root of 4, for 2*=4 , a is a 
-square root of tt s ; &c The square root of a quantity, say a, is 
written \!a, or more commonly sja, , hence a/ 4 =2, */9=3, &c, 
Ja is read ", square root of a,” or moie commonly “ root a ” 

The Cone Root of a given quautity is that quantity whose cube 
oi third power, gives the pi oposed quantity. Thus 3 is a cube root 
of 27, foi 3 S =27 j a is a cube root of « 3 ; &c The cube root of a 
quantity, say a, is represented by %/a ; hence ^/8 = 2 ®/125 = 5, 
■&c 1 %fa is read (, cube root of a ” 

The sign */, by means of which the root of a given quantity is 
•expressed, is called the Radical Sign, and is a corruption of the 
mtial letter r of the word radix. 

Note From § 21, we at once see that rja+b is equivalent to 
\J[a+b), the lme over a +6 in the first case, serving as a vinculum. 
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Hence, there is n distinction ktneen “Jail/ and *Ju —b , foi *Ju +/; 
me in? the * , qn ire root of the sum of a and b, whereas t^nja+fr means that 
b is to he added to the square root of a so also \ ,r ix means the square 
root of tin product 3x, but JSr means that the squaic root of 3 is to he 
multiplied b\ r Thus where, there i< no h ncht oi u nett him, the ladical 
xtfjn 1 rfers onlt/ to tlw quantity hefou which it w plcurd Hence to express^ 
tho root of a uumbci , braclvi t oi vinculum is unnecessara , thus *J1o is 
sufficient to express s /(35), or s/35 


Examples 
If a “12 and find the aalne of 
Ex 1 12 9;= J(3 3 4 3 3)=3 2 3 = 18 

Ex 2 V(244 ;‘)c=;/(36 9 00 0}=V(27 < ?0 9 9) = ^2 0 = 54 

Ex 3 If r~4 and e = 5, find the value of ^/c* 
v 'i‘= „/4 fi = 4 4 4 4) =2 2 2 2.2=32 

Ex 4 If s =8, n=2, J = 32, find the value of \!{2bx a ) 

V(26t°)*=V(2 32 8 s )=*/(64 8 8)=V(4 4 4)(4 4 4)=4 4=16. 
If « = 12, J»=15, find the value of 

6 J(l6ry) 6 J<18 nhj) 7 ?J(5aP) 8 W(« 5 ^) 

0 ‘ V ( 20 (% s ) 10 %/my) 11 . 2 y( 80 ab*) 

12 2 HW) 13 fV(4«V) 14 &V(15 b’-ry). 

If er = 2, J = 4, c=l, «?=*), ir=8,# = 3, ;=0, find the value of 


« yen 

16 

a/© 

17 

a/GS*) 

18 v/Q 

19 

1 

20 

1 

«/(3rfy) 

v(G«Vy) 

81 

22 

4 /fG4r\ 

V W/ 

23 


“■ y©') 

26 

\/ (il'hTii) 

26 

7(w). 


Ex 27 Find the values of 
'*=16 and y=3G 


v'4i +y and 


N /1r+j/, when 


J4x+y=* i/l x 1G + 3G= */]00=10 
*/Tr+y = ^/TxIG+^G® n /64 + 36=8 + 36 = 44 
«/4 i +v=2xlG+36 = 32 + 38 = GS 
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If a = 3, 6=1, c—25, d—B, a=l6,y=36, 
28. oJTTa 29. .ejx+a. 

31 l/(ar+&e). 32 Jai+ J(bc). 

34. Jax+ Jbc. 35 %fi(b + d) 

37. 2^/c?(r-©) 38. vjZa+b+y. 38 


find the value of 
30 Jcx+ Ja. 
33. J(ar) + Jbc. 
36. l/5a(b+d). 

2 *J~4x+y + c{2a - r) 3 . 


S3 Like and Unlike Terms Terms which do not difler at , 
all or differ only in their numerical coefficients, are called Like 
Terms Thus a, 3a, 5a, $a, are like terms ; so also aie 2a 2 6 3 , a-b , 
and Ja 2 6 5 . When this is not the case they are said to be XTklIke 
Terms Thus 3a, b and Id are miltke terms 


34 05 17] 

J55> Other Signs The sign >, which is read is greater them, 
indicates that of the two quantities between which it is placed, the 
former is greater than the latter Thus a>b denotes that a is 
greater than 6 

The sign-c, which is rend is less than indicates that of the two 
quantities between which it is placed, the formei is less than the 
latter Thus a <b denotes that a is less than 6 

The sign signifies hence or therefore 

The sign signifies mice or because 


S(J Peculiar meaning of the "word “sign” The word 
‘‘sign” when used alone, denotes the ttco signs + and and no other 
signs Hence "the sign of a term ” means eithei the sign + or 
the sign—, which is prefixed to it, and the phiaso "to change 
the signs' 1 means “to change all the + signs into - , and all the — 
signs into +.” 

-Again the phrase "hie signs ” when used with refeience to two 
signs, means signs both of which aie 4- oi both — , an(l"unhle 
signs' 1 means Bigns one of which is + and the other — 

Similarly when used with refeience to several signs, “like signs” 
means 6igns all of which aie +oi all - ; and “unlike signs’* means 
signs some of which are + and the rest - 


27 Examination upon the Introduction. 

1 Define “Algebra ” To whom is the invention of this science 
ascribed 1 

2 What symbols are used in Algebra to denote numbers? 

3 Define ‘’Quantity” and “Integer 1 How aie quantities re- 
presented in Algebra ? 
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4. Define unit and measure Can you measure an area of 
5 t.q jds bj means of the unit one yaid ? If not, what unit should 
you employ ? 

6 What is understood by x+y and x—y respectively ? 

6 What is meant by a x b—c, a—b—c, and a—b x c respectively 1 

7 Distinguish between 5 6 and 5 6 Fmd their difference. 

8 How may the product of 10, x and y be represented * 

9 If v stand for 4 and y for 5, how will 45 be represented by 
means of these symbols ? 

10 Mention some of the propel ties of 0 

11 Define the terms — Product , Factor, Coefficient, Power, and 
Index Distinguish betweeu 3a and ft 8 , and find then difference 
when a— 2 What are the factors of 3a(6 + e) ? 

12 Define tho square root and the cube root of a number What 
is the use of brackets t What aie meant by 2a? s and (2a?) 2 , and what 
is the difference between them when a? =3 

13 Distinguish between Ja + b and Ja + b If x =4, find the 
difference between JQx and JQx 

14 Define an algebraical expression, a term, life terms, unlike terms, 
a binomial, a trinomial, a polynomial and a compound expression 
Give examples of each Is 8a s 6c s a.*»/ a compound expression ? If 
not, what ib it i 

16 What is the ordei of the opeiations in simplifying an express 
sionl Find the value of 5 + 8x2— 4 + 18— (3x2)-l8— 3x <! 

10 What is the peculiar meaning of the word sign when used 

alone ? What are like signs and unlike signs ? 

38 Examples 

If a=26 and 6=10, find the lalue of 
3* ab—a — 6 zj (a + 6)(o — 6)+2a6. 

3 6a6+3a— 26— 36— 8 4 10a— 6 + 6— a-a6— 25 

If a=20, 6=12, x—b and y = 3, find the value of 

4j/ ax + by ab±xy 

7 5ax~3by + ay — 10 8 2(a+6)ar-3a-a 

9 (a+x)(b-y)-(a+b)(v-y) 10. axy-b-abx—ax+by(l+y), 

If a = 6, 6=5, c=4, d=3, c=2,/=l aud g=0, find the value of 

11 5a— (Z + 46— c-lOd— e+2y 

12 4a6 — 36c + 6<?d+ 5ef— 2dg, 13 ab + Qbc -4.de +5fg 

14 4ac - 36/+ 5dg -ad+ ice 16 6ab-8cg+Ucde-4aef. 
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If «=6, 6 = 5, c=4, <2=3, o=2, 1 and <7=0, find the value of 

18. 22o6<7-19c<2 + 33o6-~13ctfe/ 17 


If o= 2, 6=3, o=5, <2=0, find the value of 
18 a 3 +6 s +2o6. 19 <z s +6 8 +e 8 +3a6o 20 a 8 6+6 s o+c 8 <2+<2 3 o.. 

21 <i 4 +& 4 +o 4 +<2 4 +4o6c<2 22 3o 8 +46c 2 — 4a6e 

23 10« 4 o s -5& 8 C£2+2o 8 &e 2 -3a<2 8 +27c 8 . ' ' 

24. £ac s +^6 2 c — %abc — a 8 +6 8 

25. ^« 3 e+2a 6 <2-80<2 i +^c 4 — §o*a s . 

26. 3a6c+§&c 2 c2— 15o 2 c+ 4 6c 3 — f^a 8 . 

If a =5, 6=2, c=3. <2=1, find the value of 

27. o s + 6 s +o 8 +«P. 28 o 8 +5 s +c s +<2 8 , 29 o 4 +6 4 + e 4 +<2 4 

30 (a+b) s +(c+cZ) B 81'' (a — c2) 2 — (c — 6) 2 . 32 (« 2 -c 2 ) 8 -(6 2 -<2 8 ; 8 
33. (o+6+c) 2 — o 2 — 6 2 — c 2 34 (o + 6 + c) 8 — a 8 — & 8 -c 8 

35. (o<2+ be ) 3 + {ac - bd) 3 . 38. (2o-6 2 ) 8 +(3c-6c) 8 . 

37 ^(2c 2 ~«5) 8 +^(a 2 <2 4 -c 2 ) 8 s 

If a =2, 6= A, c=£ and <2= J, find the value of 

38 5oe+14&o— 9cc2. * 39 7o<2+36<2+ 5oo— bed. 

40 3s a 6+4a s -3a6 2 +46 3 — 8<2 S . 41 <fc 4 — 4o 3 6+96 2 c 2 — 48c<2 4 . 

42. 3(o6-Ge<2) 2 + 4(«<2-6c> 2 43 l~^T c +JZl’ 

3c s 5 s 3-& 2 
4 o 8 + <2 2 *”2(l + 2c‘ ! ) 


If o = 5, 5=3, o=0, #=4 and j/= 2, shew that 
45 06(0 + b) +3oc(« + e) +2 ri/(v+y) +17 

—ax(a+x)+ci/(c+y)+ag(a+y)—l , I> 

48 ihab+l(a%+ty)+?szy + 4 X % 

= + $ (a + b)(.v +y)+ i J by- 4 T 5 5 
47 Shew that 5x 3 — 32o+12=0, whethei x=6 or =§ 

48. Shew that 4r 3 —15'c 2 + 17a. -6=0, whethei ,r=l, oi =2, oi=f. 
If o=4, 6=3, o=5, <2=0, find the value of 


49. 6j(a'-+b-)-(c-bd? 


60 


J(c 3 -b*-d 2 ) 

iuc 


51. gj S /(o 2 + 6 2 + d 2 ) — 


n /(5oc 8 ) + 


(3o l -2&c) 2 
s/(36 s ) ’ 


CHAPTER I 

FiJhDAMFKTAI. NOTIONS. 

39 Unit We have seen [§ 2] that if one square foot be the unit, 
an area of 36 squaie feet will be represented by the number 36 
Similar!} if itco square feet be the unit, the same area will be repre- 
sented liy 18 , if three square feet be the unit, it will be repiesented 
b\ 12 , and so on Thus by tnking different unit* we may represent 
one and the same quantity by different numbers The following 
examples will illustrate the truth of our remark 

Examples 

Ex 1. If 115 be the unit of measure, what w ill be the measure 
of R100 t 

Everv R5 is repiesented by unify , the number that iepresents 
R100 is 100—5=20 

Ex 2 If a rupee be the unit, what will be the measure of 250 
half rupees ? 

Ever} . unit =2 half inpees , therefore the required numbei 
=250-2=125 

Note From these two examples we sec that if the unit be of the 
same or lngha denomination, we dmde 

Ex 3 If half-a-rupee be the unit, what number will lepresent 
R75 1 

Here each rupee = 2 units , * required number=75x 2 = 150 

Note Hence when the unit is of a loicei denomination, we multiply. 

Ex 4 If 2 feet and 2 yards be respectively the unit, how 
will 18 yards 2 feet be represented ? 

(1) Here 18 yds 2 ft =56 ft , therefore the number that repre- 
sents 18 yds 2 ft la 56— 2 = 28 

(2) Again, 18 yds 2 ft =l'l§ yds , therefore the number that 
iepresents 18 yds. 2 ft is IS3— 2 = 9J 

Note Hence the unit and the proposed quantity must be reduced to 
th" same denomination , if not already so reduced 

Ex 5 What are the units w hen B100 is represented bv 25 and 
24 respectively 1 J 

Since 25 measures 100, it is clear that the unit is contained 25 
times in 100 , unit required = 1 00 — 25 = 4 
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Similarly, m the second case, the unit is contained 24 times , 

.*. unit iequhed= 100+24 =4§. 

y.-g, G. If an hour and a quarter he represented by 20, what is 
the unit ? 

The required uuit is contained 20 times m 1 hr 15 min , or 75 min , 
unit requircd=75+20=3f. 

Ex 7 If 40 «ecs be taken as the unit, what time will 40 
lepresent ? 

Each unit of time =40 secs . theiefore 40 will lepresent 40 times 
40 sec» =1600 secs. = 26 min 40 secs. 

8 If 4 rupees be the unit, what numbei will measure 18 rupees ? 

9 If 2 1 . he the unit, what will be the measures of £15 and 20 
half-crowns * 

10 If £1 be the unit, how will 200 six-pences be represented ? 

11 If 3« 4d be the unit, what sum will be ^presented by 18 ? 

12 If £8 3? Ad be repiesented by 20, what is the unit ? 

13 If 4s 3rf be the unit, what will be the measuie of £4 5s 1 

14: If 250 miles be measured by 25, what numbei will measuie 
102 miles ? 

15 If an aiea of 20 «q. ft be represented by 3J, how will one 
square ) ard be repi e«ented ? 

10 If R16 4a. be denoted bv 20, what will be the measure of 
R26? 

17 If the unit be 5 yards what distance will 352 represent ? 

18 If 164 »q yds be represented by 201, what will be the 
measure of the unit m feet ? 

19 If 5j be the measuie of 189 sq.ft, how many sq yds are 

there in 5 times the unit 1 * 

20 If 4f be the measure of K12 12a, what will be the measure 
of R22, supposing the new unit to be of the old unit ? 

30 Meaning of the Symbol a We know that 2 means 
l units This is expressed algebraically thus 

2 = 1 + 1 where unit) i* written two times. 

Similarly 3 = 1 + 1 + 1 where unity is written three times , 

4 = 1 +1 + 1 + 1 where unity is written four times , 
a = 1 +1 + 1 + ...... where unity is to be written a times 

Thus a means a units , whatever the unit may he 
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31 Positive and Negative Quantities Many quantities 
of the same class may liave two characters ducctly opposite to each 
other ‘ 

Thus a sum of money may he either a qam or a loss , it may ho 
an income or an expenditure , See Gam and loss are quantities of 
the tame class, inasmuch as each is a sum of money, but they are of 
opposite nature or character , inasmuch as a gam increases our stock 
while a loss decreases it, and if oui gam he just as much as our loss, 
the effect on our stock will be nothinq So also, income and expendi- 
ture are of the same class, being both of them money, but contrary 
m character, inasmuch as an income adds to our assets while' an 
expenditure diminishes them 

Again, a distance measured m one direction may have a 
character contrary to that measured m an opposite dnection For 
if a person first walks a certain distance towards the east and then 
walks hacl the same distance towards the west, his position with 
Tcgard to the starting point will be the same a9 befoie, or in other 
words, lus walking a ceitam distance, and his walking back the 
same distance in the opposite direction taken togethei, will produce 
no effect on lus journey for the place he intends to go to 

This will be made cleaiei by the following Geometucal illustra- 
tion Suppose AB to be a stiaight road in which O is a fixed point 

A O C B 

Suppose a person intends to go from 0 to B, distant 8 miles He 
first walks to C, distant 3 miles, and then walks back 3 miles to- 
wards A It is ei ident he will now be at 0, that is, his position 
on the road will be the same as before Hence lus walking the 
distances OC and CO, if, 6 mile®, will not affect lus journey for 
B, for he will have still the whole distance 8 miles to walk to 
reach B 

Thus a distance in one direction and that in the opposite dnec- 
tion are quantities of the same class , inasmuch as each is a lenqth, 
but opposite m character inasmuch as each affects the other m a 
directly opposite way 

"We might give many other examples For instance, the distance 
of a place north of the equator and that of a place south of the 
equator aie quantities of the same class but of opposite character, 
so also a date before a particular epoch, e q the birth of Christ, and 
another after that epoch arc quantities of the same class but contrary 
m character , and so on 

Hence Positive and JPcqatue Quantities are magnitudes of ~ the same 
class out of opposite character 

38 Hopresontation of Positive and Negative Quanti- 
ties by means of the signs + and - From the natme of the 
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siggc j- ard — , ifc seems clear that whatever quantity we are 
considering, +<r will alwais denote what increases that quantity 
by <i units aud -a will alwaj s denote what decreases that quantity 
by a units 

If we are speaking of a man’s g aim, calculated in rupees, +00 
will denote nti amount that increases his gams by 20 rupees, i c , +20 
will denote n aenn of 20 rupee', and ~20 will denote an amount 
that dxreatt wins a arts by 20 ranees, te, - 20 will represent a lots of 
20 rupees If on the ocher hand, we are speaking of .i man’s losses, 
+20 will represent an amount that mcrcA'Cs his lo^es by 20 rupees, 
ic, +20 will now denote a to-* of 20 rupees, and -20 wtU rcpie-ent 
au amount that decreases his losses by 20 rup*‘C', jc, -20 will now 
denote a gain of 20 rupees. 

Again, if we are considering a certain distance (measured in miles) 
to tiie north of a given point, + 20 will denote an addition of 20 miles 
to tint distance, if, +20 will indicate a distance of 20 miles north- 
i-ards, while —20 will denote a subtraction or 20 miles Irom the 
'ame di*tnnce, i e , — 2*1 will indicate a distance of 20 miles eouth - 
i-Krib, i e, in the oppose direction If on the other hand we con- 
-ider a distance of the same nonit, +20 will now denote a 
distance of £0 miles measured foW^crd-, n bile —20 will represent 
20 miles measured norlhtmrd* And so on 

It is thus clear that the signs + and — will thoionghly sene our 
purpose to rraik respeciiielv pontiie and rojctiie quantities 
Hence if a and b are quantities of tiie same cla^s, +« will denote a 
ponU»e quantity and —b will denote a negative quantity. The 
sign +. as a mark of podt.ve quantities is however oftcu omitted , 
thus a means +c Hence when *io f»gt « stand? before a quantity , the 
sign J- is to be understood 

It thus appears that the signs + and - scree Oco duUnct pur- 
pose* . — Fr/t, tney are U'cd to mdicat'* thf operations of addition 
and subtraction : and ?cco; d’y, they are u-c-d re-pectn eh to mark 
positive and nejatnc quantities, ’and then they me called pontuc 
and negative mans The positive and negalbe «igns arc aho called 
of affection, as they mark the q uni up of qvaniitt's before which 
they stand, 

38 [Incorporated with § 32] 

34. Positive Quantity once chosen our choice must 
remain unchanged throughout the same investigation. 
We have B een above [§ *12] tliat we may repre ent a gam of -620, by 
+20, and a lo-s of £20 by —20, or we may represent a lois of £20 by 
+20 and a gain of £20 by’ — £0 that is, it is perfectly optional to call 
any quantity- we please positive, and then a quantity of opposite 
character shall be called negative. 


2 — B. 1. 
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But though we are at liberty to call what quantity we like posi- 
tive, yet, having once made our choice, kb must throughout the same 
question, call that quantity positive and the quantity of opposite hnd 
negative 

35 Meaning of -a We have seen that a negative quantity 
produces a decrease Now, to decrease a given quantity by 2 units 
is the same as to decrease it first by unity and then again by unity 
Hence -2= -1-1, wheio 1 is subtracted two times 

Similarly -3=-2-l = -l-l-li where 1 is subtracted three tunes , 

_ 4 = - 3 - 1 = - 1 - 1 - 1 -1, where 1 is subtracted four times , 
and so on Therefore 

_a=> -l-l-l-l- wheie 1 is. to be subtracted a times 

Thus from the above and the explanation of a negative quantity,' 
it seems clear that -a may stand alone just as +a does, and 
indicate that a units are to be subtracted from some other algebraical 
expression, or that -a is a wnitu of a character opposite to that \ 
denoted by +a , and if —a is a pnal result, the last meaning ts the 
only meaning that can be assigned to it 

36 Absolute value The magnitude of a quantity ‘considered 
without reference to its sign, is called its Absolutf Yalui- Thus 
the absolute value of +3 and of -1 is 3 , of +a and of -a is a , 
and so on 

Hence from 31, it is clear that the sum of a positive and a 
negatue quantity having the same absolute value ts 0 , that is, +a — a 
=0, oi — « + o=0 


3 1 ? Examination, upon Chapter I 


1. Explain what is meant by the symbols a and — a 

2 What is the nature of positive and negative quantities ? Are 
these quantities essentially different from each other ? 

8 Can you call any quantity positive? If so, what quantity 
should you then call negative ? 

4 How are positive and negative quantities distinguished ? 

6 What double purpose is seived by the signs + and - ? What 
are positive and negative signs ? What is a “sign of affection” and 
why is it so called ? * 

Explauf + o — 8 «i 0 a ^ solu * e value of a quantity « Give examples 


7 A person first gams 25 rupees and 
much does he gam altogethei ? And how 


then loses 30 rupees , how 
much does he lose altogether? 
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8. , A man walks 3 miles towards the Noi bh and then 5 miles 
towards the South , how fin is he now fiom the starting point? 

9 A clock which loses 2 min a day, indicates at noon 3 mm 
past 12; what tune will it indicate at noon of the third day ? 

10 If a debt of 50 rupees be represented by 30, what will —21 
represent ? 

11 If a distance of 230 ft east of a point be lepiesented by 15, 

1 what numbei will lepresent a distance of 230 yds. west of the point ? 

12 AB is a straight line in which O is a given point Mark off 
on it the distances -4, 1, 0, —3 and 2 


CHAPTER II. 

Fundamental Laws — Addition and Subtraction 
Addition. 

•3S Definitions Addition is the pi ocess of finding the single 
quantity which is equal to several quantities put togethei These 
several quantities are called Addends or Summands, and the single 
quantity is called their Sum 

39 Addition of a Positive Quantity and of a Negative 
Quantity. "We know that a positive qiiontitv always pioduces an 
increase in a given quantity , therefore to add a positive quantity is 
the same as to add its absolute value 

For example, if a person has 8 rupees and then he earns 3 iupee«, 
he will then have altogether the sum of +8 and +3 rupees with 
him Thus 

+8+(+3)=+8 + 3 

Hence generally +« + ( + &)=+«+& (A) 

Again, since a negative quantity produces a decrease , to add a 
negative quantity ts the same as to subtract its absolute i alue 

Foi example, if a person has 8 mpees out of which he spends 3 
rupees, then he has 8-3 rupees, % e , he has then with him the 
hfference of 8 and 3 rupees Hence, if we call the earnmqs +8 
uipees, and the expenditure -3 rupees, the sum of +8 and —3 will 
)e the same as the difference of +8 and +3. Thus 

+8 + ( — 3 )= + 8 — 3 

fence generally + a + ( - b) =* -*■ a - b (B) 

In establishing (A) and (B), we have supposed + a to be positive > 
‘ow a little consideration will shew that whatever be the chaiactei 
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of the quantity to which +5 or -b mav lie added, b mil ahengt 
retain tit oxen sign tn the result Hence 

— a +( + b)~ —a + b, 
and — «+( — h)“ —a — l 

Thus for the addition of am term wo liai e the following Rout 
Place the term with its sign unchanged afte - the expression to which it 
is to be added 

Hotel The quantities a+b, a -l,- a+b, and -a-b cannot bo 
simplified mi} more, and hence the\ arc considered a <i final results 
algebraically But they mas Imre simple numerical values when me 
give numerical values to a and l 

Thus if a =2 and 6=3, wo has e 

(1) o + 5 = 2+3=1 +1 f 1+1 + 1 [g 30}= T r j ft 30] 

(2) «-&=2-3=2-2-lft35]=0-U§3G,Cor ]=~1 

(3) -« + &=— 2 + 3«=-2 + 2-+lt$30]=0 + l ft 3G, Cor ]= +1, 

(4) -a -b= —2 — 3— -1-1 -1-1-1 ft3'>]=-5ft35] 

From these results we obtain the following three inferences 
for the addition of two numbers — 

(I) Fiom (1), we see that to add two positive numbers, me add 
their absolute calves and prefix the sign + to the result 

(II) From (4), we fee that to add two negative nutrbers, me add 
their absolute rallies and prefix the sign — to the result 

(III) From f2) and (3), we see that to add a positive and a nega- 
tive number together, we subtract the absolute i alue of the lc l ) from 
the 'absolute xalue of the greater, and prefix the sign of the greater to 
the result 

Note 2 Am expression m a-itlimetical numbers may now be 
simplified Thus to simplify 3+1-7-B+G 

Since the order of the operations is fiom left to right Note 21, 
3 + l-7-*>+G = 4— 7 — 3 J G[/?ii r I3=-3-5-^C[/ir III] 

= — 8+G [Inf II]« -2 [Inf IIIJ 

Examples 

Ex 1 Find the sum of +7 and -G , of -5 and -9, of +10 
and -S, and of —11 and +8 

(1) Required sum = + 7 + (— G)= + 7-G=+ 1 

(2) Required sum = - 5 + (— 9)= - 5-9i 14 

(3) Required sum = +10+(-S)= + 10 - 8 =+ 2 

(4) Required sum =-ll + ( + S)=- 11 + 8 = - 3 
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Ex. 2. Find the sum of <?, — 6 , and — c, when ns =3, 6=4 nnd 0=5 
Beguired sum = # + ( - 6 )+( — c) = o — 6 — c=3-4 — 5 
= _l-')=-G 

Ex. 3. Simplify —3+4 -5 -6 

_3j.4-5-6«+1-0-C« - 1-6= -10 f 

4 Find the sum of +8 and +5; of +8 and -5; of —8 and 
+ 5 ; and of — 8 and — 5 

5 Find the snm of 1, 3, 8 and 3, of — 1, -3 , -8 and —9; of 

-5, -4, +7 and -2, and of 3. -8, —1, + 10 and -A. 

8 . Find the sum of — 2u, 36 and - Ac, when «= 8 , 6=9 and e = 6 

7 Simplify -12+3-8-7+20, and -3-1+12-4 + 1. 

8 Add together 3a, — 2y, t and St", when * =3, y= 8 , s= -4 
and i 0 =l 

- 9. If a =1, 6 = 2, c-o3 and e?=4, find the snm of 3 «, —46, 5 c nnd 

-Gd 

10. If o = 2 , 21=3 and c=l, find the value of -a 6 ! + 6 c 2 — 2co*. 

11. Find the value of 4o — 86 + 9c - 3, w hen a = 1 , and 6 = c= 2. 

12 Simplify — vyr+ 2 ty — 3 yi±4x: t when .r=3, y=o and s=4. 

. 13 Find the snm of S^, -4;/, —5s and 3r, if t=5, y=3 and c=2. 

14. Find the value of « 3 -2« s 6-J 3o6 , -46 5 , when a — b—4 

15 Find the value of Sot®— 26 J ec— 3o s » a +2aJc 8 1 when o = 2, 6=4, 
c =8 and r=5 

10 If a:=2, y=3, find the sum of - v-y, 2jy 9 , -5t"y and - 6 ;r ? y 8 . 

17. If x—Z and y= 2 , find the value of % A - Z^y - Uy 4 + 4 i J y s ~ 2 t / 6 

40 Algebraic sunt. In Arithmetic turn means the aggre- 
gate of poritne quantities only ; but m Algebra it means (1) the sum 
of quantities all of which are positive oi all of which are negative , 
and i( 2 ) the sura of quantities some of which are positive and the 
rest negative Thus an Algebraical sum may be positive oi 
negative [§ 39] Tims the algebraic sum of +S and +3 is +11, of -8 
and +3 is —11, of -8 and +3 is-5, of+5, -3, +4 and — 7is —1 , 
and so on 


Subtraction. 

41 . Definition. Subtraction may be defined as the inverse 
of addition For to find the result of subtracting b from a is the 
same as to fiud a quantity which mutt he added to 6 to produce a 
Thus if the result of subtracting b fzom a is a — b, the quantity a - 6 
s such that (a - 6) +6 =« 
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The quantity from which another quantity is to be sub ti acted 
is called the Minuend, and tins latter io called the Subtrahend, 
and the quantity which remains after the opeiation has been pei* 
formed is called the Remainder or Difference Thus a is the 
minuend, b is the subtiaheud and a - b is the lemamder 

42 Subtraction of a Positive Quantity and of a Nega- 
tive Quantity By definition, subtraction is> the inverse of addi 
tion , therefore the subtraction of a positive quantity must produce 
a decrease, foi its addition produces an increase Theiefore when 
we subtract a positive qi antitv, we subtract its absolute value Thuh 
the result of subtracting +3 from +8 is +8-3 , that la, 

+ 8-(+3)=+8-3 

Hence generally +a — ( + 6) = + a — & (C) 

Again, as subti action is the inverse of addition, the subtraction 
of a negative quantity must produce an increase, for its addition 
produces a decrease Therefoie when we subtiact a negative quan- 
tity, we add its absolute value Thus the result of subtracting — 3 
from +8 is +8+3, that is 

+ 8 — ( — 3)= +8+3 

Hence generally +a — (—£)=+« + & (D). 

The results (C) and (D) give, for the mbti action of a term, the 

following Rule — Place the term with its sign changed after the eo ' 

pression from which it vs to be subtracted, and proceed as in Ad- 
dition 


Examples, 

Ex. 1 Subtract +5 fiom +11 , -4 fiom +7, +6 from -8 
and —3 from —4 

(l) +11 — ( + 5) =+11 — 5 = + 6 [Inference III, § 39] 

(n) + 7-(-4)= + 7+4= +11 [Inference I, § 39] 

(m) — 8 — (+G)= - 8 — G= — 14 [Inference II, §39] 

(iv) - 4 — (—3)= — 4 +3= — 1 [Inference III, § 39], 

Ex 2 Subtract —a from —6, and simplify the difference when 
a=8 and 6, = 13 

-&-(-<z)= -b+a— -13 + 8= -5 [Inference III, § 39] 

Ex 3 Piom the sum 12-31+17 take the sum -5 + 8-1 
Now 12 — 31 +17 = — 19 + 17 = —2, and -5+8-l = +3-l=+2 
required difference = -2-(+2)= -2-2= -4 

4 Subtract -12 from +3 , -15 from -8 , and +3 from -]. 
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6 From +18 take +12 , from -15 take +10; from +0 take 
— 0 ;and from -11 take — 3 

6 From a take — b, and find the value of the result when « = — 5 
and £>=' — 1. 

7. Subtract^ From -« and find the value of the remainder when 
<i=3 and b — —G 

S From a — b sffbtract —c and simplify the result when a — l t 
5=2 and c— r t 

9 Find the difference between the snm of —4 and —6, and the 
sura of — 13, —3 and 0 

4i5 Tlie Law of Signs It is easy to spc from results (A) of 
{5 39 and (D) of i; 42, that when the ;w sign is prefixed to a bracket 
as well as to tlie term within the bracket, the sign of the term will be 
when the bracket is removed ; and fi ora results (B) and (C), that 
u lieu the signs are dijfcrcn 1 the sign of the term will be when 
the bracket is removed "We have thus an important law called tlie 
Law of Signs which we briefly enunciate thus . — LiLc sit/ru* produce 
+, and unhle twn r produce — , 

That i«, + (+5)= +5 ; -(— 3) = + 3 ; +(— 4)= -4 , — ( + G) = — 6 

, Examples 

Ex 1 Find the value of -8- ( -7) -(+3) +(- 6) 

Required valne = —8+7 — 3 — 6= — 1 —3 — 6— - 10. 

Ex 2 Find the value of a— 5-c, when t»= -3,5= -5, and e= —8, 
a -b-c*= +(-3)-(- 5) ~(~Sj*= -3+5+8= +2+8= +10. 

Ex 3 Simplify 3a-(-&) + (-c), when o=5, 5 = -ll, c = 12 



3u- 

-(-6)+(- 

-«)■ 

= 3<z +6-c 

=3x5 

-11-12 




=15 

-11- 

12=4. 

-12= —8 

4 

Find the \ 

■alues of 7 


-2)+(-4] 

1 and - 

-3-(-2}+( + l) 

5. 

Simplify 

4 — (+3)- 

-<- 

Si- 

(+5) 

and 

-{ — 3)+(— 4)-(-l) 

+t- 

■2) 







If «=-l, b 

= -2, c — 

-3, 

r's 

- 4 , 5 / 

= -5, 

z-G, find the value of 

e. 

— a— 5+e. 




7 


a) + 6+( — c) 

8. 

«-(-•»)— 

(+&) + (- 

y) 


9 

-a- 

(-5)+(-<0-3r 

10 

(-a)-v- 


■=) 


11 


^)-(-v)-( + -s)~3. 

12 

8— (+<*)+(—&)— ( +c). 


13 

4s-{ 

+>r)-(-p)+(-e). 


44. Algebraic Difference The difference between +« ami 
+6 is +a— b, which is arithmetically intelligible so long as a>b , 
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but when a<b, this, difference is nega'ivr , eg, 
the difleicnce between +o and - b is +a + J> from (D) Thus the 
algebraic diffeience of two positive quantities is the difference 
between their absolute values and 
algebraic diffeience of 
values Foi example 
the algebraic difference of + 6 and 

+ 0 and 


ma> be negative , also the 
+ « and -b is the rum of their absolute 


+ 2 is +G — ( + 2)> 
-2 is +G-(-2) = 


:+G-2='+J 
■ + 6 + 2 ■» +8 


-6 and +2 is -G-( + 2)= -6-2= -8 , 
— Gaud — 2 ib — 0— ( — 2)=— G+2= — <1, 


Geometrical Illustration 

Let AB be a straight line (see figuie ^ 31) in which O is a fixed 
point) and let C be anj other point Suppose the distance! measured 
towards B to be positive, and therefore the distances measured 
towards A are negative 

Let CA=7, 00=3 and OB=8 Thus the absolute v allies of OA 
00 and OB are 7, 3 and 8 respective^, and tlieir algebraic values 
arc respectively -7, +3 and +8 

Hence the algebraic difference of the distances of B and 0 
from O 

= OB-OC=+8— (+3)=+8 — 3=J-5 , 
the algebraic difference of the distances 00 and OB 

= 00— OB=OC-(OC + CB,'=+3-( + 3 + 5j 
= +3 — 3 — 0= —5 , 

and the algebraic difference of the distances OB and OA 
=OB-OA=+8-(-7)=+8+7= + 15. 


Examples 

1 Find the algebraic difference between 6 and — 7 ; —6 and 7 , 
6 and 7,-6 and -7 

2 Find the algebraic diffeience between 8m and 3m , 8m and 
~3m , -8m and 3m , -8m and -3m 

45 Definition, of "greater than” and of “loss than" 
The introduction into Algebra of negative quantities requires an 
exteuded definition of the phrases greater than and lets than. We 
therefore define them as follows — 

u it said to be greater than b when their algebraic difference a—b 
m positive, and lets than b, when this difference is negative, a and b 
being any quantities whatever 
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Thus -4> —3, for +4-(+3)=-*-4-3[S 43 1= -*-1. 

-3s- -4, for — 3 - { — 4) = -3^4 43]= -1. 
+2^-S,ror +2-(-8)=+2-«-8fc43]=+10 
— 5< —2, for —5 - ( - 2} = —5+3 [§ 43]= -3. 

for — 6-( J -l}=— 6 — 1[^ 43]= —7. 

Hence the quantities 
-6, -5, -4, -3, -2,_ -1,0, -1, -*-2, +3. +4. -5, -6, 
are in. atcerdinq order of magnitude i e , each is greater than any 
one that precedes it. 


Examples 

L Which is the greater - 5 or -2; — lor-3;— lor+1? 

2 Which is the less —3 or — 4 . 0 or — T j — 100 or 0 ? 

3. Which is the greater — 1 or A l, and by how much 1 
4 Which is the greater, the sum of — 3 and 2, or the sum of 5 and — T? 

5. Is the sum of —3, 2 and —4 less than the difference of —2 and 

— 1 ? If so, by how-much 5 

6. Which is the less, the difference of -6 and -4, or the sum of 

8, —12 and 5, and by how much ? 

AUDmoS AiCD SUBTE ACTIOS OF PoLTSOrTABS 

46. In. an expression the terms may be bracketed in 
any manner. It i= easy to see that 

[1+1 + 1+1+1 + 1 + !)=(! + l-r !)•*-(! J- 1+1+1) 

, =(i+i)+a.*-i-t-i+i+i) 

= (1 -5-1)4- (1 + 1) T (1 + 1 + 1) - &c 

For supposing each of the brackets to represent a group, say, of 
men, and replacing each bracket by the number it represents 
§ 39], we see that a group of 7 men, is * equal to two groups of 3 
md 4 men, or equal to another two groups of 2 and 5 men, or, equal 
■•o three groups of 2, 2 and 3 men , and so on 

j Similarly we see that 

o — 5+c+cf+e+/=fi +(£+c) +(d+e)-i-_/ 

= ( a + 5)+(e+cZ+e)+/ 

= (e5+6+c)+d+(e+f)«&c 

I So also, exactly as in the second example, we see that 
'■ r - b) c + { - d) + ( - e) +/ 

+ { ( — &)+ c] + {( — d) +{ — e)}+f 

= {a+(-&)}+]c+(-d)+(-e)}+/ 

“{ « +(-*)+ c) - (- d) {(- e) +/f = &c. 
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now by the Law of Signs [§ 43], we see that 

the second step =a + { -6 + c} + { —d— e}+f, 
the third step ={a-b} + {c—d-c}—f, 
and the fourth step = {a-h + c}-d+{ — e+f] , 

also thato+(-&) + c J -(-<f) + (-e) + / f =a-6+c-(f-e+/ , 

a-b + c-d-e+f=a+{-b+c) -*-(-d-e)+/ 

= (u — 6) + (e — d — e)-trf 
= (a-6 + c)-d + (-e+/;=&c 

Hence the terms of an expression map be grouped t» any manner 
This principle is called the algebraical Law of Association 

4 1 ? In an expression, the terms may be written down 
m any order From definition 

5 = 1 + 1+1 + 1 + 1[§30] 

=(1 + 1)+(1 + 1+1) [fc 46] 

=(1 + 1 + 1)+(1 + 1) [§ 46], 

hence (1 + 1)+(1 + 1 +1) — (1 + 1 + 1) +(1 +1), 

te, +2+3«=+3 + 2 

Similarly it may be shewn that 

2+3+8=8+3 + 2==3 + 2+8=&c , 

=*&c , 

a+b-c*=b + a-c= —c + a+b= -c+b+a*=& c , 
and so on 

Hence the order in which additions mag be made is indifferent . 
that is, we can arrange the terras of an expression m any manner 
This principle Is known as the algebraical Law of Commutation 

48 Addition of several terms Suppose we have 'to add 
together a , - b, c, d, - e, and - f 

We first add -b to a by the rule of 5; 39 and we get a—b we 
then add c to a — b by the same rule and we get a — b+c , we next 
add d to a—5+ e and we get the lesult a — b+c+d, and so on 
Thus the required sum =a-b+c+d—e—f 

Hence to add any number of terms , replace them in a line with their 
signs unchanged , the expression thus formed being the sum required 

We may, however, arrange the teims of this sum so as to smt 
our convenience. For taking the sum just found, we see that 

e-6+c+d-e-/=a+c+d-6-c-/[§ 47] 

=(a+c+d)+{-b-e-/)[§ 46] 
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Here "sre put the positive terras together* and the negative terms 
together The practical nature of this arrangement ivill be seen 
from the following numerical examples 

(1) 8-7-5+9-3+11=8+9 + 11-7-5-3 [§ 47] 

=(S+4-*-llX-7-3-3)lS40] 

=( +-2^)+( — 157 0 39, KoUr] 

= +2S— 17 [§ 43]= + 13 

(2) 6 + 1— 5 — 2— 4 — S = 6 + 1 + 4— 5 — 2— 8 [*; 47] 

=<6+l+4)+(-5-2-8) (>46] 
={+lt)-»-{-15)£§ 99, Xole*) 
~-ll-15[S 43]= -4 

Thus for the addition of several leims, whether positive or 
negative, we have the following — Flare the term* tn a line 

with their sign f unchanged , grovn the poritu <* trrrnr together , and 
u?<o the nepothe term* toaether ,fnd tar iw>« W wd j to he 
the difference of there tiro rim'; and afix to the rerult the t\gn of 
the aria ter rum. 


Examples 

Ex 1 .Add together a, —h, c, -d and (, and find the value of 
the aum when «= - 3, h—2, e=4, tf= — 1, and <?= 5 

According to the Buie, the required emu ~a—h+c—d-re 

This sum cannot be furthei simplified and i*» algebraically final , 
but as numerical -values are given to the letter*, it nm be still moie 
simplified, as shewn below 

The required value** - 3 — 2+4 — (— 1) + 5 

= -3-2 + 4 + 1 + 5, b\ the Law* of Signs [§ 43] 
= (4 + l + 5)+( — 3-2) 

= ( + 10) + ( — 5) 

= +10—5= +5. 

Here we take the difference of 10 and % which ia 5, aud affix the 
-iga + w hich is the sign of the greater sum + 10, 

Ex 2 Find the sum of x, y, —z,n and ~t r t also the value of 
the sum when r=l, i/<= —2. s= -3, u=4 and ir***?. 

The required sum =£+</ — s + v - tr. 

| Therequiied value=l+(— 2)— (-3)+4 — (+9) 

= 1 — 2+3+4 — 9 [§ 43] 

= (l + 3+4)+(— 2— 9) 

=(+8)+(— ll} = +8 — 11 [§ 43]= -3. 
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Here we take as before the difference of 11 and 8 which is 8, and 
affix the sign — which is the sign of the greater sum — 11 

3 Simplify —11 + 8 — 1+6-9+7 — 1 

4 Simplify 5-6+8-10-20 + 41-7 

6 Add together m, n, —p, q, -r aud -a, and find the value of 
the sum when m= -3, n = 2, p = -7, q = 8, r — —10 and s=l 

6 Find the sum of a , — n, —x, y, —p and - e , and find its value 

when o=6, n= — 2, p = 4, # = -5, y=Z and z— — 1 , 

7 Find the value of —(-«)+(-&) — ( + c) — ( — dj, when <r= —2> 
6«= —3, c = 8 and d— —4 

49 Addition and subtraction of an algebraical expres- 
sion By definition, an algebraical expresi ion is a mere collection 
of its terms, thus the expiession a-b + c—d may be looked upon 
as the algebraical sum [§ 40] of its terms +a, —b, +c and - d 

Theiefoie to add the whole expiession a—b+c—d is the same 
as to add its terms +a, —b, +c and — d in succession Thus if 
.S' be an expression to which a-b+c-d is to be added, we have 
E+ (a — b + c — d) = /?+( + «) + ( — 5) + ( + c) + ( — d) 

— E+a- & + e-<£[§ 43] (A) 

Hence to add an expression, affix its terms in succession to the , 
expression to which it is to be added, with their signs unchanged 

Similarly to subtract the whole expression a — b + c — d is the 
same as to subtract its terms +o, —b, +c, and —d in succession 
Thus if E be an expression from which a-b+e-d is to be sub 
tracted, we get 1 

E-(a-b+c-d)=>E-{ + a)-{-b)-( + c)~{-d) 

= tf_ a + &_ t , +< 2[5 s 43] (B) 

Hence to sul tract an expression, affix its terms m succession to 
the expression Jrom which it is to be subtracted, with their signs 
changed 

Corollary From (A), it follows that 

(i) a + {b + e)—a+b+c , (u) a + (jb — c)=a + b~c , 

and from (B), it follows that 

(in) «-(6 + c) = o — 6 — c , (iv) a — (5— c) = a — b + c 

50 Examination upon Chapter II. 

1 Define the teims — addition , addends, sum and algebraical sum 
Illustrate the last by an example. 

2 Drove that + 4+( + 3)= +4+?, and that +4+( -3)= +4-3. 
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3i State tlie rule foi the addition of a teim What inferences can 
yon draw from the rule when the addends aie numbers instead of 
letters ? 

4 Define— subtraction, minuend, subtrahend, remainder and al- 
gebraic difference Illustrate the last by examples 

5 What is the algebiaic sum of 5 -9 and 1 ? What of a, b, —e 
and -3? What is the algebraic diffeience of 8 and -5, of -5 a 
and 6o ; and of —ISry amt - lGry 1 

6. Prove that +4~( + 3)= +4-3, and that +4-(-3)*= +4 + 3. 

7. State the mle foi the subtraction of a teim 

8 State and explain the Law of Signs foi Addition and Subttae- 
tfon, and explain fully what is meant by a>b. 

9 Arrange the numbers 

3, -2, 1, -5, -7, Sand -1, 

(1) in ascending older of magnitude, and (2) in descending ordci. 

10 State the rule foi the addition of seieial terms, vdiethei 
positive or negative 

11. Explain the principle which enables ns to group the terms of 
an expression in any mniinei. Illustrate it by an example 

12. Prove that in Addition the older of addends ib indifferent 

13 State and lllustiate the rule for adding any number of teims 
whether positive or negative 

14 Prove that a +(ft — c)~a + b- c, and that a — (b~c)**a- b + c 


CHAPTER III. 

ADDITION 

51 Addition of Like Terms. Wc have seen [$ 39] that to 
add a teim to an expression ue place it after the expiession with its. 
sign unchanged, and to add an expiession to another we affix its 
terms m succession to the latter \\ ith their signs unchanged 49] 
Thus the sum of 4a and 'ia is 4a+3a ; of — 4a and — 2a is -4a -2a , 
of 5a and —2a is 5a -2a; of 3a and —5a is 3a — 5a , and of 4a — 2£ 
and 3a + 46is 4«-2&+3« + 4&. 

In each of these examples, the sum may be further simplified 
by collecting the Ulc terms together and unless tbis is done tlie result 
is not considered ab final Thus wc have 

4a+3a=(a+a+a+a)+(a+a + a)=a+a+a+a+a+a+a = 7a, 
wheie 7 is tlie sum of the coefficieuts 4 and 3 , 
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- 4a — 2a = ( — a — a — a~a) + ( — (i — a)=—a — a — a — a — a — a 
= - 6a, where — 6 is the sum of — 4 and — 2 , 

5a-2a = (a+a+a + a + a)+( — o — a) = a+a+a + a+a — a — a=3a, 
where 3 is the algebraic sum of the coefficients 5 and —2 , 
6a-5a=(a + a+a) + (.—a — a-a-u — a) — a + a+a — a — a — a — (i 
-a= —2 a, where —2 is the algebraic sum of the coefficients 
3 and - 5 , 

Hence for the addition of Like Terms, we hare the following 
Rule — Find the algebraic mm of the coefficient*, and affix the common 
letter or letters 

Rehabk The algebraic sum of the coefficients may be found bj the 
Rule of § 4S 

Examples fi). 

Ex L Find the sum of x, 5r and 8i 

Required snm =a;+5*+8je=14:c, (where 14 is the sum of the 
coefficients) 

Ex 2 Required the sum of -a, —3a, —4a and —11a 
Sum required — - a— 3a -4a - 11a = —19a 
Find the sum of 

3 3t, IOj;, x, 18*, 24* ** 4 5a, a, 3a, 7a, 10a 

6 m, 3m, 8m, 7m, 5nj 0 12n, 18», n, 2 n, 4n 

7 2r, r, 5r, 4r, 6r, 15r 8 y, 6 y, <)y, 12 y, 8y, lOy 

9 — 5e, -c, —8c, — 28e 10 —3*, —5*, — *, —6*, — 10* 

11 -4y, -6y, -2 y, ~y, -8 y 12' - 6ab, -lab,- 2 a 6, - ab, ~9ab 

13 -xy-, -3 xy\ -7 xy\ - zy 3 , -4ay s 

14 —max, — 3mar, — 25maz, — 4mar, — 19mar, — 21mn.* 

16 2a6, Aa6, 20a 5, a 5, 16a& 10 f.rys, w/s, Joys, ays 

17 — Jinn, —mn, -4mn, — ’/mn, - I4mn 

18 If?. ?F7, iIjP? 18 ai, 6x, ci, tf* 20 at, t, 5*,^n, 3* 

Examples (n) 

Ex 1 Add together 3a, -2a, -7a, 4a, - a and 6a 

The sum =3a— 2a— 7a+4a — a+6a [§ 48] , and the sum of the 
coefficients = + 13 - 10 = + 3 , required sum = + 3a, or 3a 
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Find the snm of 

2. 3Sj — 4tr. off, — i 

s, — 2cr 


3 75-. 2 !r,- 


— 10r 

4. SjtIj 20rr< 3 — 3n, 

—low, is, I 

4 J72- 




5 — ISjy, osy. 

16-ry, -v7, 

12jv. 




[In the following examples the addends 

are placed in 

a column ] 

6. — nos 7 

16rs ' 

S 

oortf 

9. 

p c; 

oOahc 

— 74rs 


foxy 



27«fre 

24r e ' 


- 3sxy 


-iV* 

— 76fl6r 

Zlrs 




cc 

abc 

3-? 




-£§« 

io. A OTn ii. 

35ff 

12 

Sc 

13 

-6ly 

— -|-,TT? 

— 17 a 


30; 


2Q5y 

fmn 

-V 


57c 


— 18% 

— ^sVlTl 

20ff 


— 103c 


— 425« 


— 45ff 


to 

M 

«■> 


-1% 




1 

10 

CM 

p» 


by 

14. safe 15 

<9 

16 

2o.r 

17. 

2xhf 

~ab 

-fit 5 


— irr 


— /y 

—ab 



4/?r 



|«6 

** <0 
— ajr* 


3or 


5$ a y 


* * 
Jr* 


-qx 


3nr-y 

— 2s6 







5^ ; 53. [Incorporated ■with § 51.] * 

55 Addition of Unlike Terms From § 4S, v*e see that; 
these terms are added when we merely place them in a line with 
their signs unchanged. y' 

Examples 

Ex. 1. Add together a 6, c and/ 

Sum =<*-*-& ot =o-f/+c- 6 or =&c 
Ex. 2 Add together 5r, 3$', —2c and x yz. 

Sum = 5x -T- 3u — 2 ; — xy z, or =sv:-2zt 3y-»-5:r, or = &c/ 

Add together 


43<i5 , 

4. 12ff&c 

5 3a s 

6. 

Sab 

5or 

-axy 

101- 


—3xy 

£0.ty 

ZOpqr 

-1&- 2 


Ssr 

ISpq 

15iir 

2S?df 

25<ro 

—bo 

licet 


— 2<i"c 

4cfrc 
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Note When some of the terms are like, the $um may be simplified 
by collecting them together 
Thus to find the sum of 3a, 26, — 4c, on, 3c and — 2a 
The required sum =3a+26 — 4c f-5a+3c — 2a 

=3a+5a-2a+26-4c+3c [§ 47] 

=Ga+26-c [§ 31] 


2 a 

8 15iy 

9 10a v 

10 mn 

11 5a6c 

46 

3j/s 

76y 

-np 

Qahx 

— c 

-10.ty 

4C2 

5 mn 

— 2a6c 

4a 


— 1 laa 

8nq 

Ixyz 

7 d 

-6 xy 

— 7ce 

- lOnp 

— 4a6* 

—3a 

-26 

3*s 

2a* 

-96v 

2 nq 

— abc 


55 Addition of Polynomials. We have seen that a poly- 
nomial is added when we affix its tei nis in succession with their 
jigns unchanged 49] For example, — 3n + 56 — 7c is added to 
8a -46+ 3c -alien we simply subjoin it to 8a -46 + 3c Thus the 
required sum =8a-46+3c — 3cr + 56 — 7c, (which should be sim- 
plified as in Sj 54, Note ) 


Examples 

Ex 1 Add togetliei 3a + 56, a -26 and 4a + 6 
• The required sum = 3a+56+a -26+4«+6 

=3a+a + 4a + 56 — 26+6 [§ 47] 

= 8a + 46 [§ 51] 

Note A moie practical way of finding the sum would be, however, 
to place the given expressions one undci mother, so that hi e terms ■may- 
fall under like terms, and then collect them as usual Thus 

3a +56 
a -26 
4a + 6 

8a +46, the same result as befoie 

Ex 2 Add 13*+2y-3s, 5t/-18./ +4,15r + 10c— y, and i-6r — 12y 
Roq sum = 13c+2y-35 + 5y-18*+4 + 15r+108-y + e-6r-12y 
= l3i — 18i + 15c- 6i+2«H 5y-y- 12y — 3c+ lOs + s+4 
*=4x-6y+8s + 4, 
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01 it may be found, thus 

13:5+ Zy- 3s 
— 18#+ 5 y +4 

' 15x~ y+lOs 

— Gj; — 12y + s 

4t — 6 y+ 8s + 4. 

Ex. 3 Add together 6av+3by-2, 46y + 3cs + 5, and8cs-2a/— 2/v. 
Bequn ed sum = Qax + Zby — 2 + 46i/ + 3cs + 5 + Scs — 2 «/- 2/a 
=6a*-2/i + 3&y + 4by + 3cs+8cs-2et/-2 + 5 
=6av — 2/#+7&y + llcs-2a/+3 

oi thus 

6aa+36y -2 

+46y + 3co +5 

— 2/& +8cs-2«f 

6a a — 2 /j. + 7% + 1 1 55 - 2a/+ 3 

Ex. 4 Add togethei 7a-2b+4e, -5a+36-3c, 8a~2cand 

6a+76+c. 

7a-26+4c 
- 5a +36— 3c 
8a —2c 
6a + 76 + c 
16a+86+0 

The last teim in the sum is 0 , for m the tlmd column the altfebratc 
sum of the coefficients of c is 0 It is usual to onnt the term 0 , and 
the sum is mitten thus 16a + 86 


Emd the sum of 


x-y 6. 

29 + c 

7 2« + 18 


8. 2aa + 36y 

a+?/ 

29 -c 

3a -18 


3ax - 2by 

§* y-lab 

10 

4a- 56+ 6c 

11. 

ab+2cd~ 3 

| ab-fiy 


8a— 106 + 13c 


2a6— 5ccZ+16 

- 

26« + 176- 15c 


-4a6+ ccf-13 

2a + 36 — 4c 

13 

3.5-2 y + s 

14. 

3i 2 + toy 

-3a+46- c 


-5a + 8 y-4z 


— 5a 2 — xy 

4a+76+7c 


65 -ay — 5 j 


7a 2 + 8ry 

a- 6 — 4c 


-2a + 3 y 


- 2« 2 -lliy 

— 5a + 26 — 6c 


-2a- 9+Sc 


11a 2 + \y 


3— B 1 



34 


ALGEBTtA 

[51 

Find the sum of 



15 

2ca- 46y4- See 

18 

7a — 36+4c-2d+ 7 


13a*- 96y4- 7cs 

1 

— 8a+46 — 6c+2tf — 11 


— 6a*4- 76# — 14cs 


13a 4-36 — 5c 4- 4d — 4 


2aa- by+ cz 


2«- 64- c 4-11 


-21aa4-136?/- 4es 


a 4- d— 3 

17 

2a 2 4- 2a*-3# 2 

18 

a 2 — 4«64-|a 2 


a 3 + aa+7# 2 


S* 2 - ^a64-fa 2 


—7a 2 4- 7aa- # 2 


2r 2 — ^fl64-|ff 3 


5a 2 4-10aa-Gy s 


G* 2 — 12«64-3a 3 


6a 2 4- 5a*4-5»/ s 


b,?_ J|a6 + 5(7 S 

19. 

6a ! — 2 xy + 8y i 

20 

14- 2a5— 36c4-4ae 


4a*+3 xy+ if- 


— (j- ab+ She — Zac 


— 3a 2 4-4ay-3 # 2 


124- 10a6 - 106c4-7ac 


7a 3 -6a#+2# 9 


— 3 4- 26c 4- «c 


- * 2 4- *y- # 2 


2- 3«6- 6c4-5ac 


21 a,’ 1 - 3ai, s 4- 3a 2 *- « s 

4a 3 — 5 ai? + Ga 2 r— 15« s 
3 a 3 4- 4(t3? + 2o*i+ G«* 

— 17t s + lOaa; 8 — 15a s r+ 8a s 
-ISa^-gyg^+lSn 8 

Add together 

22 * a-b,b-c, c-d and d—e 

23 *— 2#4-3s, 3y—x — 4z, 3a — 5y-5c, a — s and 4y — x 

24 2«+c+d, 26+o+e, c—d, e -3a-/ and d-Zc-2e 

25 2a 2 4-36 2 , 46 2 -3a 2 , 4a 2 -86 2 , 56 2 -Ga 2 and 3 a 3 4-76 s 

20 5a 3 — 2m«4-3r 2 , 3m» + 10r 2 — 2a 3 , IS^+Gr 3 '— Smn and 

wm+a 3 — gOr 5 . 

27 3a 2 — xy + 4x-3y, 4 vy+4y-x s , 'Ivy— 5a 2 4-3i, 2* 2 4-6y-5* 

and 2a— 8#-8ay 

28 aa 8 - 26a 2 - 3ca, 36a 2 — 3a* 3 + 4d, 2ca - d + 6* 8 , 5 d- 5c* — 46a 2 ,. 

4ax?-2d and Gea - 2aa? - 1 

20 ty-3* 2 — a 8 , 4a 8 -4v 3 + 3y\ 8.v- — 2xy — t/ 2 , 6.v s — v- + 4y°, 

— 5 xy - 2 a? and 4ry-8y i 

2p s — 3pq — 4q 2 , 3pr - 2q- - r“, p- - 2qr+ Sr 2 3pq-6pr-3p\ 

3 pr - 2 p * + Bgr and 4q~ -3qr + 2jp a 
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Add together 

31. 3u s +2j/ s +s 3 + 8ys 3 , ?/ , +3t ? f/ + 2ty 2 +s 3 -2S r s s, 

X s + 2rys + Ax^y + 12 v 2 e - + 6y a 2 , 

2 1 5 — 3y s + 4^/2 - 8xy\ 4y®- i' 8 + 5i s s- I5jys+3y 2 8-14?/8 a 
and 6 k 2 :— 15«ys4- 4 ci/ 3 - 7 r 2 y + 6y a 8 

36 Examination upon Chapter III 

1. State the Rule for the addition of Like Terms. 

2 What is a literal and what a numerical coefficient ? Rind the 
coefficients of v in. 3v, — 4<w,, 2 «& 3 r, k, -3a 2 &<u*, m*v, - % and («+2)a’, 
and state which of these are literal and which numerical 

3 Rind the coefficients of r 2 m .i s + 3r 2 — y s +l — 2# a 

4. Rmd the coefficients of x and y m the sum of 5^'-2y + l 
8y — 2r— 3 and 10— 4^— 6y. 

5. Rmd the coefficient of av ‘and of r, m the sum of 5«r, 
4&y, — 2crr, % and —3 by. 

- 6 . State the rnle for the addition of Polynomials 

7 Shew that the sum of 4ax+Zht~2c, 2c%—2.ax+b and 
— 4bi + cx+2a is equal to that of 2re#-5&v+c, Zbx+Acx — 9b and 
-2cr+4«a: + 4&, if a<=3. 

8 To what expression must 2a 2 -r s +5«-l be added, jSO as to 
give 0 ? 

9 What expression must be added to 3^ 2 -5;»+2 l y so as to give 

sr — v for the sum 1 « 

10 A sum of money was divided between A and B , if A re- 
ceived x rupees and B as much as A and 3 rupees more, what was 
the sum ? 

11 A has as much as B, and G has 2 rupees less than B If 
has a rupees, find how much thej have altogether 

12. If a poison owe m rupees to A , n mpees to B, and 2p rupees 
to C, wiiat is the amount of his debt ? 


CHAPTER IV. 

Subtraction— Brackets, 

Subtraction 

37 Rule for Subtraction. We have seen that to subtract a 
whole expression is the same as to subtract each of its terms m 
succession 49] Hence to subtract an expression fiom another 
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iy lue oauie as uo auu she ieiwti u o tm* Liter when the sign of each 
of its terms is changed Hence the Rule — Change the sign of every 
term of the subtrahend , and when thus changed, add it to the minuend 

Example Fi om 5a — 36 — 2c take Za — Ab + e 

Remainder = 5a - 36 — 2c - 3a +46 — o 

— 5a-3a-Zb + 4b — 2c — c [§47] 

=2a + b — 3c [$; 55] 

The usual method lioweiei is to place the snbtiahend undei the 
minuend, taking care that like terms be placed under hie terms, 
and then to combine the like tei m& after mentally changing the ' 
signs of those in the snbtiahend Thus the above example is usually 
worked as shewn below — 

(Minuend) 5a— Zb — 2c 
(Snbtiahend) 3a—4b+c 
(Remainder) ‘2f' + 6- 3c 

Examples. 

Ex 1 Mm a Ex 2 Mm 8c - Zy Ex. 3 From 15a + 16 

Sub - b Sub 3 c -2 y take 3a + 1 

Rem a + b Rem 5x-y Rem 12a + 15 

Ex 4 Fiom Gax-Zby + Z Ex 5. From 8# i! +20a&-y 2 

take fig v - 6 by - 2 take 3? 2 + 25 ab+Zy* 

Rem — 2«.t+2&y + 5 Rem 5v~-5ab—Zy i 

Ex 0 Fiom ax-+2hxy + 6y 2 + c 

take gi 2 -Zfxy+hv 2 - d 
Rem ai?—g\-+%hnj + 2 fry + by z -hy 2 4-c+d 

Ex 7 From 35« s + 20v-3y take I8y — 3t + 2c — 1. 

Place like terms undei like terms , thus 
35a ! +20/— 3y 
_ — 3 ? + 18y+2c— I 

Rem 35 v s + 23 e -21?/- 2c +1 

8 From 2a take a—x 0 Fiom x+y take x—y 

10 Fiom 10a +20 take- 5a+8 11 From a+x — 1 take — a+a— 2 

12 From ? + Jy-1 take ^-y+1. 

13 From Zmn -mx + n take 4mn-my-n 

\ 


srrrrriJs/rrrG's. 


14. 

From 

2rd 

r2j -4: tabs 

3'— 2 

15. 

Ta T *e 

Sr-r 

5>— 4= from 


13. 

Tare 

— c- 

-35— r Frrrt 

-fc - 

17- 

rr* 2 * 

-4? 

— 5<f— ^ fre" 

'. c- 

IS. 

£ ^G"23 

*V 

-4j?— C'-ri 

Kkf 

19. 

Froes 

1 — ■ g-* 
3 ** 


e 

20. 

From 

«• 

-1 **■£:? tvre 

n~. 

2L 

Shotract fee ' —00 — r<r 

*-lz 


22. Se25*a;£ c l — cs-~f^ from 5c : —3s r—r*. 

23, Feitrsrt Sff'-i-r 5 — 2.7' from -c. — w 5 — 2 s 

24. Sbbrrair jrx s — co^-f *jt from. ar — 5--r 1 - s -,r. 

25, From ,” s -*-5r' 1 — IG s-btract Sr 1 — -4; — 

25 , JLshe : — C-"* — z." — r fror~ j — I . 

27, Subtract £ — Js? — f?r from — fzf- 

23. Fr oa fr- - £& irJze ?*. -&c - 

23. Freer 7c*— £ ■?"&— S/rJ* 7& ? — 

£5, Take — r*-s-2j ff -r--jr— 3r— 2 fr».nt — 2 j~— 4.~ — I. 

31, Schtrsci s*'—Zr i *. z rr2.'*r—'5r '— ■L’y 5 

free. — irf— bj*. 


5S. Brackets. T7e ra-e fr^cr ; ' 4G S C=} 

E-r-Ce-h-c-d.*=E-%-l—< r-<? {iJ ' 

hero? also 17— cr— 5— c-c*=S— < — >?} fr!}. 

Agate, free: 5 43, CL; vre Lst- 

xT— (or— />-f- —E-cz—h—c-z-d 'tit] ; 

cceTgrss.j - IT— r^-S— c-rd^E— r c — h*-c— rf d e ir\. 

Heree :« = cst 'Le rcT=2 for t~e r=c'r d; 2.1. d .*tr?rt£cr ef Bra^ket- 
fi'ee Sf 53 se 2 . 65 j_ 

_ 513.^ Braes for the rezocv&l of Brackets, From 'i) ar d 
v'iT of ? 5?. v>a get *1 e £c! footer rdes for rera^ritig' 

Bees L jf'c: -r- .fC-r prz -dtr c Z~£’ia~ re-zoa &s l~* <~b^t 
i’f 1 ,-^errfer f£e ofzht zrd-'&fd -ierrs. 

Errs IX. If a. — iizr.^ecsda. c rzrc ~e il.s f’-eefef c- d 

€~J?Z*jZ f ? £ O' <£?*/' rf « ZV*fvHfI fe-t?. 
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Examples 

Ex. I Simplify 5a + (2o- 6)- (a + &) 

Tl/e given expressipn =5a + 2ra — & — (« + &), by Rule I, 

= 6a + 2a-&-a-&, by Rule II, 

=6a-26 [§ 55 1 

Ex 2. Simplify 2v-{-v+y)+’iv+2y-{'Jx-g) 

The given expression 

[Rule II} 

=2#+a;-y + 3a;+2?/-7r+y [Rule I] 

=>-v+2y 

Ex 3 Simplify -3r+(-y+2a:)-8tf-3y+3 — (— 9a,+y). 

The given expression 

= - 3 a-y + 2.i-8r- iy + «— (—9 j:+i/) [Rule I] 

=> -3# -y+2r 7 8x + 3y-s+9i.--f/[Rule II] 

= ?y-e 

Remove the brackets fiom 

4 r +{y — t) — {x— s) 5 (2a-3.i) + ( — a + 2t) 

6 {ax + by)- (by -l) 7 (a + & + c +/)- (-a + 5- c+/) 

8. H-(h-c + <ij-£-2a+&+(e?~e) 

9 x+y + z-{r+y-z)-{-y-e + v) 

10 2a-3I»-(a + 2h)-(8h-6a) 

11. 3a-(6-4c) + 2d+(a-6)— 2c-d 

13 4m — 3m — 4 + *» - G - (2m — 8) 

13. (aa + 6*) +• {by + cy > + (a® -bx)-(by-cy) 

14 (r 2 - 2.13/ + 3y 8 } - ( r 8 +£ry - 2y s ) - (4y 3 - bxy) 

ftO Two OT mot© Brackets Sometimes expressions ocem, 
involving more than one pan of brackets The usual method in 
such cases is to begin witli eithei the innermost pair, or the outer- 
most pair, and to proceed to the next m order till all are removed 

Examples 

Ex 1 Simplify 2a-[« - {a- (# +«"-£)}] 

Gnen expression = 2a -[a- {a- ( jb+ a — #)}] [Rule I] 

=2a -[a- {«-(+&)}] 

=2a-[a-{a-o}] [Rule II] 

= 2a — [a]=2a -a = o ' 
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•or thos Given expn =2x-a (x-f a— x)j [Eule II.} 

—a-*-«—(x—a-x) [Eule I] 

=2",— x— a— x [Eule II] 

=2c— s— a-bx [Bale II] =c 

Behaek. It is usually advantageous to begin with tie innermost pair. 


Simplifj 

2. x-*{x-{x-y)}. 3 3a — (26— (a — 46}}— (a +6). 

4. 1 -[1 - {I -x- (1-1^513- 5. 4x-[y-{x+(y-2a)ft 

6 (a-fx)— {a— s— [a-2x— (2a— x)]} 

7. -[a.{ a-(-x)}]-[-{ 

8. a— x-£6-fy— {a— x— 6— 2y)\ 

9 . xy-{xy~ @ry - 2ry -f)}- 

10 16a— £3 6-4 3a +26 -{3a -2a -46)}]. 

11. 17a — 46— £36 -r 2c — { 5b— 6cr — (26 — a}}]. 

12. 11s- {7x-£8s - (9s- 12a - 6x)]}. 

13. ab—{ {3bce — Slab) — (obee — bet) + (3a6 — 36ef) }. 

14 2a - ( 36 + (26 - c) - 4c -f [2a - (36 - c - 26)]}". 

15. 16— s— £(— 7s)— {8— (4-9s)— (— 6x— —3)}] 

16. a+{— 36-£— 6e+(— 3a 26 — 5c)]}. , 

17. — [15s — { 14y — (15a-r 12_y) — ( lOx — 1 5s)}J. 

18 —{«—[— 2a-(-3a 4a — 56)]-f(r-3K-36)}. 

19. — 5a— ( — 46— £ — Sc— ( — 46-** — 6a— 7c)J} 

20. — m — { -3m-r2rc-(-5jn — Sn)-r(— 3nt— 2n 3n+«i)}. 

6i. Sules for the insertion of Brackets From (ii) and 
<iv) of § 58, vre get the following roles for inserting brackets 

_ Ecx,b I Ij a — sign is to fre p ede a braclet, leepihe nans of the 
included, ter me unchanged 

Thus a— 6+c— d-a-\-{— b^-c-d)=a — &-?-(— c— d)—a— 6-3-c-f (— d). 

Bcde II. If a — sign to precede a braclet, change the sign of each 
of the included terms . 

Thus a - 6 - <7= a - ( j- 5 - « <fj=a - 6- ( - c+ Jj=a - 6 -r <? - ( + if). 
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Examples 

Ex 1 Enclose in a biacket with a posiiiie sign, the last 3 teinis 
of z-y+i-1 

Given expression = x+ (- 1 /+ z -l)[E»le l]=r4-(2-y-l) 

Ex 2 Enclose the same teims in a bracket with a neqatne sign 
Given expressions -{+«/— 2 + 1) [Rule II]= v— (y— 1+1) 

3. Enclose m a bracket, (1) with a positive, and (2) with a 
negative sign, the last 4 terms of a—b + e — d- c+f 
4 Of the expression a — b+c -d—e+f—q+h, enclose in a biacket 

(1) e\ ery 2 terms beginning with the first , 

(2) second , 

(3) i 3 im ,H, • >• • first , 

(4) 3 . . . . , second , 

(5) the last 5 terms , 

(6) the second, third, fourth, land fifth terms , 

(7) the fifth, sixth, seventli and eighth terms , 

(8) all the teims, except the fiist 


G2 Examination upon Chapter IV 

1 What is left when 5a - 36 is taken from the sum of 3-2a+«, 
and 4« — 56— 7 ? 

2 If the difference of 3i s -2?/ ! and 3ry— 5y ! be taken from unit}, 
what is the remainder ? 

3 The sum of two quantities is 3«- ^-y + ], and one of them 
ib 2a-5x+ty , find the other 

4 What expression must be subtracted from 0 so as to Jeai e a 
remainder x^-Sv+l ? 


5 Find the remainder when "ix 3 - 4 x + 1 is anbtiacted from 0, 
and the value of the remainder when i = l£ 

0 B> how much does .r exceed 5 -2x ? Find the value of tlrf 
difference when r=§ fa. 

7 I have a inpees, out of which I give r and y rupees to/ 
persons , what have I left ? 

8 A is x j ears older than B , if age be a j ears, 

B’s age ? 

0 A house and a garden together cost El 500 , if the 
the house be x rupees, wliat is the value of the garden ? 


es to/ 
s, v[ 


V.1 


10 If r=3«-6 and y=«-36, find the value of x—y | 

11 State the rules for the insertion and remoi al of Brackq 


b2) 
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Miscellaneous Examples I 1 the 

*Jb 4* c 

1. Find the value of ^ when « = 6, ?> =4, e = 3 

3rt + 4» 

2 Find the sum of 4ar, —a"i, far 2 , -2 <ir, -(-3a 2 i), -2cr>* 
and -3ur, and the value of the i e-uilt when ? = 1 

3 Subtract —5a + b from a°, and simplify the lesult when a* 
b=-2 

4 Remove the brackets from t - { 2y -» (2 v -r 3s) - 1 } 

6 By how much docs x—y exceed r+v ? 


the sum 




0 

7 

8 


If o=4 and &=G, find the value of ~ + — «- 

2o — a 2 1 


from 0, and 

What must be added to a-b that the lesult mr 

Subtract the sum of 3 j- and 1 - 2» from unit' 
value of the difference when a* = l ? 

9 Simplify 3p-{q+(2p-q)-(p- q)] 

10 Add together 4 and r i< 2 — 2i/ 7 n „-, -„r,ori 
sum by 8a 4 -8 nj+y*. ' Z =9o-5ad+36, 


11. If «=1,&=4, c=6,d«0, find theial 
l + bd+a-b 2 I —cd + a- 
o a +C 2 To 


12 

13 

14 ■ 


Add together • aj.p Diwsiov. 

3~(2 + v), a;-(3-2r), 4i+(S-i), 2 

Subtract 4«-{36-2c) + (2a-c) fiom 3 , , . , , 

o be multiplied by 
Remove the biackets from ab tliere ar / umta ^ 

2a - {5b + [c — (a + b - 2 <')\ } — c as niany 8s as theie 
which when sr*pbcation is the shortest 


16 Find the quantity 

3.r?/ leaves a remaindei 2r® — 3ax + 3i7/ + l *>i a certain number of 

| afficient as long as the 

m\ber and not abaction. 
18 IE o=6, Z>=4, c=3, d—0 and e— - 'To multiply one number 
ir 5(a - 6)(c a + bd-e) — one to unity to obtain the 

17. Adt i }gethcr-& + 2«+3c, Co-( 

18 Tak' h, 2 + {*- (2jr+3s) -5} fror' he fo,lowl »S sample-. 

m t. it * m . ir, o ,, ->ui times, that lb, 

19. Simplify 4v— [3 t/ + {2-3s — (1 * ’ 

20. What is that quantity from w h 

the remainder is ^« B +2o6-|& 2 ? <*28 w , 

7 = —28 (n). 
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22 

23 

L 

3 


.t a= 8,b—0 and c= 3, find the value of 
2a -(3b-c)-(8c-a)~ {4c — (a- b)} 

Find the sum of fit — (4y + c), 2z + (2s — y) t and 

9s-(6a-6^+Gz) 

Subtract 

a-(6-c)+(2c-(36-5«)} from a— 2b — {3a — (b — c)-5c} 
Remove the biackets from 

negative** - { 2 * - (2* - 3) } - { t* - (fix - 2s*) } - {3 - (2*’ - x) } 
a np ...sum of two expressions is, 2t'*4-3:w/, and fine of them is 
u <* , find the other 
<• 

(« 

e numerical value of 

-3^)-{4^+2a;-(v-2 i y)}, -when ir=3 andy=14. S’ 
(6) c- {26 -(3d— a)}, and 

(8) aUt^ erence w * ien a a - 2<i& + 6 s - 3 is taken from 


63 En 2m- mi - (2mi + n ) } - (3m — 2»)] 

1 What 13 left whiaf two expressions is 2a+3«h-5b, and the 

and 4<t -56— 7 1 what is the other ? 

2 If the diflerence 
what is the remainder ? 


3 The sum o ft wo _ 4 and t 5 find the value of 

18 3«-5:c+2y , find tl> \ 

4 What expre-.SK ^ ^ hl + b ' +& -M ~ 0 
Temamder **— 2*+l ? ** — v*)}, -3ax+{i s ~(a 3 - 2ax)}, 

5 Find the remamd+2x s 

and the talne of the rem 2v x x vs 

6 By how much doe’ 3 ‘ _ T + 4 -1PXCee< * 2~3 + 4*" 2 ? 

difference when 3&-[3c-(8a + h)4-4o]+2ff-(2c+Z>-«) 

tKflsrns*.’. see - *»-**•■* - *>* 

8 A is x years older thi re 

S ' e ago ? t„ 

9 A house and a gardei „ _ , .. , 

the house be x rupees, wha va ' ue of \j2a-\r Q ih(c~id) t 


10 If x<=2fl-b andy= 111 

11 State the rules for 2c*— {(«* - 3h*)+ Jc*} 
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38 Prom « — {3b-(2«- — c)} take 3<t — (2ft -c), and add the 
' remainder to b+1, 

38. Simplify 

40. If # =& + c-2«, y—c+a-2b, r = et + 6-2c, shew that. 

v + i/+ : = 0 


41. If n~% b—1, c=25, d=8, find the ■value of 
V2a+9&(c-3rf; 8 

<"42 Add togethei 3« - ^ + 7 and 4c--J, and subtract the sum 
^ 0 2 1 2 

from a 


48 Subtract 3r 8 — 2 a 2 +4 from unify, and 3.rr— 4i s from 0, and 
add the two ie»ults togethei. 

£ 44 Add to the sum of 

3x-{Su — (3s— 2r)| and r- {3y-[5c-(r-yj]} 
the difference of Oc and 3t/— { i+(2y — 3;)} 

f46 If A‘=3a 2 — 2a6+5t 3 , r=7«* -8 k 6+56“, j?=q«--5a5+36 2 t 
Vs=ba 2 +ab+3b“, find the value of 

' (i) r- (X+z- r), (2) 


CHAPTER V 

Fundamental Laws Multiplication and Dimsio*'. 

Multiplication*. 

015 Definitions One uunibet is said to be multiplied by 
anotliei, when tlicfiist is taken as many limes as there are units in 
the second Thus to multiply 8 by 5 is to take as many 8s as there 
are units in 5 In this sense therefore Multiplication is the shortest 
method of finding the mm of a number, taken a certain nvvxber of 
times But this definition is obviously sufficient as long as the 
number by which we multiply is a whole number and not a fraction, 
"We therefore define Multiplication thus — “ To multiply one number 
by a second 1 / to do to the frst what is done to unity to obtain the 
second'. 

We shall illustiate tins definition by the following example-. 

(1) To obtain 4, unity is repeated foui times, that is, 

4 = 1 +1 + 1 + 1 [{$ 30], 

theiefore 7x4 = 7 + 7 + 7+7 = +23 ....(1) s 

and .. (-7)x4=-7-7-7-7=-28 ( 11 ). 
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(2) To obtain -4, unit} is subtracted four times, that is, 

— 4= —1 — 1— 1—1 [§ 35], 

therefore 7x(-4)= -7-7-7-7*= -28 . . (m), 

and ' (— *7)x ( - 4)*=» - ( - 7) - ( - 7) - ( -7) — (— 7)* 

- +7 + 7 + 7+7^48]= +28. . (iv) 

Thus the definition holds when the multiplier is ail integer, positn e 
or negative It will likewise hold when the multiplier is a fraction, 
positive or negative 

(3) To multiply £ by jj, we mnst do to what is dono to unity 
to obtain 2 Now to obtain jj, unit} is divided intone equal paits 
and three of these parts aie taken, hence to multiply § by we 
divide jj- into five equal parts and take three of theie paitt, But 
when \ is divided by 5, each of the parts is and when three of 
these parts are taken, we get , 

7 3 7x3 
8*5 = 8x5 

(4) To multiply §■ by - \ To obtain - 3, we divide unity into 
5 equal parts and •nibti act three of these pai ts m succession , there- 
fore here we divide £ into 5 equal pai ts, and subtract three of these 
parts m succession , now £—5 gives g£ s as one of the paits , 

7 / 8\ 7 7_ _7 7><3 

8 \ S/ 8x5 - 8x5~8x5“ 8x5 


C5) 


Similarly it may be shewn that 


7 3_ 7x3 
8 X 5 ~ 8 x 5 ' 


and - 


7 

8 


X 


3 7x3 

5 + 8x5 


When one number is multiplied by another, the former 1 is called 
the Multiplicand, and the litter is called the Multiplier, and 
the result is called the Product Thus m the product ab, a is the 
multiplicand, and b is the multiplier 

BniAKK The student should carefully note that in a product ab, 
we shall alwavs call as in Arithmetic, the Jlist number the multiplicand, 
and the second number the multiplier 


* Here we see tint a negative multiplier makes a contrary repetition 
of the multiplicand, which idea we first meet with in the works of a 
Hindu algebraist "It has been before observed that negation is con 
tianety A negative multiplier therefore, is a contrary one , that is, it 
makes a contrary repetition of the multiplicand Such being the case, if 
the multiplicand be positive, (the multiplier being negative), tlio product 
will be negative , if the multiplicand be negative, the product will he 
affirmative ” — Krishna Bhatta’s Commentai yon Bhaskvra’s Vijaqanita 
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<*4 The Law of Signs Ftorn (i), (n), (ui) and (iv) of § 63, 
we get the following mle that 1 emulates the Mgti of the product- — 
If the multiplicand and multiplier both have the fame sign , the sign of 
the product is +, and if they have different signs , the sign of the 
product ts — . 

Thus whatever a and b may be, integral or fractional , positive oi 


negatue, we ha\e 

( + «)x{+6) = +ab 

(0, 

i 

(-a)x( + 5;= -ab 

(U) 5 


( + n)x(-Z>)= -ab 

(m) , 


(-a)x(-6) = + a& 

(iv). 


Theaboxe lule is called'tlie Law of Signs and is biiefly enunciated 
thus Lihc signs produce +, and unlike signs produce — . 

Corollary. Hence it i>> eas\ to see that a product has the + sign 
if the number of m:g vrivc factors producing it bo vxhuf and the - 
Sign, if their number be odd* 

Poi -ab , «(-6){-c)= -a&x(-c) = +a&e ; 

«( — &)( — <;) = + abcx(-d)— -abed , 

a(-b)(-c)(-d)(-f)(-d)=* 4 abcdx(- f ) = •*- abedf , and so on. 


Examples 


If 

a— - 

2, Z>=5, c= -* 

1, j?= 1 and y = — 

1, find the 

i \alue of 


Ex 

1 

3a 3 »y 2 =3x( — 

to 

'w 

X 

>u 

X 

/-N 

1 

II 

CO 

x(~8)x4 

x( + l) = 

-96. 

Ex 

2. 

-a a rV= - (- 

-2) 3 X 4 2 X (— I) 6 ® 

■-(-8)x 

16x(~l) 

= -128 


3 

Aahf 4 

3a&c 6 

-by 

6 - 

-spy* 


7 

2 a-bc, 8 

. - a c\r. 9 

-*V 

10. 3a s c 3 


11. 

5 ab-e 12, 

. -2b s ty 2 13 

Zbcif. 

14. 

- 2abc 3 


15. 

-a 2 n s y 5 , 16. 

. 4a s ie s . 17. 

-Ga%y 

18. ■ 

- c Vy 6 . 

If 

a*=» - 

•5, v=5,y=* - 

3, 5® -2, find the value of 



19 

a*- 

-v\ 

20 

21 

ae 2 -,u/. 


22 

« 4 - 

-xyi 

2 J a 3 - {y f c, 8 . 

24 

a 8 + 1 8 — 

y 3 

25 

(3a 

—2 >•)(« + 2#). 

20 

(5A+4.y)(2i:— 3y). 


27. 

3* 2 

-5«?/+2a 8 . 

28 

i/ 2 — 3,-cs - 

a 3 


29 

%- - 

-y‘ l -s i -2yz. 

30 

y®+s B + 3ay«- a 3 . 



* A number is said to be c«.eu v lion it is divisible by 2, thus 2, 4, 
b, . and odd, when it is not divisible by 2, thus 1, 3, 5, ... 
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65 The factors m a product may be bracketed iu any 
manner We shall first piove that 

abo =a(6c)= (ab)c, 

where a, b and c are any numbers positive or negative, integral oi 
fi actional 


Pat b stars in a row, and let there be c such rows, the stars being 
placed tinder one anothet, in columns, as 9heivn below 


* 

* 

* 

•ft 99 99 


row (1) 

* 

* 

* 

* 

* 

row (2) 

* 

* 

* 

•* ••• 

*9 * 

row (1) 

+ 

9 999 9 

J- 

• 9 

JU 

t 

* 4 *# 

X. 

• 4 

row (c) 

col 

col 

col 

col 

col 


(1) 

(2) 

(3) 

(4) 

(b) 



Since there are b columns, each tow contains 5 stars, and as there 
are c rows, the number of stars altogether is be Now put a units 
in the place of carh stat , thus theie are altogether be times a units, 
that is the total number of units is ox (be) . . (l) 

Also in the first row there are a nmts lepeated b times, and as 
there aie e lows, these are again repeated c times , therefore the 
total numbei of units is axbxc 99 9 9 (11) 

Again, m the fiist low theie are a units repeated b times, i a , 
theie are ab units, and as there are c rows, ab is repeated c times , 
thus the total numbei of units is (ab) x c (m). 

Hence from (0, (u\ and (m) a x 6x c = ax(bc)=(ab)x e, that is, 
abc = cr(bc) = (ab)c 

Thus the proposition is proved when a, b and c are integers 

It is likewise true when a, b, and c aie fractions , for we know that 
7 _1_ 9 Txlxf) 

8 Xi i x n“ax5xU’ 


and, by the above pi oof for integers, we have 


7x1x9 7x(1x9) (7x1)x9 

8 x 5 x 1 1 ~ 8 x { 5 x 11 ) ” (8 x 5) x 11 ’ 


.7197 
’* 8 X 5 X 11“8 X 




Next let a be negative , then also 

axbx -c«ax(bx -e)=(axb)x -c , 

fo- each of these pro Itic'ts lws the same absolute value, vir , abe 
and the same sign, viz , the sign - [§ 64 J. In the same way, it 
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ma\ be shewn that the proposition holds whether all 01 any of the 
numbers a, b, e be negative 

Thus for all values of a, b, c, we have abc=ci(bc)=(ab)c. 

Similarly it may be proved that 

abed ..=( ab)cd ( ab)(cd ) =■ a(bcd).., = (abc)d...=&;c 

Hence we learn that (he factors of a product may be grouped m «wv 
manner. This is termed the Law of Association 

06 Theorem To shew that ab^ba, whatever a and b may 
he, pantile or negative, integral or fractional 

Tint, let a and b be positive integers 

Write down a units in a row. and take b such rows, placing the 
units under one another, in columns, as shewn below. 


1 

i 

1 

1 •• •• i 

► > •• 1 

row (1) 

1 

i 

1 

1* 

. .. 1 

row (2) 

1* 

i 

1 

1... . 

. . 1 

TOW (3) 

1 

i 

1 

1»»M • 

. 1 

row ( b ) 

col 

col. 

col 

col 

col. 


a) 

(2) 

(3) 

(4) 

(a) 



Now each row obvioush contains a units and time aie b such 
lows ; therefore there are altogether re units repeated b times, i e , 
axb units , thus the total number of units is rex b .Again each 
column contains b units and there are a such columns , therefore 
there are altogether b units lepeated a times, i e , bxa units , thus 
the total number of units is b x « Hence axb*=bx a, that is, ab *= ba 

fondly, let «=■£• and Now we have seen 63] that 

& x f =s £v” ttn d by the above proof (since 7, .3, 8 and 5 are all 
integers) Thus £ x s =* s x £ 

Similarly if «=— and 6 = -, we shall have — x-«=-x — 
n q n q q n 

Thus the proposition is true w hen a and b aie positive fractions 

Lastly, (i) let a--m, b°n Now mn — nm , aud by the Law 
of Sigus (— rei)xn=> — rem and n x ( - m) = — «m j therefore 
' ( — m)xn=nx(—tii) 

(u) Let a— —m and b— -re Here, as above, mn = nm ; and 
(—rep x(— »}= -Hrere and (-re)x(- m)= -f n»i , therefore 
( - ret) x (-»)=(- re) x( — »i). 



[(S') 


We 'IhooMJOi of fpetorsin i* 1'ioduct is inuillorcnl 

W e snail link shew that 

abc=acb = bac = bca — cab — cba 

Now ubc=*a(bc)=(ab)e, 05] , 

aiul by S$ 66, a{bc) = ^bt)a, ( ab)c=c(ab ) , and 6c«=c6, ab «= ba , 
abc — acb — bca = bac «= cab = cba 

Similarly it may be shewn that 

abed =acbd<= bead =*&. c , 
and so on foi any numbei of factors 

Hence we lia\c foi Multiplication the same Law of Commuta- 
tion as for Addition and Subtiaction [§ 47] viz — The order m which 
multiplications may be made is indifferent, that is, the product w ill 
be the same u\ whatever order the /tictoi s are taken 

Rtn VKlt Though it is perfectly indifferent in what oidei the factors 
appeal, a numeneal factoi is always put first and thou the factors in 
letters are placed in alphabetical older 'llnis the product of 2a, 36, x, 
and -iy is usually w ntten 2iabxy 

Examples Multiply 2« by 3r , Or by -3aa , and -4at‘ by -Gab 
2«x3r=2x3xax r = 6at 

5.ex(-3ai)= -bxx3ax-= -5x3xaxrx,r = -15aa* 

( - 4a tj x ( — 6a6; = + 4a r x G«6 =» 4 x 6 x a x a x 6 x #= 24a- ! & v 


ttS Product of Powers Since u i =*aa and a Se =aaa, wo get 
« a x« 3 =a« xaaa = aaaa« = a° = a s t5 , 
similaily a°xa 4 = aaaaaxaaaa = aaaaaaaaa=a 0 = a 8 ' M , 
and so on Thus, since the index of a power indicates the number of 
factors in that power, we have 

a m =aaaa ... to m factois, 

and a n =aaaa to n factois , 

. a m xa n =(««a 1 . to »i factoi s)x(aaa , .to « factors) 

=aaaa,„ , , ,to (»i+m) factors = a m+M , ' 

a® x a » = a m+, ‘, wheie m mid n aie positive integers 


thus 
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Hence m multiplying powers of the same quantity, we add the in- 
dices of the powers This law is called the Index Law. 

Corrollary. Hence o m x a" x o p = a m+n+J> , v here m, « and p are 
positive integers 

For a m x a n x aP=(a m x o n ) x n r [§ 65]= re B+n x o p = n m+w+p . 

And generally a m x a" x aP x = a m+n+p+'»* 

Example Multiply 2a 4 by 3«, -4a ! by — ab ; and 7a s x by —Car 2 . 
2a 4 x3a=2x3xa 4 x£t=6a 4+l =6a 6 
( - 4ar) x ( - ah) = + 4a 5 x ah — 4a s « xb — 4 a s+1 5 ~Ao?b. 
7a*a?x(-5 ax 1 )** — 7a s *x5ar 2 = -35a 8+1 r l+ *= — 35« 4 'c\ 


Division 

69 Definitions Division is defined to be the inverse opera- 
tion to that of Multiplication Hence to divide a by b is the same as 
to find a quantity c which when multiplied by 6 gives a, that is, 
the quantity c is '*uoh that cxb—a 

Thus the definition may be symbolically expressed m the follow- 
ing two forms . If cxb**a, then 

c=a— & ( 1 ) , 

and therefore, (a— 5) x b—a, i.e , a—b x 6=a (n) 

The quantity divided is called the Dividend, the quantity by 
which it is divided is called the Divisor and the result is called the 
Quotient Thus, m a~b—e,- a is the dividend, 6 is the divisor, 
and e is the quotient. 

TO. Theorem. To prove that a,~l>~c—a—bc. 

Now (a-r&-c)x&0={(a*J)*c}xcx&[§ 67] 

= {(aj-6)j-cxc} x6 [§ 65] 

— [a— b)xb t by def form (n), § 69, 

-a, by def , form (ii), § 69 ; 
arrb-i-e=*a-rbc, by def, from (i), § 69. 

Thus to divide a number a by two numbers 6 and c successively is 
the same as to divide a at once by their product be 

Corollary Hence generally to divide a by b, c, d, in 

succession is the same as to divide a at once by bed.. ; and vice 
vend That is, 

a—bs-e—d~-..,—a-Srbcd.., \ and . . 

4— B 1. 



so 
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71 Division otherwise expressed The operation of divi- 
sion is often expressed m the form of a fraction the dividend 
being the numerator , and the dn isor, the denominator , thus a — b 
a 

is the same as ^ 

Hence if A and B be two expressions which have no common 
factor , then the fraction expresses the quotient , when A is divided 
by B Thus the quotient of 3 divided by 2 is § 


73 Theorem To prove that to divide a quantity by tl is the 
same as to multiply it by inhere d is an integer ' 

Since ^=>1 — d [§ 71], we lia\e ^xd=l— dxd=l, by def , form (n) 

x^)xd=o[§ 65], 

thus ax^=a— d, by def., form (i) 

Hence to divide a quantity by another is the same as to multiply 
the former by the reciprocal of the latter 

Definition Quantities aie said to be reciprocal to one anotliei when 
tlieir product i& unity Thus if ah— 1, a is said to be reciprocal to 

5, and vice ver<& Hence 2 and § and >], a and &c are other ex- 

tl 

amples of reciprocal quantities 

73 Divisions may be performed m any Order For 
a-b-c~ax J ■ x l [§ 72]=« x ^ x \ [§ 67 ]= (a x I) X g [§ 65] 

= a-c— 6 [§ 72] 

Thus a-b—c-a—c—b (i) 

Similarly it may be shew n that 

a—b—c—d—Ss . c =a— d— c— b— &c,=&c 

Thus we have the same Law of Commutation for Division as 
for Multiplication [§ C7] 1 1 : — The order m which a scries of divisions 
may be performed is indifferent 

This law may be extended to the case vheie divisions and multi- 
plications are combined, as shewn below 


ax^xd— axl=fl, that is, ^ 
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(1) a x b-l-c-o x b x - [1 72]= a x - x b [§ 67]= f a x -) x b [§ 65] 

=a-=-cxb[§72] (n). 

(2) a-s-&xc=®XgXc[§ 72]«*axcx^ [§.G7]=(«xc)Xg[§ 65] 

=nx <!— b [§ 72] (m). 

(3) £ix&-7-c4-rf=ax&x-xi [§ 72]«ax^x&xi [§ 67] 

C (C ct c 

= («x^ x C§ 65]=a4‘rfx6— c [§ 72] (iv). 

Similarly other proposed cases may be proved Hence multiple 
cations and divisions when combined may be performed in any order. 

The results (i), (it), (lii) and ftv) may also be deduced directly 
from the definition of Division Thus to prove (l) 

{a-rb— «)xJxc = {(«t&)tc} xcxb [§ 67] 

= {(«-i)-cxc} x& [§ 65] 

~~ » (a— b) x b [Def. form (u)]=r. 

Again b)xbxe={(a-~c) — &x&} xe [§ 65] 

=(«— c)xe [Def form (n)]=a. 

Thus (a—b—c)xbxc—(u—c—b)xbxc, 
i e, a~-b-~-G*=a—c—b. 

The other cases are left as exercises to the student 

The Daw of Signs Since [§ 64] 

(+a)x (+&)=+«&, we base +«&—(+«)=> +h [Def., § 69] , 

( — a)x( + &)= - ab , we have -«&—(-«) = + b ; 

(+«)x( — &) = -ab, we have -ab— ( + «)= -b ; 

(-a)x(- b) — +ab, we have + ab— (— a)= -b. 

Hence when the dividend and the divisor both have the same sign, 
the quotient has the sign +, and whan they have different signs, the 
quotient ho4 the sign - This is the Law of Signs for Division and 
may be briefly stated thus — Like signs pioduce +, and unlike signs 
produce — 

Y5 Division of powers of the same quantity Since] 
« 3 xts 2 =a«[§ 68], we have a s =a 5 -j-a s , by the definition of Division/ 
foim (l) ; and a s = a 6 ' 5 identically ; therefore « 6 '*«=a 6 — a 8 . / 

Similarly, since a 6 x a 4 =a°, we have a 6 ~a°—a i , that is, / 

a o-i 
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Hcihc goner, iiL, MiMt < r ~' X(i‘- «"[b fii] w«* li<i o .1* above 
| a m ~ n =a m — a” 1 e,a m — a n —a m ~ n , 

I where m and n are hath positive integers and m>n 

Thus 111 dividing one power of a quantity by another, we subtract 
the index of the divisor from, that of the divtdend 

Example Divide a*xP by a s x and — 25n°& 2 by 5o 4 5 

aV-e s ai=e 4 xa: s -(! s -i [§ 70] = o 4 — a s xxP— v [§ 73] 
—a i ~ B xx B ~ 1 —axx* = ax i 
— 25a°J 2 — 5a 4 6 = -25xa°x ft 2 — 5— a 4 — b [§ 70] 

== -25—5 x a 0 — fl 4 x 6 2 — & [§ 73] 

— -5 xa 0 * 4 x & 2_1 = -5xo 2 x6 1 =— 5a 2 6. 

Cor. Meaning of a' When m—n, we have 
a m - n =n m —a H =a m —a m — 1 , 

and then m -«= 0, and theiefore a m ~ n =a° Thus a°-=>l. 


Multiplication and Division of Polynomials 

70 Theorem To prove that ( a+b)n=an+bn , whatever 
a, 6 and 11 may be, positive or negative, integral or fractional 

( I ) Let n be a positive integer , then whatever a and b may be, 

(a+6)n=»(a+6)+(a+6)+(o + &)+ . repeated n times 
=«+«+«+«+ .. .... repeated » times 

+ b + b + b+b+ , . .. .repeated n times 

—an+bn 

( II ) Let » be a positive fraction, and let n=£, where p and q are 
integers , then since ^=p— q, -we have 

(a+&)x£=(rt+&;xp-g = [(a + &)xp }~2 ft 65]~(ap+bp)-g 

Now since division is the inverse of multiplication, we get 
(v+y)—e=x—s+y— s, wheie rsa positive integer , hence ° 

(a+6)x^»op-r? + 6p— g=axp— q+bxp— g=ax£+&x£ 

" 2 9 

Therefore replacing | by n, we have (a + b)n = an+bn 

(m) Let n be any negative quantity, and let n= —p. where® is 
any positive quantity, > 
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Tims from {£) and (li) above wo liavc 

(fl-f&)n=»\,<7+f<)x( ~jp) a ‘ -la + l)p** -(ap + hp) 

= -ap- bp**a{ —p)+b[ —p'i<=*an+biu 

Hence for any t alu* whatever of a, b and n, we have 
(« £*}n *=■ on 4-f>n 

Thu? if t } *■ rv n of «*.'/ ftro gaantific* be multiplied bv a- third /ho 
product Jffjff?? <o //i" /12m of the partial products obtained by 

multiply mi each of the quantities ’Cparate J y by the third 

This i« termed the Law of Distribution for multiplication 

£jrp?cnin , itj'u Since a and b may be positive or negative or fractional, 
we sec that 'a -b)ti=an — bn, {-a-h)n — - an — In, and (-o + J}n= 
-an— bn 

77. To prove that (a+&+c + (...n=«n+&n+m4-... 

From 5 76, we have (p + o/'S-pn + cn, for all values of p, q and n 
Xietp«a+h : tints 

{(a4-h)+j}n=-(« T +6 / n + 7»'=an-f bn+qu , 
(a+b-\-q)n*»an±-bn + qn 

Similarly by putting q^c+d, we may hhew that 
(« + b + e + d)n » an •*- In 4- cn •*- dn 

Hence neutrally («-»*?» 4-r .. ~ <trt -hbr, 4- rn + 

Thus t r * <t polynomial he n\nHipli*d by a monomial, the product 
shall he equal to the rim of (he partial products of each of Us Urns 
multiplied senarat'ly by the monomial 

Explanation Any one or mure of the quantities a, 0, c t &c. may ho 
negativ c or fractional 

Cor Hence converse]} an + bn 4- cn 4- ... = (tr + b + c+ 

78 To prove that (a-t-b)(m ■S’nJf^aut+biti + atH-bn. 

From § 76, we have (tn +n‘‘f*=tnf+nf, 
that is, f(m + n) n-jm 4- fn [5 C6] 

Pat/=*a4-6j thus (a+b){m-i-n)=s(a + b)r/:+(a + btn 

taam+bm + an + ln [§ 76]. 

Similarly we may shew that (a + h-f c)(«i4-n4-p) 

•» (e 4- b J- c)m 4* (a 4- ft 4* o)n + (a + b + c)p 
=«m4-&m + cm4-rtn4'6»4-c»4'«p4-hp4*cp , 

and that(o4-h4*c4-. ... X”»+n4-p4- ) 

=(a4-i4-c4*. ... }jn4-(<t4-f»4'C4- ., )7i4 , («4-&4* c d-...) J p4*... 
=<m4-Sjn4'Coi4'......4-o»4'&n4'cn4- 4-ap4-&p4-cp4*,.. 
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Tims j f one polynomial be multiplied by another , the product vt 
equal to the mm of the partial products obtained bp multiplying each 
term of the multiplicand by each term of the multiplier 

TO Theorem To prove that (a+bi—H^a—ii + b—ti ■what- 
ever, ft, b and 11 may be, positive or negative , integral or fractional 

By the Theorem of § 72, 

(a+b)— «■=>(«+ b) x-=«x-+&x- [>; 76]=*a— ra+S-^-tt [§ 72] 

71 11 11 

Thus if the sum of any ttoo quantities be divided by a third, the 
quotient shall be equal to the sum of the partial quotients obtained by 
dividing each of the quantities separately by the third 

This is called the Law of Distribution for Division 

SO, To prove that (a + 6 + c + 

=a—n+b—n+c—n+ ... 

We have (p+q)—n=p—n+q—n, 

whatever p , q and n may he Let p = a -f 6, and q*=c+d , thus 

(a + 5 + e+dj— «*=(« + 6)— n+(o+rfj— »=«—»+&— n+c—n+<i—» 

Hence qcnerally (a + &+<?+ )— n=o — n+b — n + e— »+ . 

Thus if a polynomial be divided by a monomial, the quotient shall be 
equal to the sum of the partial quotients obtained by dividing each of 
Us terms separately by the monomial 

Kemark. It is to be noted that the Law of Distribution has full 
vpplication to Multiplication, but only a pa i tial application to Division 
In Multiplication both the Multiplicand and Multiplier may be distributed 
[see § 78], whereas m Du ision, the dividend only can be distributed but 
not the divisor Thus it is true that (a +&) — c=a — c+b~ c, but it is not 
true that u-l6+c]=o— b+a — c 

81 Examination upon Chapter V 

1* Define Multiplication , and lllustiate the definition by multi- 
plying 4 by 6, | bj f and -4 by -6 

2 Stale the Law of Signs for Multiplication and Division. 
Bind the mines of ( - 1)( -h), hx(-Z) and ( -£){ - 

3, Shew that the factors of a product may he grouped m any 

manner. 

4 Prove that ab=ba, whatevei a and b may be. 

5 Prove that the factors of a product may ho ai ranged in any 
manner. 
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6 Shew that a m x a u =a m+n . What is. the lestriction as to the 
values of m and » ? 

7. Define Division, and from the definition, prove that 

(a— 6xc-5-iZ)x(6efy=«rc, and that a— 6xc— c?=a-rc2xc— 6. 

8 Distinguish between a—bxc and a— be, and shew from the 
definition of division that a— 6c=a— 6-rC. 

9. Shew that a— d—ax\, and that a°=l. 

a 

10 Prove that a m — a n =a n ~ n What is the limitation as to the 
valnes of in and n ? 

11. Prove that (a+6)»=an + 6», and that (a+b)-n=a-i-n+b—n. 

12. Prove that (a+b)(,c+d)f=ac+bc+ad-{-bd. 


CHAPTER VI. 

MULTirLlOATIOX 

S3 Multiplication, of Monomials We have seen how 
Monomials are multiplied and the sign of the pioduct determined. 
[§§ 67, 68 and 64] We shall now give a few examples 

Examples. 

Ex. L Multiply -32:8 s by -5a 4 
Product ={— 12« s )( — 5«*) — +(12» 8 x6« l ) [fc 64] 

= +(12 x 5 x a 8 x a 4 ) [§ 67, Eemark] 

= +(G0xx 8+4 ) [fc 63] = 60 c 12 . 

Ex 2 Multiply 4a?x~y by — Zux^y* 

Product = (Aa\x?y) x ( - (3a -dif) = - (ia?x-y x 3 ax'y°) [§ 64] 

= - (4 x 3 x o s x a x i- x a? xy xy 8 ) 67] 

= - (4 x 3 x a** 1 x a? +s xy 1+s ) [§ 68]= - 12a 4 r 6 y 8 . 

Ex. 3 Multiply together ab, -2 bo, -3acand -46c 2 . 

Here the number of negative factors is 3, winch is an odd 
number , theiefore the pioduct must be negative 64, Cor ] Hence 

Product = — (a6 x 26c x 3ac x 46c 8 ) 

= — (2 x 3 x 4 x a6 x 6c x ac x 6c 8 ) [§ 67] 

= — (24 xaax666xecc 2 )[§ 67] 

« = - 24a 1+1 6 1 - L1+1 c 1+1+8 [§ 68 ]= - 24a W. 
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Ex 4 Simplify (-at s )x2/ ! 7X(-4/y 3 )x(-15cay) 

Product = —(ap?x.2f 2 qx.4fy‘ 3 x. ICety) [§ 64, Cor,] 

= - (2 x 4 x 15 x a x c xf 3 fxg x «* a;xy s y) [§ 67] 

= -(120x«xcx/ 2+1 x^rx«* +1 x^ m ) 683 

= - 120ac/*ga: 4 »/ s 

Ex 6 Find tlie value of (-a#) 8 
Reqd value =( — aa;)(~fla.)( — «r)=» -(axxarx ax) 

= -(soffXit«)= — (a 1+1+1 x a: 1 * 1 * 1 ) => -aV. 

Remark. Wc have shewn the work m tho aboi e examples at some 
length , but it is alwajs adusable to do tho work menially and put doun 
tho result at once , thus 

Ex 1 (-12* 8 )x(-5a; 4 ):=4G0a:” 

Ex U {-ax 3 )y.2pgx{,-4fy 3 )x{-\bcxij)= -\2{jarj 3 gx*y 3 . 

Ex 6 (-ax) 3 = -a 3 x 3 

Similarly (~ax) 3 s= +a 3 x 3 , (-ax) 1 = -a 1 x 3 , &.c 
Multiply 

6 3a: by ax 7. 

8 ~2a6a: by ac 10 

12 25 avy by -316cs 

14 54u6s by 12edy 

16 —IQabpqby —babxy 
18 3a B b} T 2« 19 

2L 2o s by -5a 3 22. 

24 Sai^by — a 3 a: 

26 ~«*6c 3 by — 2a6o. 

28. Zxyz 1 by -2 o?z. 

30 2a*6 3 e 8 d 4 by —abed 
32 —7 «*6 s m by 3a 8 6% 3 

Simplify 

34 (-1)*, (-1) 3 , (-1)* , (-1)® 

36 (-4a) 3 , ( — 2a&) 8 , (-a&c ) B ; (-3a 3 ) 4 . 

Multiply together 

36 -ax, bx and -acx 37 5a&, -2cdand -3e/. t 

( 38 —a,2h, — 4o and — 15d 

39 3o6, —8a, —6, 2c, —4 be and -8ae 


5iyby-2y 8 ~8axbyl3px 

-7aba by -8 be 11 -pgr by —qrx 

13 — 312mnby —56 pq 

16 - 1 Zxyz bj 3aa: 

17 20ar« by — 176rKS 

10a 0 by 5a: 4 20 15y 6 by -4y. 

— 12m s by -6m°. 23 -7« w by -11s 3 
2 6 2x s y by — 3xy s 
27 — ?n*n 2 a: bj —4m3? 

29. — 4a6 s by — 6a ! Z>* 

31 — 4aV6y 4 by —3a ! xb 3 y. 

33 —8a 2 ry*z by — 20ay 3 s?. 
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« Multiply together 

40. 6«, —56c and J2px 41. -1Gc6, -2ov and -20y? 

42 — ab, 2c, -15r, —3c, and -y. 

43 20a&, — 3a‘5c, —4 c#, 5xy, — 2by and -8c. 

Find the continued product of 

44 3a? -2® and -x* 45 4c, -8c 2 , -7c and -me 3 . 

46 — a s ,3a s , —4a 6 and -ia*. 47 - as?, byz and - 2a 2 xy 

48. —Gab-# 3 , 12a*#y s , — c 2 iy ard -3 a*cy z 

40 a 3 x\ —b"y\ mc-z, — axy° and 5#ys 

S3. Multiplication of a Polynomial by a Monomial 
The result of § 77 enables tis to multiply a polynomial bj a 
monomial. 


Examples (i) 

Ex. 1. Multiply a — b 4- c by m 

Required prodnct=(a — 5+c)m=om — 6m + cm [§ 64]. 

The operation is, however, conveniently performed thus 

a—b+c 

m 

am - bm + cm 


Ex. 2 Multiply — 3a 2 5 ! +2re5 2 c -8er&c 2 +a* by —18 abex. 

— 3a 2 6* + 2a5 2 c — 8a6c s +« 4 
— I Saftcr 

+ 54a s 6 s c# — 36a 8 6 , c 2 4: +■ 144 a*6*c*j? - 18a 6 6cr 


Ex. 3. Multiply — |a 2 # — fob® — |o ?, c 2 +-3o5 s by — £ ab% s . 
—\o?x — | a& ! — |a 8 c 2 + 3a6 8 



+ \cPba? +$a?b*x J +i 3 ;; a 1 &'c 4 — a 2 5 4 # 8 


Here the /rationed coefficients are multiplied as m Arithmetic. 
Multiply 

4 a—* by 3 ax 5. 

7. 2a-c— 6y by ay. 

9 — a5— cc?by -55c. 

IT #—35 -at 3 by —bx 
13. 2# -y- 4s by —Gays 
15 3a-f25-4c+<2 by ad 


x-y by -a 6 - a - 6 by -b- 

8 4a5 — c\ by 3 abc-. 

10. -x+y — 2 by 2a 

12 ic-J-ca-a&by — abc 
14 — a 2 - 5 s — c 2 by — 2a 2 b-c- 

16. 2a s bo - 3 ab-c - 4abc~ by - abc. 
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Multiply 

17 5a - 9y + 42 by 18 4a - 36 - 2 by - fstt-bc 

19 — go-56-1 by -Sah 20 %a s j* - $a 3 ** by fa* 3 . 

21 la*b - 1 aW -56’ by - n 6 a*l* 

22 - fa 2 1 - Sby* + £cV by - V b 2 ci? 

23 — 2a 2 — 36 8 — 4e 3 by —5a s b 3 c 

24 2 a*6 - 86®c - Sac 2 by 3a6 s e 8 

25. aV - 2a 3 t ,s - 3a 4 * l»v - 4a* s 

26. — 6 rty 2 s 4 + Ixyz 3 - 3 t 5 y t by — 2.ry 2 s s 

27 a; 3 - 3* 2 y + 3ay 2 - y 3 by 8*y 

28 3a 8 6 2 c — 6 8 c 2 £Z — 2e s c? 2 a + 4 d'a-b by —labcd 

29 ha t l?c — 3av'y-abx+cx t y i by — 4abry 

Examples (11) 

Ex 1 Simplify 8* s (2e- 3)— 4*(4t ! -3) + 12r(2*— 1) 

Given expression 

*=(8* 3 x2a,— Sa: 2 x3)-(4a x4* 2 — 4rx3)+(12vx2*- 12*xl) 
[here we have inverted the order of multiplicand and multiplier (j;6C)i 
“(16* 3 — 24r 2 ) — (16* 8 — 12i:) + (24* 2 - 12*) 

= 1 6** — 2 4 * 2 — 1 6a -3 + 1 2 v + 24 * 2 — 1 2 r ■= 0 

Ex 2 Simplify 2**a + 2r ! (i.-4a)-2* 2 (T.~7a) 

Given expression == 2 ® 2 a + (2r s - 8* 3 «) — (2.1 s — 14ara) 

«= 2a* 2 + 2.r* — 8 a** — 2r 5 +14ar 2 = 8a* 2 

Othenone Since 2* 2 is common to every term, we see as 111 $5 77 
that the given expiession 

— 2 v-{a + (* - 4 a) - (* - 7a) } 
=2r’(a+*-4«-*+7a)“2e 2 x4a==8a* ! 

Simplify 

3 3a 2 (I-a)-4a s (a — 2) — a(3a + 6a 2 ) 

4 4* 2 (* — 4) — 3*(* 2 — 5*) + 2 (* 2 — 1 ) , 

6 2a*(a — 1) — 2ae(* — l) + 2az(a — v) 

0 S-e^lda - 126) +3* 8 (146 - 4a) - 3*»(2 a - 56) 

7 6a(3a — 46+1) — 86(36 - 3a + 1) - 2(3a - 4 6) 

8 8i 2 (2* -3 y+4) - 6y*(4* - 2y) - 8*(2* 3 -3vy - 3y 2 ), 

9 S (3* V - 2a^ s - 2 y 2 )- 3xy\5 v* -2 arty - 4* 2 ) + 2*ty 2 (2*ty* -ry+1). 
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Simplify 

10. a 2 Q> -c) + a-(3c + a) - a-(b - 2 a) + a s (a - b ) 

11 ab{a - &) + bc(b -c)- b 2 (c —a) + b(c- - a 2 ) 

12 a~(b — c) + 6 s (c - a) + c(« 3 - b 3 ) - ab(a 2 - b 2 ). 

13 x?(y*£ -yz 2 ) + z 2 (x 2 y - ry 2 ) - a?V(y c - ry) - 3 :( -yV) 

S 4 Degree of a Term. Each of tlie letteis m a product is / 
called a DiMEXSiox of the product, and the number of the letters / 
m it, denotes its Degree ' 

Thns abc has three letters, it has thei efore three dimensions, or is 
of the thtrd degiee ; a? iy 8 has <11 letters, for it—aaiyyy, it has 
therefoie tix dimensions or is of the rixth degree , b\y 2 z has/owr 
letters, it lias therefore four dimensions, or is of the fourth degree , 
and so on The numerical co-efficient is not counted 

Hence the degree of a term is determined by adding the indices of 
4he letters * thus 2av 2 y%* is of 1+2 + 3+4, 01 10 dimenisons 

It is sometimes important to consider the degree of a term with J 
respect to a particular symbol, involved in it, which is then called/ 
the symbol of refeicnee Thns the term 3 a s br* is of the fourth degree 
■with reference to r, of the third degree with reference to a, and of 
lihe first degiee with leference to b 

83 Degree of an Expression The degiee of a polynomial > 
is the degree of the term of highest dimensions m it Thus the 
polynomial .a?4-3r-l is of the second degiee, because the first 
term is of the second degree and no othei term m it has higher 
dimensions ; so also, 2.r+3.r 8 + 4 is of the thud degree, for the 
second term is of the third degree, and no other term in it is of a 
higher degree , and so on 

It is often useful to consider the degiee of a given polynomial 
with respect tO\a particular symbols say r. The polynomial is then/ 
said to be an expression in as and the symbol x is said to be the! 
symbol of reference Thus r3 + 2ar 2 + 3a 2 a+2a 4 is considered % 
as an expression of the third degree when we take ^ to be the 
-symbol of leference, and an expxession of the fourth degiee when a 
is taken as the symbol of reference 

Hence the poly nomial 

5c s t; 4 + 3 a 2 by — ab 2 xy 2 

is of the fourth degree with lespect to r, of the second degree with 
respect to y, of the third degree with respect to a, of the second 
degree with respect to b, and of the seventh dpgree when all the 
letters are considered. 



’ 86 Homogeneous Expression When all the terms of a 

( polynomial are of the same degiee, the polynomial is said to be 
Homogeneous Thus 

2® + b + c, 

a 3 — 5a 2 6 + 2®&e, 

or 4 + bsdy - 8 c s j;® + 3ty 6 , &c , 

aie homogeneous expressions, and are respectively of the first, thirdi 
and fifth degrees 

87 Arrangement of an expression according to 
powers of a letter An expression is said to be arranged 
according to the ascending or descending powers of some lettei, when 
•the power of that letter increases or decreases m each successive term 
beginning with the first Thus the expression 

l+jr+# a + r a +£ 4 +® 5 

is arranged according to the ascending powers of V, for the index 
of the first teim is 0 [§ 75, Cor], of the second term is 1, of the 
third term is 2, &c , i e , the index of the power, and therefore the 
power itself, increases in every successive term Also, the same ex- 
pression when written 

x* + a: 4 + 1? 4- ® a + x + 1 

is arranged according to the descending powers of x, for the index 
diminishes successively , that of the first term being 5, of the second 
term being 4, &c Thus the same expression if arranged according 
to the descending powers of some letter, will be ananged according 
to the ascending powers of that letter, if the expression be written 
in a reversed order , and vice versa 

As another example, we see that 

+3 x*y + 4 r*y a + 5 + 6r y i +y i 

is arranged according to the descending powers of * and ascending 
powers of y , and, when written m a reversed order, it will be 
arranged according to the ascending powers of v and descending 
poweis of y 

Again an expression, if it contains two or more letters, may be 
arranged differently Thus for example, the expression 

® 8 (6 -cj+^c- ®) + c 8 {®- b ), 

when arranged according to the descending powers of a, b and c, 
will be written respectively 

(5 - c)® 8 -(6 s - c 8 )® + (6 8 c - 6c s ), 

(c- n)6 8 — (c 8 - o 8 )6 + (c 8 ® — c® 8 ), 
and (® — bje 5 — (a 8 — b s )c 4- (a 8 6 — ®6 8 ) 
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Corollary. Hence it is easy to see tliat if an expression be 
-arranged in either order, there can be but one highest term and one 
lowest term m it ; and that when it is ananged m descending poweis, 
the first term is the highest terra and the last term is the lowest term 
in it , and vice versa 

88 Multiplication of two Polynomials The Rule es- 
tablished m 78, enables us to multiply one polynomial by anothei 

Two Binomials Examples (i). 

Ex 1 Multiply o+6 by c + d 

Proceed according to the Rule , thus the partial products aie 
(+o)(+c)=* +oc, ( + 6)(+c)= +6ci ( + a)(+ci)— + o<f, (+6)( + rf)= + bd , 
hence the product requned=oc + 6e + ao+6d • 

The work is usually shewn thus — 

Required product = (o + 6)(e + d) *= (o + b)c + (o + 6)d 

=(ac+bc)+(ad+bd)**ac+bc+ad+bd 

The common practice however is to place the multiplicand over 
•the multiplier, and then to proceed according to the Rule, thus . — 

o+6 
c+d 
oc + 6c 
+ od+6<£ 
ac+bc+ ad+bd 

Ex. 2 Multiply #+2 by a; +3. 

a+2 
g+3 
x 1 +2* 

+3a;-i- 6 
a s +5*+6 

Remap k, The second product is shifted owe place to the right to bring 
•h he terms under like teims, which facilitates addition Whenever 
multiplicand and multiplier are arranged according to powers of some 
common letter [§ 87], thiB artihee is often useful 

Ex. 3 Multiply ^a? + 3y 

by 2 x-\ y ' 

* a 2 +6jy 

-Ixy-y 1 

Product x i +^-xy+y ! ‘. 
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Remark The fractional co efficients are multiplied as m Arithmetic 

jU y 

It is to be noted here that Ja, is the same as ^ ,iy is the same asg, and so on 


Es 4 Multiply a + b 
by a+b 
a? + ab 
+ ab+b 3 

Product a 2 + 2a6 + 6 2 
Remark (a+b)(a+b)=(a+b)* 

Ex 6 Multiply a + b 
by a-b 
a z +ab 
-ab — b- 
Product a 2 —6 s 


Ex. 5 Multiply a-b 
by a-b 
a % -ab 
-ab+b t 
Product a?—2ab+b i 
Remark ( a-b)(a-b)=(a-b )• 

Ex. 7 Multiply %+a 
by x+b 
x‘+ax 
+ bx+db 

Product x s +(a+b)v+ab 


Ex 8 Simplify (5n-fly)(3a.+8 i y). 

(5 v - 6y )(3a; + 8y) = (5a? - 6i/)3x + (5x - 6?/)8y 

« (15 V s — 18 »/) + (40ry — 48y ! ) 
* 15r* - IZxy + 40a:y - 48y 2 
= 1 5 3 ? + 22ay - 4 8y 3 


Ex. 9.' Simplify (2a — &)(5u— 3y)- (2a- b)(Sx-1y) 

Put 2a-b—m , thus 

given expn —m(ox — 3y) — m(Sc-3f/)=»i{(5r — 3y) — (8x— 3y)} 
=m(5.« - 3y - 8 v + 3y) = m( — 3x) — (2a - b)( — 3r) 

*= — G«uH-3&«=3&a;— 6ax 

Multiply 


10. 

r + 5 by a:— 3 

11 

r-7 by #+8 12 T-llbya-9 

13 

— a + C by a-2. 

14 

r+«by*-J, 16. x— a liy x + b 

16 

x-a by x—b 
Simplify 

17 

— v—7 by — r-9 

18 

(a + b)(c-d) 

19 

(a-b)(o-d) 20 (a-b)(c+d) 

21 

(2m~9)(«i + 13) 


! 2 2 . (2x - 3y)(Sx - 2 y) 

23 

(ax - by)(ax + by) 


24 (%x-a)(lv-$a) 

25 

(#<*'<'- l)(^r6r+ 1) 


28 (2a; — 1X3#— 2) - (2# — 1)(5# — 2)* 


27 (5gr -8r)(3q -Ur)- (3g - 7r)(5q - 1 6r) 

28 2x(u-l) + (a:-l)(4+2)-2(-»-l)(a; + 3) 

29 a 3 (a - 1 ) + a(a + l)(a - 1 ) - 2o(a + 2)(a - 2) 
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Polynomial by a Binomial 

Ex 1. Multiply o 3 — ab + b\ 2. 

by a + b 

a 3 — a*b+ab* 

■fg s &-g& 3 + fc 3 

Product a 8 + 6 s 


Examples (u). 

Mnl tiply a- + ab+ 6* 

by a—b 

a 8 +arb+ab- 
-g g b — «E> 2 — fc 8 
Product a 8 — b v 


Ex 3. Multiply v i 4- + vy* + 'ey 3 +y 4 

by x-y 

+ t 4 y + tPy " 2 + a^y 8 + vy 4 
— x*y - afy 2 — x 2 !/ 8 — ry 4 - y 5 
Product x 5 -y 6 

Ex. 4. Multiply aiP+2/irg + 6y 3 

by ( 7 -r+/?/ 

gya 3 + "gh-c-y + bqiy* 

4- afxry 4- 2fhay 5 + bfy 3 

Product gya 3 4- (2y A 4- af)^y +(bg + 2/A) ry J 4- 6/y 8 

Remark. Here multiplicand and multiplier are both homogeneous and 
of the lAurf and second degree respectively also the product is homogene 
ous and of the (3 42)th ,u, fifth degree [See § 90, post ] 

Multiply 

5. a 3 +2a + 7byc+5 6 tf-Zx+A by x+2 

7. .‘C 3 +3#+9 by v — S 8. t^+x'+x+l by x — 1. 

9. y 2 4'4yy4-4g' 2 by p +2q. 10 3:c 2 — 5ry +'h/‘ by 2x— 3y, 

11 25x 3 -20xy + 4?/ 2 by 5x-2y. 12 « 3 - 2a 4- 3 by a 2 4-2. 

13 x 5 4-2c 3 y— y 8 by « 2 -2y. 14. 5a 3 — 7a 2 -3«4-8 by 7rt 2 + 8 

15 25a 2 +10a6+46 a by 5a-2& 10. 25.x 2 - 4Ctey 4- 64y z by 5x48y 

17 a 4 — o 8 6+a 8 5 2 — £t6 3 + 5 4 by « + &. 18, t^+ax— b by av-b. 


Two Polynomials Examples (ni). 

Ex. 1 Multiply 4 a b — 8a 14 +9 by x” + 2x + 4 

Hero the given expiesaions are arranged according to the descend- 
ing powers of x 1 
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4«®— 8* 4 +0 
4 t*+2t+ 4 
4x T -8v 8 +9'»* 

' +8x°-lbi £ +18x 

+ 16 r 8 — 32 j* + 36 

Product 4x 7 +9.-C 2 + 18x — 32x* + 36, 

or arranged according to tlie descending powers of x, 

Product = Ax’ - 32r 4 + 9r* + 18x + 36. 

A little experience will enable the student to at once put down tli 
product properlj arranged, at the time of adding up the partial pio 
ducts, instead of re-ananging it as we have done here. 

Remark Here the multiplicand is of the fifth degree, the multiplier 
is of the second degree, mrl the product is of the (5+2)tli, le, seventh 
degree [See § 90, post ] Also the highest term in the product, viz , Ax' 
is the product of 4a 6 and x-, which aic respectively the highest terms m 
the multiple ind and multiplier , and the lowest term m the product, viz , 
456 is the pioductof 9 and 4, which are the lowest terms m the multipli 
cand and multiplier respectively [See § 91, post ] 

Ex 2 Multiply x*-2ry-y t by y l +2xy-x* 

Here the multiplicand is arranged according to the descending 
powers of r, hut not the multiplier Arrange the multiplier 
therefore according to the descending powers of x. 

x 1 - 2 ay -y- 
— s? +2x1/+;/* 

-x* + 2s?y + v"y s 

4- 2 x*y — 4 r?y z — 2ay 3 
_____ -4-x s y 2 -2-n/ 8 -y 4 

Product — v 4 + 4 i?y - 2 3?y* — Axy * ~y* 

The same result will of course follow if we multiply out the 
cxpiessions as they are given, without arranging them 

x L —2xy—y i 
y i +2ry- r 3 
X-y*-2xy*-y* 

+ 2r’y - 4 a S/* — 2 xy* 

— g* +2i?t/+x 1 y t 

Product —2 x i y~+43?y—4xy i —y* — x* 

Remark Here the multiplicand and multiplier are each homogeneous 
and of the second degree , also the product is homogeneous and of the 
(2-r2Jth, i c , fourth degree [Sec § 90, post ] 
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Multiply 

3* x-—a*4-a- b\ T^+ax+a 2 [face § 102, Ex 5J 
4 a 2 -F2«Z>+6 s by a 2 -2a& + 5* 

5 . 5a 2 -7«5-3& ! by 2a s +3a6+0& 2 . 

6. sP+ry—Zif- by x 3 - x>j —Zy*. 7. -c 2 +a&-6 s by t*+ a&+5 2 

8. t*— xy+t/*+x+i/ + l by t + y-1. 

9. a 2 +6 , +c s -a5-5c-*c<i b\ «+6+c. 

10 at: 2 — 26x+c bypx+2q. 11. ir— 2x+l by r 3 — 3s+2. 

12. 3x ? 4- vy ~y i b\ x 2 — 2ry+3?/-. 

13 2 x 5 — 5x 5 ./ +y* by y*4- 5 n/ 2 + 2a 3 

14 3 a z b — 2a s 6 ! 4- «5* by 2a 8 - s5 - 55 s . 

16 a 2 — 2 b6 j -5 s 4-c ? b\ a ! +2a& + 5 2 — c\ 

10. 7a— 2a ! +Sa’ 1 — 4a* by 5a-f 3 c 2 — 7 c*. 

17. az l ~px+q’by b-r+cx-r. 18 6c+ca + c5 by a+6+c, 

19. x 4 — (p — l^+fa-p+lJa^-Oo-lJr+l by x— 1 
20 l4-2t+3x*4*4;r bv l-Sr+Sx*-* 2 

21. l-~+- 3 byl+!-^[ S ecEx.(i),3j. 

22 l-f+~^ by l+f-^ee Ex. (i), 3] 

23. x s -2x i +4x - 8 bj ~ } [see Ex <i), 3] 

24. ax i + bx s ‘+cv-+dx +/ by aa^-Jr-f cx 2 — dx+f. 

26. x 2 +y 5 +2<p:+2^y+l fo+my-l 

89 Multiplication of Several Polynomials The method 
will be seen from the following examples 

Examples. 

Ex. 1. Multiply togetliex a+b t a +b t and a+b. 

2s ow (a + &)(« 4- 5) = « 5 + 2c& + £r ? [§ 88, Ex. (l), 4] 

Multiply a 2 + 2a& + 6 2 
by a+5 

a?+2a s &+«5* 

4-« z 5+2b5 2 +6 s 
Esquired product = o’ + 3a s 6 +3«6 2 +5 s 
=a a +3fl5(a4-6)+5 s . 

Remark. (a + 5)(a + 6)(a - 1 - 5) = (a + bf. 


5— B. 1 
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Ex 2 Multiply together a — b, a — b, and a — b 

Now (a-65(a-6)=a 2 -2fl6 + 5 a , [§ 88, Ex (i), 5] 
Multiply o? - 2 ab + l 2 
by a — b 

» a 2 —2a l b+ab 2 
— a s b + 2ab 2 —b s 

Required product = a 8 — 3o ! i + 7ab 2 — b* 

= a s — 3 ab(a — Z>) — Z> 8 
Remarl {a-b)(a-b){a-b) = (a-b) 3 
Ex 3 Multiply together cr+1, v+2, and r + 3 

CB + 1 

cc+2 
r a +.r 
+ 2x+2 
r s + 3cc+2 
«+3 

^+3x 8 + 2'e 
+3iE ! + 0a; + 6 
Required product=a 3 +6i s + lla+6 

Ex 4 Multiph together r+cz, r + 6 and x + c 

Now (r+aX«+6) = i 8 + (a + &)a!+o& , [§ 88 E\ (i) 7] 
Multiply x* + {a + b)r+ab 
by i + c 

'>' 3 + (a + 6)r s +ci&a: 

+ cx 2 +(ac + be)x + abc 

Requned product = x?+ (a + 6 J -c):c ii + (<z6 +ac + be )x+abc 
Ex 6 Multiply together a- a, r-b and a- c. 

Now (a,-oX'C-h>=.r 8 -(ff +b)x+ab , [§ 88, Ex. (i), 16] 
Multiply ,r s ~(a+b)x+ab 
b\ v—c 

^—{a + b)x 2 +abx 

— cx l +(ac+bc)x—abc‘ 

Reqiuied product=3 a -(a+6 + c)r s +(a5+acr+6c)r-a?>c. 



89«] 

Ex. 6. 


jnTLTIW.IOA.TIOX. 


67 


\ 


Multiply together 1 — x, 1 + v, 1 + .r s and 1+r 4 . 

[See § 102, Ex 6] 



1 -X 1-V 2 


l-# 4 


1+v l + r s 


l+a; 4 


l--c l-a 2 


' 1-r 4 


+«— x* -i-r'—x 

4 

+ r 4 — r 3 


1-x* 1-s 4 


1 _ r 8 Req. prod 


Multiply together 



7 

a+x, b+y and e+s 

8 

1 - av, \-bx and 1 — cr 

9 

a+b, b + c and c + a 

10 

a—b,b~e and c — a 

11 

x+2 t 3-x and 4— r 

12 

v+a , c+6, r+c and x + d 

13 

v— a, x—b, x — c and x — d 

14 

1 - a r, 1 — by and 1 — cz 

15 

av - by , ax+cy and ax — dy 

16 

a+b—e , 6 + c-Band c+a-b 


17 3v— 4y, x~2y, x+2y and 3s+4y 

18 a+: r, a-x , aP—ax+x 1 and a s 4- ax+r 2 
19. x-i-a, x— a, x 2 + a s , s* + a 1 and + o 8 

20 ar-ax+ k 3 , o a +aa;+-x 2 and a 4 — o^+a: 4 , ' 

21 b+6 + c, &+c— a, c+a — 6 and o + &-c 

$9a Multiplication of Quantities with any expo- 
nents The Index Law, a n X8 n =o" +n , has been proved for positive 
integers [§ 68] We shall now assume, what will be proved later on, 
that the Law is true for all values of m and n Hence, quantities 
having any exponents, ‘positive or negative , integral or fractional, are 
multiplied by addmq their indices 

Examples 

Ex 1. Multiply by « 4 , 2x*y^ by — 4r*y" , ff% -1 by 3«~-& 

=a 1 —a 

2a^y-x — 4x-y^ — ~8r^ + -y- + ^= — 8-c 7, y rf . 

aV 1 x3a"-6=3a § 'V 1+1 =3tr4 0 =3a 2 [ / 6°=1] 

Ex. 2 Multiply x~ 3 by ■c 2 ; — a z by a -2x ; 2a in+s bj -3a Sro " 1 
ar s x £ 2 =ar 3 ' r3 =? / r 1 
- a* x a” 2 * = - o*‘ 2J5 = - a~ x . 

2a n+2 x i 3a Sral = — 6a in+!+2m " 1 = 
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Ex. 3. Multiply , -2r m+ y by -5t ?'"-hj a 

v 5 y n X s^ +1 y=ar !+n+1 y n+1 ==ar n - V +1 
_ 2a,"»+y x - §3? m - 1 y a *= + 10a: m+1+!CT ' J ^ STO = 10r Sm y a+8 

_o K T _J. 

Ex. 4 Multiply together —a -3 , a-" 1 , 2« 3 , —3# and 4.r J . 

Bequired product = +24e“^" 1+!I+3 ~^=21* 3 

Ex 6 Multiply together — v ra+1 , a?' 3 , — 'c 6 * 0 , and — X s4 s 
Bequired product ~ -,a«+i+ «+»-.+*♦»„ _^+a+c+2. 

Ex 6. Multiply 2o^-n^6'*+3o6"^ by 

Beqd product = 2a 3 x a^b~ 5 - a$b~’' X a^b~^ + 3ab~^ x 
«2a 3+ V 3 -a^6 -8 ' 3 +3a 1 ‘ , V*“ 5 
=2a6’ 3 — a 3 6' I:i +3a s 6 _1 

Ex 7 Multiply a m b n + 2a" 5 i s — 3o :!,n+1 + 55 n+3 . 

by ~15«li~ 1 * 

Product - 15a n+1 6 B -i-30tt- 1 & s +45a Sm+s fc-i-7Ba6 n 

Ex 8. Multiply gS-a^+6 3 
by t$+$ 

a — n 3 6^ + re^6 3 

-f g 3 6^ — g^ ^+5 
Product a + & 

Ex. 9 Multiply 9x^—x\^+2y^ 
by S^+r^+gy^ 


+ & - Ay 3 + zAy 

+6^y^ 


Product 


9v& 


■nAj% 


+fy a - 
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10. Multiply m ’•"— ?}*" 

by 

mf Sre +Jia: w-n 

4-CT.r^4-nt-’ 1 

Product mar a + (m -*■ «j/A n ** -f n r * 

Multiply 

11. x- by X' ; 2ar“ bv -x* , -n -5 x- by 3o-x 2 . 

12. •or by «' 5 j 33 ' z 0“ by — ab ~ l ; 'J"* x by 3c !3 ‘ t5 . 

13 aPb'* by 6a -1 & s ; 4c s Z»'<r 2 by — « _1 i 5 c^. 

14 3a« by -8s ; -I8x ri ' 1 by -32= ; 4y** n by Sy"- 3 . 

15 — Sax® by 2 c s a ;5a’ n 5 ,i ' l by — 4« s i" ; —7ax m ~ i y s by — 6.»y“* 2 
Multiply" together 

’/!?18 2c‘\ a 2 and r.' 4 17. a 1 , -3x"% -a* and 5x' 1 

X i 5 J • ^ 

18 8a" 1 ©*, c-b~\ — and c-o - 

10. .a 0 * 1 . -a 10 , -.r 1-1 and X s . „<■ 

20. Sx 2 ^, -2-“ r - 1 i on<l -ys* 

2L — ctx=y s , ~3x’y° and 
23 G tn+ -i'-* , * ;I c, — V 3 ^ 1 , —c^aadebe 

Multiply 

23. a& 0, -"+e by <t& n_n . 24 a^Jf 3 - 1 by c 1_p, 6 

25 a a ‘V 4,1 *r«‘ 1 ' 1 by a** 0 ; 1 * 0 . 

26 Za z m? — a ! wi z j- by 8u m . 

27. ffx^-EaV^J-SaV-^by -oc&e 5 

l 1 l l j i li 

28. x--by- by ar-fy-. 29. 2s- -t-3y- by 2x- -3y-. 

30. a- -f fc 4 by a - — Zx . 31. x+x-y- -*-?/ by x-— y-, 

32. x“d'X J y*' J -y- by 3-3 a+o-6^x6’ 2 by 

34. a" 2 — c’^-r I by a” s *f 1. 

35. by s 2 - 1 

36. i - — x^y* +y- by x- +x*g* +y-. 

37. a^ — a^b^ -*~b* by a^+ir'lr* tS 2 

38 x-+s ^ — 1 by x-— j - --rl. 

-38. a&*^+l+&ar l by eh' 1 — l~ba~\ 
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Multiply . 

40 2cs - -a£$- 3a£ by 2a- + - 3*-. 

41 + j3+ $ -b^e^ -c'a ^- by + $ 4- 

43 4^+«/^+0s , *+2j;y-6^®^ + 3y^s^ by 2r~-f/^+33’ 3 . 

43 j. !o +^r t, ^ 0 +^ 5a by -s , ° — r°i/ a + y ,a 

44 j; lm — T m rt n + a in by x im + v m a n - a 2n . 

90 Degree of Product "We have remaiked m Ex 1, [§ 8S 
Examples (in)], that the multiplicand and multiplier being of the 
fifth and second, degiee respectively, the product is of the (5+2)tli, 
t e . seventh degree Similarly if other examples be examined, we 
shall see that the degree of the product will always be the sum of 
the degrees of the multiplicand and multiplier Hence we gen- 
erally conclude that if an exprcmon of any degree he multiplied bp 
another exprewon of a different degree , the product will be of a degree 
which denotes the sum of the degrees of the given expressions 

As a consequence of the above conclusion, it is clear that if two 
homogeneous expressions of any degrees , be multiplied together , the 
product will aho be homogeneous and of a degree denoted by the 
number which w the sum of the degrees of the given expressions 
[See Remarl, Ex 4, § 88, Examples (n), and Remarl, Ex 2, § 8S 
Examples, (in)] 

Remark. It is very important to remember this principle, for it will 
enable the student to test the accuracy of his work For instance, m Ex 
4 § 88, Examples (u), multiplicand and multiplier arc both homogeneous 
and of 3 and 2 dimensions rcspcctnely , therefore the product will 
also be homogeneous and of 3+2 or 5 dunonsions Hence, if any term of 
the product be found to be of a higher or lower degree than the fifth, we 
should at once conclude that it is s rong Thus, for instance, ijf the last 
term were hfy- instead of bfy z , we might at once see that it was wrong, 
for it is of four dimensions, uherens it Bhould have been of five , and on 
reference to the work, the error could have been easily detected 

91 Highest and Lowest terms of an expression From 
§ 87, Coiollary, we learn that when an expression is arranged, m 
either ascending or descending powers of some letter, there is in 
it only one highest term and one lowest term in that letter 

Tms being the ease, we leai n f i om Remarl, Ex 1, [§ 88 Examples 
(in)], that when the factors of a pioduct are arranged in descending 
powers of a letter as also the pioduct itself, the first teim of the 
product is of the highest degree in that letter, and is the product of 
theyfnti terms of the factors, and the last term of the product is of 
the lowest degree in that letter, and is the product of the last terras of 
the factors If, on the other hand, the factors, as well as the product, 
be arranged in ascending poweis, the leverse will be the ease 
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92 Examination upon Chapter VI. 

1 Explain tlie terms dimension and deqree How is the degree 
of a term detei mined ? State the degree of each of the terms — 
3a*b%, 5 v°,-a s Scv^ and — 2a5c. 

2 How is the degree of an expression ascertained ? State the 
degree of the following expressions — 

(1) ax?-bx?+cx- d, 

(2) 3c 5 ~2a?x i +4ai 3 +l ; 

(3) a i x s +3a s b a x 3 —2ab s x+a 6 , 

(1) when the symbol of reference is v, and (2) when it is a. 

3 What is a homogeneous expression ? State which of the fol- 
lowing expressions are homogeneous and which not, and also their 
degrees — (1) 2bo + ea- 4ab , (2) Zv i —2x i y+y i , (3) a / c i +2hxy + by\ 

4 Arrange t?-2x*+3x *- 1 + 4# (1) according to the ascending, 
and (2) according to the descending, powers of x. 

5 One of the terms m the product of 3r 2 +l5^ + 4^ ? by 2x+3y 
is seen to be 39-cy , is the result right 1 Give your reason. 

6. Emd the number, which is 5 times the number that exceeds x 
by 10 

7. A's age is x yeais and B’s age is 3 times of what A 3 s age was 
8 years ago , what is the age of B ? 

8 There are (a \-b) nmngoes in one heap, twice as many in an- 
other, and B times as many m a third , what is the total numbei of 
mangoes? If (7a — 6) mangoes be sold out of them, what number 
remains 1 

9 My monthly income is 2x rupees, and expenditure is (x- 1) 
rupees , what are my annual savings 1 


CHAPTER VII. 

Division. 

■ 93 Division of Monomials, Rule * — Indicate the opera- 

tion in the form of a fraction ( §71] ; strike out the common factors as 
in Arithmetic , the remaining factors will be the quotient required, 

Examples (i). 

Ex 1 Divide 20 abed by Bac. 

Required quotient = — - If? — =4 bd 
' vac 
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Ex 2 Divide 156a&:rys by “ l 3 ®a, 2 . 

_ , 1213 axt by 

Required quotient = ~Z"i 3 ^T" == 

Ex 3 Divide —Zmaexy by -mvy 

_ . , —2 mxy ac - 

Required quotient = — 'Z^fxy — " =2aC 

Ex 4 Divide 13a6c by Zad 

Required quotient = ~~ = [§71] 


Ex. 6 Divide 24«ys by - 28a*)/2 

G _ 
— 7a 4xys 


Requited quotient 


Divide 

0 abrys by ax 7 

8 GSlmnpxy by -23 npy 0 

10. -420aaysby -'IGaxe 11 

12 136crsby -13a&rs 13 


-h c §71] 

- 120 acdxy by 15cxy 
- 16 abcx bj Gaby 
—10 abqr by Ibavpr 
—2mnvy by -3 amy: 


When the Monomials involve powers of the same 
quantity the method is as follows 


Examples (u ) 

Ex. 1 Divide 20a 6 by 5a 2 
We proceed as in § 75 , thus 

Required quotient = 20a 6 — 5a 2 =20x a 6 — 5— a" [ 70] 

= 20— 5xa 6 — a 2 [§ 73]=4xa 6 ' 2 =4a s 

Or more conveniently thus — , 

20 

Required quotient =-^j-= s j 0 a 6 " 2 =4a s . 


Ex 2. Divide 150 a 6 ® 4 by 30a 2 ^ s 

Required quotient = = x a 6 ‘ s t*' 9 = 5a 3 A- 

Ex 3. Divide 20« 3 v 9 y by -4ax' l y 

Required quotient = =* — ^ * a 2 ' 1 ^ 8 ' 2 ^ 0 = - Sax 


% - 
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Ex 4. Divide —144 r 9 # 10 by — ROxy*. 

— 144a?y 10 

Required quotient^ • _ ^“ - 5 -= 
Divide 


* *«-y#-*-iyafyT. 


5. 

a 4 x 5 by —a°x 

6 

7. 

16a 8 r s y s by — 4a 2 ty 

8 . 

9. 

— 129rb/V by —3x?y"z 

10 , 

11 . 

-I6a 4 x e y 9 by — 24a 3 j^y. 

12 

13. 

— 50«®J 3 »t” by - 75a 6 5m 4 . 

14 


3 a s 6 c by ae. * 

— 180a 5 6 4 c ! d 2 by 45& , c 2 c7 

— 3x*yz 4 by 2ax*yz' 

— 20t , y G £° by 5 t 5 y 5 , 
4aV ^ 5 by Sty 1 . 


94 Division of a Polynomial by a Monomial We fol- 
low' the rule established in !$ 80 

Ex 1. Divide at+b by % 

Required quotient = (av+bx)- s -x*=ax— x+bx— r = a + & 

Otherwise , more conveniently thus • — 

Required quotient— -'—^-- = — + ^=> c + 6 [§ 93] 

'C 9j 3d 

Ex. 2 Divide 3av 1 ~2abx+ a 2 cx by - ax 

, . 3«t ,2 -'2rt&t4-o 2 ct Sar 3 2abx , a~cv 

Required quotients =- + 

-ax —ax —ax — ax 

— -3v+2b—ao 


Ex 3. Divide — 12eV , +5a&r 3 ~10&A by — 2 t 

Required quotient 
Divide 

4. ab+bc by b 


2x 


5a&r* lObt 
2v 2x 


6 a 2 # 3 — |o 6 t? + 5& 


5. 

7. 

9. 

11 . 


6 3a s x-2abx by ax 
8. 5ab” -abc+abd by ab 
10 2r®-r 1 + 3r s by —X s 

12 — 24aV ! y -3a'cy+ G^ 5 y 2 by -3xy 

13 - 144a 3 - 108a 8 & + 96al> 2 by - 12a j -r 

1 4 t}a s br s ]/ z - 3a-x~y" +2 a* vy 2 z- by — a 1 xy i . 
15. 18aW-24a s £V+30aW by 6a 2 & 2 c 2 

16 16a 8 ry — 14a s A? s +4a 2 r 3 by 4a 8 v. 

17 30« 3 & 2 c — 24aV + 12a 8 e 3 # - Ga s c by 6a s c. 

18 3p 4 q — 9p 2 q~ + 3/? 2 2 s - 2pg 4 by —3 pq 

- I2x a y 6 +4x s y 7 - 6x 4 y° - by -3 s?y ( ’ 


2 ax — bx by -x 

— ISi^ + Sa^by —Sr 

— as? + a 2 r 2 — a s x by — ax 
2x 9 +6x~y-9xy s by 3r 
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1)5 Division of one Polynomial by another It is easy 
to see that 

(*+6)(* 3 +2*+3)=* a +7 , B J +13*+15 , 

therefore (* s + 7* a + 13* + 15)— (*+5)=* a + 2a+3, by the defi- 
nition* of division, and a 3 + 7* a + 13*+15 is the dividend, a, +5 
is the divisor, and * s + 2'c+3 is the quotient [§ 69] Thus if the 
dividend and the divisor are arranged m descending powers of 
some letter, as * here, the quotient will be arranged in descending 
powers of that letter , and consequently the first term of the 
dividend will be the highest term in it, and will be the product 
of the first terms of the divisor and the quotient [§ 91] Thus 
the first term of the quotient is obtained by dividing the first term 
of the dividend by the first term of the divisor , that is, the fiist term 
of the quotient here is *■* — *=** 

.Again 

* s +7* a + 13* + 15 = (* + r >)* a + ( * +5)2* + (a + 5)3 

Subtract from the dividend (* + 5)r 8 , te, * s + 5**, which is the 
product of the divisor into the first term of the quotient , thus the 
remainder is 

2* s +13r+ 15, which is obviously = (* + 5)2v+(*+5)3 ( 

Thus if the divisor be multiplied by the first teirn of the quotient 
and the result be subtracted from the dividend, we get a remainder 
arranged also in descend ng powers of * and which is equal to the 
product of the divisor into the remaining terms of the quotient 
Hence the second term of the quotient will be obtained by dividing the 
first term of this remainder by the first term of the divisor [§ 91], that 
is, the second term of the quotient here is 2* a — *=2r 

Now from 2* a +l3*+15, subtract (r+5)2r, i e , 2* a +10r, which 
is the product of the divisor into the second term of the quotient , 
we have thus, the remainder 

3* +15 which =(*+5)3 evidently 

Thus if the product of the divisor into the second term of the 
quotient he subtracted from the first remainder we get a second 
remainder, arranged as before m descending powers of *, and 
winch is equal to the product of the divisor into the remaining 
terms of the quotient Hence if we divide the first term of tins' 
remainder by the first term of the divisor , ice get the third term of 
the quotient , that is, here this tenn = 3*— *=3 

If we now subtract (* + 5)3, t e, 3*+15, winch is the product of 
the divisor into the third term of the quotient from the second 
remainder 3r+l5, there is no more remainder and consequently 
the dn lsion terminates 
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The process explained above is concisely shewn thus — 

?+5 ) a? + 7a : 8 + 13a; +15 ( s®+ 2«+3 

i^+Sa ; 8 

2a; 8 +13r+15, the first remaindei 
2a; 8 + 10a: 

* - . ■ — -> 

3a: + 15, the second remainder 

3a: +15 

Sirmlaily, the process might have been explained, if the dividend 
and divisor were ai ranged in ascendxnq powers of » 

- Hence to divide one polynomial by another, we have the following 

Rule — Arrange both dividend 'and divisor according to the de- 
scevdivg or ascending poiocrs of some common letter [$5 87] 

* Divide the first term of the dividend "by the first term of the divisor 
to obtain the first term of the quotient ; multiply the divisor by 
thu term, and subtract the product from the dividend and put doicn 
the remainder 

Consider the remainder as a new dividend and repeat the above 
process ; thus the secosd term of the quotient is obtained 

Continue the same operation with the successive remainders to obtain 
the ottier terms of the quotient till there is no remainder left. 

Examples. 

Ex. 1 Divide a 2 - 2ab+b 2 by a—b 

Here the dividend and the divisor are arranged according to the 
descending powers of a 

a — b ) a 2 —2ab+b 2 ( a-b 
a 2 — ah 

— ab+b i 

— ab+b 2 

Remark We may also arrange the dividend and the divisor according 
to the ascending powers of a and obtain the same result * thus 

-b+a ) b- -2ah +a- ( —b+a, the same result as before. 
ab 

- ab M a- 
1 — ab + a? 
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Es 2. Divide 11a 2 + 2a 3 + 5 + 17 d by 2« + 6 

Heie the divisor is arranged Hecoiding to the descending powers of 
a, but not the dividend , arrange it then according to the descending 
powers of v 

2a + 5 ) 2u 8 + lla 2 + 17a + 5 ( a 2 +3t+l * 

2a?+5$ 2 
6a 2 + m 
6a s + lflc 
2r + 5 
2r + 5 

[Work this example by arranging it according to the ascending , 
powers of a:] 

Ex 3 Divide aa s -(a 2 + 5)r 2 -t-& 2 by ax-b 

av-b \ «* 8 -oy-ii s + 5 :i / x- -ax-b 
' atP-br V 

-aH°- 

— a-x^+abx 

— abv+b* 

— abv+b 3 

Ex 4 Divide 81a 4 - 1 by 3a + 1 . 

3«+l \ 81a 4 — 1 / 27a 3 — 9a 2 +3a~l 

J 81a 4 + 27a 8 V 
- 27a 3 - 1 
-27a 3 -9a 2 

9«< — 1 
9a s +3a 

— 3a-l 

— 3a — 1 

Divide, by airangmg (1) according to the descending and (2) 
according to the ascending, powers of x — 

6 o 2 +4a+3 by a+1 6 a s +7a+12 by a+4 

7 2a a +5a+2by a+2 8 4a s +23a+15 by’4a+3 s' 

9 14a 2 +5a — 1 by 7a— 1 10 v 8 — 6®y+6y s by v — 2y 
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Bnide, % arranging (1) according to the defendin'] and (2) 
according to the mccrdvij, poorer.'. oE x— 

1L 4x s ~9 by Sr— 3. 12 27x s -l by 3a, -1 

13. 4e s — 3»—l by R-I. It 4a 3 -2^4-1 by 2x4-1 

15. 6jr-5x , 4-6x4-S by 3s 4- 2. 18. M s -Gm*+llm-G by in -2 '<■ 

» 

17. 24x 5 ~22r 5 4-17x— 5 by 12r-f». 18. x*+« s bv r + c. 

19. Ca^- 12 b*-aV bv 3«?»+45 , . 20. 81 - 1G«* by 2r4- 3 

21. ar t 4-(2-a 5 )x 3 -fix4-2 by nx+2. 

22. x s -«(c4-l)x+n I by t - n 

23 aV - i(a* + b)x+((b- by ax-l 

\Es. 24 Divide x < — 10x s +24r — 27 by .t 5 ~2x4-3. 

^-2*4-3 \ s*-30x s -»-£lr-27 f x 2 +2x-9 

o«-2r *±3j3 

Sr 3 — 13j" + 24x 
Sx 2 — 4ar+ 6x 
-9t s +l8x— £7 
-9x*--H8x-27. 


Ex. 25. Divide x s +y s 4*3r//-l by v+y — 1. 

Arrange both dividend and divisor according to tlic descending 
powers of r 87]. 

x-l+v } x 3 +3ry-l+jr n ( r-^v-ry 4-1 4 y4-y 5 

r 8 ~ r 2 4- ar y 

s?—x , y+?jty 

r- — x 4- x ?/ 

"~-T 5 y4- a: 4*2ay 
— tfy-fxy-xy * 
x+n/+xy 4 — 1 
t — 1 4- y 
ry4-xy 8 -y 
ry- v -fy* 
s>T-V‘+y t 
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Hz 28 Divide 4X 5 + 5x*g ! - llxfy 3 — I6y 6 b} 2 x s +3xy+4g s 

Here both the expressions are homogeneous [§ 86] and are arranged 
according to the descending powers of x 

2a i2 +3'ty + 4# s ) Ax^+bx^y ' - 1 Ix-if - IGy 5 ( 2r 3 -3r 8 f/ + 3n/ 2 -4y 3 
4 afi-\-Gx*y + 8js 3 y a 

- C x*y - 2x s y' i -l'\3?y !i 

— 6a: 4 ?/ — 9a^ ?/* — 1 2 r 2 !/ 8 

6 j;V+ x“y 3 -\8y 6 
6x , y i + Qa?"y 3 -f I Zxi/* 

- 8 v y — I2ay* — 16y 6 

- 8a: 8 ?/ 3 - lSay 4 — 16y 5 

Remark Here the diudend, the divisor and the quotient ’ore alt 
homogeneous 

Divide 

27 ar'+8r 2 + lU — 6by x n -+2x-l 

28 14A- 3 -15.« 2 -2* 4 -35e-4 by ^-3a-4 

29 3r 6 +llt s -8^ s -4r 4 -2 b) l-2a;+t' 4 

30 30oV +8r« - 2a 4 - 29ar= - 7a*x by 3a x - -r* - 2« s 

31 1— a 2 — 6 2 +2a6 by 1+a — 6 

32 r 4 — y 4 +a 4 + 2a s « 2 by x? — y s +a 8 

33 ^ 4 +a% 2 +y 4 by a;*+a;,y +y 2 34 a 4 + 46 4 b) « 2 -2a& + 26 ! 

85 4r 4 y 4 +l b> 2r 2 y ! — 2ty + l 

36 256A ,4 +16a% 2 +y 4 by 16r 9 + Ary+y- * 

37. 2-v+16x s ~8x* by 2+3t — 2x s 

38 a 4 -9a6*+186 4 by a 2 + 36 s -3a6 . 

39 4.r® — ^• , +4's by 3x+2+2x a 

40. 6^° — 19x s + l7* 8 — 5r by 1 — 3j + 3af 2 ’ 

41 a 5 - 4« 8 6 5 - 8a*b' - 17a& 4 - 125 6 by a 2 - 2ab - 36* 

42 14« 4 + 15a t 6 + 33a 8 6 8 + 3606 s + 286* by 7a 2 -3o64-l46 s 

43 9r* - 12-t^y + 13 x*y a - 4xy 3 +y* by 9,* 3 - 3 xy +y 9 * , 

44. 2y-5^+2A 2 -ay-fl^-o a by 2y-r+a 

45 a°+2.r s y s +y 0 by 1^ + 21^ +1/ 8 -> 

48 S^+e^ + l bj a; 2 +2:c+l 

47 m°- 6mn 6 4-5n° by m s —2mn+n s 

48. 'r 3 -3aic 8 + 3o 8 .t-o 8 +6 s by a;-a^-6 
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Divide ^ 

49 •«s+&s-3aJ-H by a+h+1. 50 1 +a s -8y 3 + 6t# by 1 +a?-2y 
51 8 , >?—y s +z i + 6zysby'y — z—2x. 

62 c 3 — 5^ — 27 c 3 — 9abc 3c — « + b 

53 21'c 5 -2'» 4 -70j?-23» 2 +33a + 27 by 3t*-2r 2 -5i -3 

64. 15a B -l7ct 4 4;+20a s .v 2 +39oV-7oa, 4 -13a! 5 by 5« 2 + «t-2x 2 . 

55 8re 6 +21o 3 .i£ — «°— 24o s v by 3o i — # 2 — a 2 . 

53. 50a% 2 - €y 6 + 25ry 4 -45 , c s y® - 41 v*y + 20a 6 

by 5 ty- — 3*r — i.Try + 5 >- s 

67 x i +y i — s 4 +2t£y 3 — 2s 2 — 1 by a^+y 2 — s ? — 1 

58 B 4 +b 4 +2a ! b 2 — 2c 2 d 2 -e 4 — tZ 4 by a 3 + b 2 — c 1 — d 2 

59 a 4 + b 4 + c 4 — 2a s 6 2 — 2b 3 e 3 — 2c 3 a 2 by a 3 + b 2 - c 2 + 2ab 
60. x~ - x*y $ — o?y* +y 7 by x i —x?y—xy s +y i 

81 * 5 4-a% 3 +#V 4 + vV > +y 8 by * 4 4- , c s y + 3: 2 y 2 3-Ty 2 +y 4 

[In the following examples, remove the brackets, arrange each e\ 
ample, according to powers of some letter, and then proceed as usual ] 

62 (a+b) 2 — c 2 by a+b + c. 63 8a.- 3 +y G by 2a +y 2 . 

64 aP-Cy — a) B by x— y 4-a 65 27a°— 8r 9 by 3a 2 — 2r s 

66 a?+«ia: 3 — mx-\ by v — 1 67 a 6 + b 6 by a -1-b. { 

68 a 6 — 3 a*x — a 3 v ! +Au z x? - by a 2 - X s , 

69 y 6 — my i +ny 2 — ny z +my~l by y-1 

70. -t 3 — apx 2 + a*px— a 3 by x—a 71 J-6a*+27« 4 by 1 — 6o-f 9a- 

72 55«4-§a: 2 +^— -c 4 + |j: 5 by jA+iv 2 

73 v 3 +(4«b— b 2 )x— (a-2b) (a 2 -f3b ! ) by v-a + 2b 

74 x i — a i +*2 ax z + 2»a 3 & — (« s - 1 )a i x i by x 3 + a 1 — (» — 1 )a v 

75 o 2 (b-c)+b 8 (c— a) + c 2 (a-b) by c s -(g + b)c+ffb 
* 76 a 3 (b — c)+b 3 (c — a) + e 3 (a-b) by c 8 -(a + b)c + cb. 

77. x}j i -\-2xyz 1 +y 3 z-\-y^—2xy i z—xz z —y' 3 ^ by xy—xz+yz, 

78. '< £ +y z -xy{(x-yy s +2} + lby x*-xy+l 

79 (« + b)(-c+y)(aa;+b^)-b,&-«y-l by av+by-l 


JJ3a Division of Quantities -with, any exponents. 
It has been proved 75] that a m -ra n *=a CT "“ where in and n are 
positive integers and m qreate i than n We shall here assume that 
this lelation always holds for all values of m and n 
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Examples 

Ex. 1 Divide by a$ , ^ 2 bj a* s , -a* b> a , Ca 6 by 3t 

al-J-J-i-a J-«i 
**-*-* = ^=*8. 

-c*— a— 

6 r° - 3 c* 2 — 2r fi+2 a 2 a". 


Ex. 2 Divide 3.r*«/' by -;r 5 y's , 35 #y«-i bj - 10.r i y m 

3rV- ( ' = - 3j2-J y * + fi ra _ 3r ^| 

25r*y«* +2 -(-10r«y»)= 

Ex. 3. Divide a + b b^ + b^ 

a$+b^a+b +b* 

o j 

n + a 3 !- 1 


— a^b^ + b 

-aV-aM 

«^6*d b 

Simplify 

4 .J-.« , T?-r! , te-J-te-f . 

b .!L Wjl ~ 2 “ m ■ o:i ' 3 - 2 “" 6i ■ 

0 7 ^-.yi-tiy+ySty 

8. ^-r=- 2t -l+2b } ^-] 0. ^-y* by 

10 a +6? by ahb* 11 .r 2 - rV +2 *V -y» by £+ ,ly? 

12. «+6+c-3«H^c^ bj a^ + J^+ 

13. a m — 3« m c' 1 + 2c' n by a m — 2c n 

14. 2c m+ »_ a «»y-n + 2 a .>^ 11 _l by v m +y I1 
15 v 3 +y bv .t-s - %-h,h 4 . 7 /S 
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96 Interminable Division Let us divide 2r ! +5a; 8 +Sa;+5 
by s?+x+2 

« 2 +s> + 2 ) 2'G s +5r a + Sr+5 ( 2v+3 

2a 3 + 2.r 8 + 4# 

3t 8 + 4? + 5 
3a 2 + 3v-f 6 
a — 1 

If we continue tlie process, we get a fractional term i ts., - m tbe 

Quotient and by further continuing tbe operation, a sene £ of frac- 
tional terms will be obtained Hence as soon as a fractional term 
enters a Quotient, the division ceases to be terminable, and tne 1 
Quotient becomes infinite In such a case the Quotient may be 
represented as m Arithmetic, by putting, after the -integral part , the 
loM remainder over the Divisor, m the form of a fraction 

Thus in the above example, the quotient =2t+3 +~ r — — ~ 

Definition Fiom the above it is easy to see that when Dividend 
and Divisor aie both an anged according to the descending powers 
of the symbol of reference, that residue which is of a lower degree 
than the divisor is celled the Remainder 

Corollary Since 27=4x6+3, where 4 is the divisor, 6 the 
quotient aud 3 the remainder, we get 

2« 3 + 5i?+ 8x+ 5 = (x- -K* + 2)(2.v+3)+ (a - 1) 

Hence generally if D represents the Dividend, d the Divisor, Q 
the Quotient and R the Kemainder, we have 

J) = dQ, + Z2« 

Examples 

Ex 1 Divide X z — 5x +7 by x -2, and find the remainder 
x-2 ) a s -5r+7 (a — 3 
v 3 -2x 

— 3* +7 * 

— 3r+6 

1 .. remainder =1 

Ex 2 Divide x z -px+q by v-a, and find the remainder 
v-a ) x 2 -px+g { %+(a->p) 
x l ~av 
( a-p)x+q 
( a-p)x-a(a -p) 

. remainder <=a(a-p)-bq=a 2 —pa + q 

6—B 1 
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Ex 3 Divide pi?-q V s +rx - s b} r-a, and find the remainder 
x-a )p‘t?-qx 1 +rx-8 (px 3 +(ap -q)x+(a 3 p -aq+r) 

pm? - apx 3 

(ap—q)x 3 +rx 
(a p-q)s?-{a 3 p-aq)x 
(a*p-aq+r)x-s 
(a 3 p - aq +r)a? - (a s p - a 3 q + ar) 

remamdei =p« s — qa 3 +ra — s 

Remark^ From Ex 2 and Ex. 3, it is evident that, when the divisor 
•is a: -a, the remainder is of the form of the Dividend with a written in 
the place of x We shall call attention to this fact m a subsequent 
Chapter [See § 275] 

As the quotient, in an Interminable Division, is not finite, we 
can only find a limited number of terms 

Ex 4. Divide a by l-x, keeping 4 terms of the quotient 
l-a;)a (a+aa;+a* ! +a« s +&.c 
a— ax 
ax 

ax- ax 1 
ax 3 

as* -at 3 
ax s 

ax*- ax* 
ax * 

required quotient =« + a^+ar 2 +aa: s . 

Ex. 5 Divide 1+a; by 1 -x, and keep 5 teims of the quotient 
1 -a)l +ar(l + 2a; + 2a; s + 2r® +2r 4 + &.c 
l-x 
2*. 

2x— 2x 3 
2x 3 

2x 3 -2x s 

23 s 

2a; 8 — 2X* 

2x* 

2x i -2x s 

2,'t 5 

* required quotient =l + 2a+2r ! +2's s +2a: 4 
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Ex, 8. Divide x n - 1 by «* - 1, and write down the last 3 terms 
of the quotient. 

a«-l ) x pt-i (a^-e+®w- 2 «+&c 

-rM-icW-e 

T pi-a - 1 

at m-'s'B-T, 

To find the last three terms, invert the order of the terms m the 

Dividend and the Divisor , thus ""v 

* 

-1+t«) -l + r M ( l+$fl+$ 1 J±§c 

-1+g® 

-a* 

-x*+ g 5a 
-g s « 

-a?® 

*, the required quotient****®-® +a J> *" 2a + . + ir® +g® + 1 . 

Ex 7. Divide •c n -y n by x—y, 

x~y ) z n ~y n ( g n-1 +i. n ' 2 ^+‘5 ,, ' s ^ 5 +g n_4 ^ 3 +&c. 

't n — 

a? l ~h/-y n 

x n-ly _ S n-S^j 2 

v n ~ 2 y 3 —y n 

— g”' 2 ^ 3 

g*“ s ^ s — T n ~ i y i 

g"" 4 y 4 — y>» 

If g be the symbol of reference, find the remainder m the division of 
8. 10ar 2 +l4g— 9 by 2v+4. 9 8g 3 — 26gy 4- 14^ 3 by 4x — 3y 

10 18g 4 — 45g 3 +82g 2 — 62v-f 37 by 6ir— 7g+8 

11. 1+jc 5 — 6y s +6gy bj 1 + g— 2y 

12. (a s +u)a?g-(2«-l)g 2 +sg+3 by g— a 

13. g s +(«i— n)g+l — nr by x— m — n 

14. x i -(p+q)£+(p+pc[+q)a?-(j} s +q 3 -l)T+l by x-—px+q. 
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IB Dmde a -x by u+2x, and keep four terms of the quotient 

16 Divide 1 by 1 — ax 

17 Divide l-x+x* by l-i, and keep the n tu term and the last 
3 terms of the quotient 

18 Divide a-bx by a + ox, and write down the first 4 teima of 
the quotient 

19 What number must be added to x 3 +x 2 -4(:c+3) that it may 
be divisible by x-6 ? 

20 If the dividend be x s + ’>.’ 2 + 6t -4, the divisor x 2 +2*-l and 
,the lemamder x — 1, what is the quotient ? 

97 Degree of quotient Since divisor x quotient ■= dividend, 
the degice of the dividend is the sum of the degrees of the divisor 
and the quotient [j$ 90] , and therefore the deqree of the quotient w 
the difference of the deqree* of the dividend and the divisor Thus for 
i example if the dividend be of the fourth degree and divisoi of the first 
degree, the quotient will be of the ^4 - l)th, i e , third degree, and 
bo on [See § 95, Exs 1 — 4 ] 

Hence if the dividend and the divisor be both homogeneous, the 
quotient mil also be homogeneous and of a degree denoted by the number 
■which is the difference of the degrees of the dividend and the divisor 
[See & 95, Ex 26 ] 

Rfmahk. This principle is useful to remember as it enables ns to test 
the accuracy of the work Foi example if the third term of the quotient 
m Ex 20, [§ 95] were 3 xy instead of Say 8 , we could at once say that it was 
v l ong , for each of the tei ms of the quotient must be of 5 - 2 or 3 dimensions 

97a Examination upon Chapter VII 

1 State the rule for the division of one polynomial by another 
and alien elearly by an example liow you obtain this rule 

2 Find the quotient when 5x 2 + 4,x — 10 is divided by 5 

3 Find the quotient when ax - 2 bx + c is divided by x 

4 Express symbolically the quotient when the difference of xand y 
is divided by their product. Find also the quotient m a simple form 

6. If one of the terms m the quotient of x* — 2o*x 2 +16a s a: — 15a* 
by e?+2ax — 3a ! be —Za ! x, would the result be right ? If not, why ? 

6 If D repiesent the dividend, d the divisor and Q the quotient, 
expiess the relation between D, d and Q» 

7 If the divisor he x v x — l)+i»(x + l) and the quotient be 
a(x + l) + a(x- 1), what is the dividend ? 

8 If the dividend he 4a 2 b s +2<fia i ~Zb t )-ab{6a'’-llb‘ l ) and the 
quotient be 2(n + b)a 4- « 5 — i 2 , what is the divisor ? 
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9 The product of two expressions is «r s -(2« — S)^ 2 — 7v+2 and 
one of them is x-2 } find the other 

10. A person leaves x rupees and a property of the same value, 
to be divided among his four sons , find the value of each share. 

11 Find the number that is a sixth of the number which is 
equal to the sum of x and y diminished by unity 

Miscellaneous Examples II 

L If a —4, v=5, y = 3, find the numerical value of 
3/[5(a; 2 -y-) - a"J + VS[a(a 2 -y 9 )-l]. 

2. Add together 3(o 2 — ly + c 2 ), (a — r)(c-y) and cx+cty—ac 
3 Subtract ax— by from (« + &)(.«-?/). 

*' 4 Multiply x 2 +av—a by ^ — 

6 Divide p 4 — 2 p s o +p 2 q 2 — 1 by p 2 — pq — 1 * 

6 If *==a-H25+3c J y=&+2c+3a, 8=c+2ff+36, shew that 

•c+y+2=6(a + 6+c). 

7 If «=»4, x=5 and y=3, find the value of * , ___ 

2 a z -x*J(v+y) 3 (4y-a)+ *fy(2a-'c)(x*~a i ) 

8 Add togethei (2.v-l)(r-2y), 2(1 -%){x-y) and x{2y-l) 

9 Subtract (a-b)x—(c-d)y fiom (a+b]x+(,c—d)y. 

10 Multiply 3y 2 ~ 9x(y—2%) by dr 2 -y(y+2v) and arrange the 
result according to the ascending powers of r 

11. Divide 1 -x-3t?-x 6 by (r+l) 2 * 

12 If 4=6 2 +c a -a 2 , 2?=c s + a 2 -& 2 CW + P-e* D-a 2 +6 2 + c s , 

shew that ^ + 5 + C , +D=2(o s +5 3 +c s ) 

13 If ra=4, v—5 and y = 3, find the value of 
£/(« 3 4 -. , e 3 4- y 3 ) + 2 ^/(i/ 2 

’ V4(ic J -2/ 8 ) 

14 Add 5(« 2 +y 2 ) to the difference of (x— 3y)(2y — v) and 6a(y - a?) 
15. Take 2(a+a) + 10— 14^+y) fiom'5(«+#) — 10-S(v + y) 

16 Multiply -l) + 2 by r{% 2 — 1) +2 

17. Divide esV , -(a 2 +& 2 ).r-a& by av+b. , 

18. Shew that p(<i 2 — 6c) + 6(6 2 — ca)+c(c 2 — a5)+3ff&c=a 3 +5 s +«J 3 . 
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19 If a =2, 6=4, c=l, r=3, find the value of atf , -ca b +xb ca . 

20 Add together 3 { x-4(y — 3*)} and hy-2[i-4{3x-y)) 

2L Take 3 a -8 from the sum of (v+1)(a- 3) and (4 -x)(x~ 2) 
22. Multiply 4(& 2 -y 2 )+2v(x-y) by 3x(2x -y) +y(x+4y). 

23 Divide 6a 1 + 4a 3 « — 9 a 2 x 2 — 3 a a* + 2s 4 by 2a(«-f a) - s?. 

24. If o=v(l+y), 6=y(l+2), c=A,y+A(l+y), 
shew that a + b — c= A+y — s 


* 25. If c=2, 6=4, c = l,|r=3, find the value of 

J(.3abx + 6fi* - r 3 ) + 3 J(b a +A 2 ) 

20 Add x +y, 3x-y- 3s and 2y- 2x +s, and multiply the result 
by x-y-s 

27. Subtract (*-1)(a — 7) from (a— 2)(a — 3), and add the result 
to (a-1)(a— 2) 

28 Multiply 2x t -5xy 4-3y s by x—'hj, and divide the product by 
v i ~8xy+'ly t 

20 Divide a 3 -3a 2 +3a + 6 2 - 1 by c+6- 1 

30 If A=ar + 6y and U = 6a - ay. find the value of (Aa + Bb) 
-( a 2 +6 2 ) 


31 If a = 2, 6=4, fl = l, a = 3, find the value of 

V(4o 2 6°-106 c )+V(l6.r -67) 

32 What must be added to 2re s — Qo?x + Zay? — 1 m order that the 
sum may be a 3 — ax 2 — 1 ? 

33 Simplify 

3a— 4{2y-x)— 2{A-(4y-3r)} jand 2 a-3(a — 2y)— 4{jf—2(3v— 2y)}, 
and multiply the lesults together 

"3 4. Divide 8m 4 — 5mn 8 — 3h 4 by 2m 2 — mn — n s . 

36 Shew that (a+lx)(b—ax)+{av+byj>x—a)+2x(a+b)(a — b)—0 

36 Tmd the value of ^/a-7)(l/a—2), when a=64, 

37 Simplify a 2 -3{6 2 -2c(a-36)-26(6+3c)} and find its nu* 
mencal value when a=-2, 6=3, c= -4 

38 Simplify the product (r+c)('i + 6) and from the result deduce 
the value of (x+ 1) 2 

•39 ^Divide x(x 2 -ys) +y(y 2 -cr) + s(a 2 -xy) by x+y + e 


MISCELLANEOUS EXAMPLES II. 
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u 40 If x = b-c, y=c~a, z~a—b, find the values of 
cur+6y+<« and (&+c).r+(c+a)y+(« + &)c. 

41. ' Shew that {e x + b)(ct+ d)—(a+ bx){c + dx ) + {oc - bd){l — 3 }) — 0 


% 3. Find the value of when a*=2» 

21“ v 1 ~y L ~a 4 0 

43 Subtract 2s 4 - Sarty + 4 v-y 1 , from and ar- 

range the result according to the descending powers of x 

44. Multiply a 8 — a? by a+x, and divide the product by <i-x, 

v ’45. Find the value of 2a: s -3 r+4, (1) when x is changed into 
x*-l and (2) when x is changed into x- 1. 

46 Divide the product of 2x s -5v—12 and xP+x— 30 by 

2x i ~'lx-15. 

47. Shew that (<tt+6)(cr+<Z) -(« + b)(ax+d) + (a — c)(6 — d)x— 0. 


48. Find the value of ir* -1 — 2c* +1 +(2a:~l) r , when v—2. 

49 If a* -1, b= -2, -3, find the value of 

{«-(6-c)} 3 +{6-(c-a)}8+{c-(a-6)}8. 

60 Simplify (r+l)(a?+2)(A+3)-(r-l,(z-2)(*-3} 

'61 The product of two expressions is 4a(a + 6+c) + 10&c — 3(6 2 +<r) 
and one of them is 2a+36-c , find the other 

52. Divide? a?+i/ 3 by r+w and from the result deduce the quo- 
tient when (a +6)8+0® is divided by 0 + 6 + c 

'53 If + *=a~ — bc, B—W — ca, (7= c s - a 6, shew that 
(jfo+I?6+ Cc)“(/1 +1? + C) = n+6 + <? 

CHAPTER VIII. 

Algebraical Formulae and their Application. 

9S PormulEB In the present Chapter we propose to give cer- 
tain important results m multiplication and to shew their application 
in reducing algebraical expressions These results, which are usually 
called formula, should he carefully committed to memory, as they 
are of great nse in shortening the process of multiplication 

Definition. Any general result expressed by means of symbols 
is called a Formula: 
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9» Formula I (a+b) 2 =a s +2«& + & 2 [§ 88 Ex, (i), 4] 

This formula correspouds to Euc II 4, and is enunciated thus — 
The square of the sum of two quantities^ the sum of their squares 
plus twice their product 

Got Hence conversely a 2 +2cs& + i >®= (a + h) 2 [See §123] 

« 

Examples 

Ex. 1. Find the Equal e of i + 3 

(„ + 3)*= a! s+2 3 # + 3 2 = r 2 + G* + 9 
Ex. 2. Find the square of 3a ;+ By 

(3®+ 8y) 2 = (3*)* + 2(3i)(8y) + (8y) 2 =9i 2 + 4Bvy +64y 2 
Ex 3 Find the square of u%+ by 

(ax+byf = (« r) 2 + 2 (ax)(by) + (by) 2 = ®V + 2«&ty + tfy- 
Ex 4 Find the square of a + b + c 

Heie are 3 terms, but enclosing 6 + c m a bracket, we may consider 
these two terms as one Hence >• ’ 

(a + 6+c) 2 ={« + (6 + c)} s '" f 

=a 2 +2o (6+c) + (6 + c) 2 " 

= a 2 + (2ab +2ac)+(b 2 +2bc+c 2 ) 
=a t +b s +c i +2ab + 2ac+2bc 
Ex 5 Find the square of a + b + c + d. 

Here are 4 terms, but enclosing a + b and c + d m brackets, we may 
consider them as single tei ms Hence 

(er+6 + o+d) 2 ={(B + J) + (c + <f)} 2 

= (o + 5) 2 + 2(<z + b)(c + d) + (c + d) s 
= (a s + 2ab+b s ) +2(re + b)o+2(a -I- b)d + (c 2 +2cc£ +tf 2 ) 

= (a 2 4- 2ab 4- b 2 ) + {2rec + 2bc) 4* (2od + %bd ) + (c* + 2cd +#) 
=d i + b’ i -\‘C l +d i +2ab+2ac+2ad + 2bc + 2bd+2cd 

Note Hence geneially the square of a polynomial=the sum of the 
equates of each term + twice the product of every two of them 

Ex 0 Multiply rP+y^ + Ivy b} v 1 +'iTy 
Bequired product = { (t 3 + 3xy )+y 2 }(v s + 3xy) 

*= (r 3 + 3 ay) 2 +y 3 (# s + 3xy) 

— (a 3 ) 2 + 2x s (3xy) + (3 ay) 2 + 3xy* 

— r° + 6x*y + 9x 2 y z + c?y s +3ty* 

6x*y + v s y* + 9 xry* + 3 xy* 
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Ex. 7. Find the value of 25ii 2 +10a& + 6 2 , when a = — 2, 6=7. 
Given expression = (5s) s 4- 2( r ja)6 + b~ 

~{(5<i)+6} s {Cor]»{5(-2)+7} 2 
= (— 10+7} 2 =(— 3) 5 =( — 3;(—3)*=9 

Ex. 8 Simplify (i -2y-«-c) 2 +2('x— 2y+2)(r+2y-:) + (*-+2y-c) 8 - 
Let a*=:e— 2y+; and 6 =v-j- 2?/-2 , thu-> given expression 
= a 2 + 2a6 + b~—(*r + b)- [ Cor ] 

. = { (r -2v + 1) + (<+%-;) P = (2> )- = Ax'-. 

Find the i alue of 

9 <2x+7) 9 10. («+26, 2 11. (*x + Vt)- 12 (ar+1) 2 

13 {3+2 njf 14 (/ 2 +mn) 5 15. (Zpq + r-f 18 («6 + 2c) 2 

17 (2tir+36y) 2 18. (« 2 +x 2 ) 2 19 (aH+ffar) 3 . 20 (2a 3 + 6*) 8 

21 (*»+ 3ys)\ 22 {x <J -;6 = 23 (a 5 +a6+6 8 ) 2 

24 (3a + 56 -Me) 8 25 (2* +6y+c) 2 26 (« 8 +6 8 +c 2 ) 2 

27 (3mr+2»y,+ i s ) s .28 (r + 2y + 3i + 4«) 8 . 29 (4'i + 56 + c+2rf) 2 . 
30. (2j+%+4j)(3v + 4:} 31 76 + c)(4a +76}. 

32. (v ,J -ay‘+J/ s )y(v+y) 33 t^+y 2 , when x=« + 3 and y=6 + 2 

34. 4a 8 +96 2 , when Sa^ji + l, 36*=g-*-l 
36 «*+4 k 6 + 46 8 , when «=S ami 6= — G 

36 93? 3j -24xj/ + lGy*, when x= -4,y« h 

37 36i> s +00pg+25g 5 , when p = 5 and g = -6 , 

38. 47n 9 +23mn+40n g , when m—7 and n= -1 

39 9x 3 + 12xy+4w 3 , when x=a-2 and y=<r + 3 

Simplify 

40. (»-y) s +2(a -yXx-y)+(a +y) s 

4L (2a +6-1 ) 2 + 2(2a + 6—1 )(2a — 6 + 1) + (2« — 6 + 1 ) 2 

42 (j?+y + £) 2 +2(x+y+®)(A--y- t -3)+(r-y + £) s . 

100. Formula II {ct^bf =»« 2 -2«& + & 2 [§ 8S, £x. (i), 5] 

This formula corresponds to Etic II 7, and is enunciated thus — 
The tqwre of the difference of Uco quan(tlier=thc gum of their 
squares minus twice their product. 

Cor. Hence conversely a- — 2«6 + 6 2 = (a — 6) s = (6 - a) 2 [see ^ 1 23] 

IiiafATiK, It is to he observed that Formula I urfcually includes For- 
mula II For if wc put -6 foi +6 in Formula I, it becomes {a+(-5)} e 
=o 5 +2a(-6)+ (-3)* oi (a-b)- =a s -2ab -{-6- by the Law of Signs. Thus 
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Formula II, which was obtained independently before, is now deduced 
from Formula I by the substitution of -b for +6 

Examples 

Ex 1 Find the square of 2# -.3 y 

(2x- 3y) 2 = (2x) 2 - 2(2 «)(3y) + (3y) s => 4* 2 -18sy + 9/. 

Ex. 2 Find the square of ax -by 

, (a-i-by) 1 =(ax) a -2(av)(by)+(by) t =a i x' t —2abxy+b i !/ z 

EX. 3 Find the square of a-6 + e 
Here enclose the last two terms m a bracket , thus 
(a - b + c) 2 = { a - (b - c)} 2 
► = <i a — 2 a (6 - c) + (6 — e) 2 

-a-—2a{b — c) + 6 2 — 26e + c 2 
= a 2 + 6 2 + c 2 — 2a6 + 2ac — 25c 

Note This result may be obtained by putting -5 for 6 m Ex 4 of 
§ 99 [See Remark] 

Ex. 4 Find the square of v l —av-b 
(i* -ax—b)-=\(x l - av)— 6} 2 

= ( « 2 - a#)* - 2(^* - ax)b + 6 2 
* = v* — 2x l {ax) + (cm;) 2 — 2bx t +5abr.+b i 

= t 4 — 2as? + (a* — 26)r 2 +2a6ar+ 6 2 . 

Ex. 5 Find the square of 2a- b- 3c+<£ 

(2<t — 6 — 3c+d) 2 «={(2a-6) — (3c- d)} 2 

= (2a - 6) 2 - 2(2a - 6)(3c - d) + (3c - d) 2 
= (4a 2 - 4ab + b 9 ) — 2(6ac - 36c - 2ad + bd) 

+(9c 2 — 6 cd+d 2 ) 

= 4a* + 6 2 + 9e 2 + d 2 — 4 a& - 1 2ac + 4ad + 66c — 26d— Bed 
Ex 6 Multipl a; 2 + a v - b by ax - 6 [§ 88, Ex. (n), 1 8] 

Eequired product=(a 3 +aa;-5)(aa;- b) 

'={'>?+ (ax -b)}{flx-b) 

= r 2 (aa-6) + (a'C-6) 2 
= ax? — bx? + a 2 # 2 — 2abx+b 2 
= ar 3 + (a 2 — b)x? — 2abx + 5 2 . 
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Ex 7 Find tlie value of 16# 2 — 56ty + 49y 3 when #=14, i)= 8. 
Given expression=(4#) 2 -2(4#)(7y) +(7y) 2 =(4#- 7y) 2 [Cor ] 

=(4x14 — 7x8) 2 — (56-56) 2 =0. 

Ex. 8 Simplify (#— jr+ 2 s) 2 - 2 {#+y — 2e)(#-j/+2s)+(#+y — 2s) 2 . 
Let a=#-y+ 2s and & = r+y-2s , thus given expression 
=a 3 -2a£ + & 8 =(a- J) 2 

= {(v-y + 2®) - (#+y - 2s) } s =( - 2y + 4e) 2 =(% - 4s) 2 
=4y 2 — 16ys + 16s 3 

Find the value of 

9. (3r-4) 2 10. (#~5y) 3 II. (8 -3a#) 2 . 12.. (3a -4&) 2 . 

13. ( ab-xy ) 8 14 (l-a&c) 2 15 (c 3 -2a&) 3 16. (3^-40*. 

17 (#*— a 8 ) 2 . 18 (a* -b^" 19 {a?-Za?bf. 20 (m 2 n 2 -Z 4 ) 2 . 

21 (2m# 2 - 3m 2 #) 2 22. ( a%-by+ czf 23. (a& - #y - c 2 ) 2 . * 

24. (3#-2y— 3s) 2 26 (l-2#f3# 2 ) 2 26. (a-6-c+rf) 2 . 

27. (# 2 -2iy-y 3 +l) 2 28 (3# , -4av a -a s X3# 3 -a 8 ). 

29 (4# 2 — 5a#+3a 2 )a(5i — 3a) 

80 2# 2 — y\ when #=a— 3 and y=»2& -6 

31 16# 2 — 25y*, when 4#=2p — 1 and 5y=3gr — 1. 

32 25t 2 — 40ay+16y 2 , when #=8 and y =10. 

33. 9a 8 — 42a&+49& 3 , when a = 3 and & = -2. 

34. 16m 2 — 48m»+36ji 2 , when in — —18, n= — ’2 « 

36. 4# 2 y 2 — 12#y+9j wheu #= — 3 and y = —4. 

Simplify 

36 (2# — l) 2 — 2(2# — 1)(# — 1) + (a — 1 ) 3 

37. (3#-2y+l) 8 -2(3# + 2y + l)(3#-2y + l)4-(3v + 2y + l) 2 . 

38 (2a# - by + 3s) 3 - 2 (2a# 4-&y- 3 s)(2a# - &y + 3s) + (2a# +by- 3s) 2 


*101. From §§ 99 and 100, we have 

(a+&) 8 =(ct-&) 8 +4a& ,..(i) 

and (ec-6) 2 =(a-f &) 2 -4a& (u). 


[For (a+&) 3 =a 2 4-6 2 + 2a&=a 2 + 6 2 — 2a6 + 4a5 = (a — 6) 2 +4a6 ; 

1 and (a — 5) 3 =a 3 + 6 s — 2a5=a 8 +6 s + 2a6 — 4a&=(a + 6) 2 — 4a&] 
Again from the same articles, we have 

a 2 + W = (a + 6) 2 - 2 ah = (a - &) 2 + 2a& (m). 

[For a 3 + 5 2 =a 3 + 6 2 +2a&— 2a6=(a + 6) 2 — 2a&, or=(a — &) 3 +2a&] 
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Also fi on (m), b\ addition, we get 

2(a a +b*)=(a+b)*+(a -&)* 

or ot 2 +b 2 =5(® t- &) 2 +^(<® —V)“ ••• • ••*•• (iv) 

Lastlv, since (a+l>) s -(G-b) 2 =(fl 2 +2ab+?> 2 ) — (a 4 — 2ob + l> 2 )=4ah, 
we have 4o6 = (re + b) z — (a — 6) 2 , 

ordnidmgby 4 , ab= “(~ 2 ~) ■•• • ( v ) 

The result (v) enables us to express the piodact of two or more 
factors ns the difference of two squares [see § 127] 


Examples 

Ex l Find the values of (tf-f-#) 2 and r+*/, when v— y—2 t 
eqt"* 15 , and of (a;-y) 3 aiid t -y, when v+y= 8, «/ — 12 

(,r+y) 2 =(:r-y) 3 +4ay = 2 ! +4 x 15 = 64 , v+y= »/64=8 

(«-y} 2 =(«+y) s -4.n/=8 2 -4xl2=16 , v-y— */16=4 

Ex. 2 Find the value of a* +2r y +y 2 , when a=625 and j/=624 
( r +y) 3 = (« -y) 2 + 4*y - (625 - 624) 5 + 4 x 625 x 624 

= l 3 + 2500 x 4 x 156 = 1 + 10000 x 156 = 1560001 

Ex 3 Find the value of x t +y 2 , (l) when T+y = 10 and ay =24 ; 
(2) when r— y =3 and wy=28 

(1) t 2 +y s =(ar+y) 3 -2ay=(10) i -2x24=52 [from (m)] 

(2) r 3 +y 2 =(«-y^ + 2,ry=3 2 +2 x 28=65 [from (m)] 

Ex 4 Find the value of a?+y* when .r+y = 17 and x— y=9 
sc* +y 3 = l{x +y) 2 + i(r -y ) 2 = \ x (17) 2 4- 1 x 9 2 = _ 185 

Ex 5 Find the value of ry, when % +y = 17 and x— t ) =3 

Ex 6 'Express (« + & — 2c) 2 +2(&-c)(c-n) as the sum of two 
squares 

Since a +6 — 2e=(6 — c) — (c — a), we have 
Given expn ={(6-c)-(c-n)} a +2(6-c)(c-fl) 

Hb-jC? + (c-aT- [by (m)] 

Ex 7 Express v(®- 4), x a +\2x, and (v-a)(v-3a) as the 
difference of two squares 
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f»+(r-4)] 2 

fv 

-(*-4)1 

1 2 / 


2 / 


[lieie a=r, b—x— 4] 


(2) i?+12#=a(*+12)= “-[—--j- 1 --} I>y v] 

= (— - 1 --) 2 - (^) 2 =(^+ 6 ) 2 ~( - 6 ) 2 =( i + 6) i - G 2 . 

(3) (* -X.-8.)- {^1^1)} 2 - 2 

[here <7 -a, 6 = ^ — 3a] 


Ex. 8. Express as the difference of two squares a 4 + 4a 4 
# 4 + 4a 4 = (a; 2 ) 2 + (2a 2 ) 2 = ( t 3 + 2a 2 ) 9 — 2o; 2 (2a 2 ) [by (ill)] 

=(-c 2 + 2 a 2 ) 2 - 4aV=(;u 2 + 2a") 2 - (2a r) 2 
[Foi other examples, see § 124] 

Ex 9 Shew that 8 xy(a? +y 2 ) — (r+y) 4 - (t -y) 4 
8iy(ar +y 2 )=(4t y) x 2^+y 2 ) 

= {(r+y) 2 -(t-y) 2 }{(a:+y) s + (a.-y) 2 } [v & iv] 

- ( t - + y ) 4 - - »/) 4 [& 103 1 


Ex. 10 Shew tliat 

(a + b)\v - y) 2 + 4 ry (a - ft) 2 = (a - 6j 2 ( « + y) 8 + 4a6(* - y ) 2 . 

Left 6ide={(a~&) 2 +4a6}(t-y) 2 +{(« + y) 2 +(&-y) 2 }(a-6) 2 [i & v] 

= (a - &) 2 (r -y) 2 +4a&(r--y) 2 -Ka-&) 2 (t+y) 2 -(a-&) -'( i, -y) 2 
= (a — 6) 2 ( v + y) 2 + 4ab(x -y)*. 

Ex 11 If a+y=»a, ry=6, show that(l + r 2 j(l+y 2 )='a 2 +(l-&) 2 . 
(1 + « J )(l+y*J = l+« 2 +y 8 +® 2 y 2 =l+(r+y) 8 — 2ry+:s 2 y 2 [m] 

= l+a 2 - 26 + 6 2 =a 2 +(l-26+b 2 )=a s +(l-6) s 
Find the -value of 

12 x 2 +2#y+y z , when c—y«=4, oy=» 117. 

13 «— y, when r+y=5, -iy=6 

14. 2#+a, when 2r-a=13, ax= 7. 

15. « z +y 2 , (1) when &4-y=13, ry=42 , (2) when r-y=7, ry=24 ; 
(3) when a?+y = 18, ,«-y=4 

16 iy, when -c+y=l5 and r-y=ll. 
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Find the value of 

17. «j 3 +2mw+» a , when »n=126 and » = 125 

18. and of xy, when #=621 and y =379 
10 v s +y s , when #=« 3 +a6+6 9 , y=a 3 — o6+6 ! 

20 V s +xy+y 2 , when v+y = 5 and xy — C 

21 a}-xy+y\ when x-y — 4 and ry<= 21 

22 If x—ab+cd, y—db-cd, find r s 4- ry+y- and r 3 - xy +y 2 , m 
terms of a, b , c and d 

23 Shew that 

(1) . # 9 -2 Xx-y)y-(x-y)*+y 2 

(2) (#+y-s) 3 +2(#+^).s = (j,+j0 8 +E 5 

(3) (a+y) , +s s =(ic+y+«) a -2(y« + sr) 

(4) (a+6) s +fi 3 =(« + 6-<3) 9 + 2(6e + «e) 

(5) 2(a + 6) 3 + 2i« — 6) 2 = (2a) 3 + (2&) 3 

* (C). 2(« 3 + «6) 3 + 2(«6 + 6 ! ) 3 = (a + 6) 4 + («= - 6 2 )* 

(7) (a-26+cj 3 +4(a-6X6-«)=(a-e) s 

(8) (x+ZyF-^x+yty^a? 

(9) . (a -5; 9 -2(6-c)(c—a)=(5-c) 3 + (c-«) ! 

(10). (a - 6) 3 + 2(6 + c)(e + a) = (6 + c) 3 +(c + a) 9 

24. Shew that (a 3 — 6 3 )’={(a + 6) 8 — 4a6}{(a-6) 3 + 4a6} 

26 Shew that (a + 6) 2 ( t: - y ) 3 + 4xy{a - 6) 3 ■= (« + 6) 2 (.r +y)- -IGalry 

28 If sfl+y^—Hxy—Zd 3 , shew that (l+a)(l+y) = (l+a) !f 
,27 If x+y—Za, x-y=Zb, xy—c\ shew that c ! =a 3 -6 3 

» 28. Express as the difference of two Bquaics — 

(1) x>-10.r, (2) *(*+18), (3) (#+a)(r+5a), 

(4) (v— a)(# + 3a) , (5) (#+l)(i, + 2)(#+3)(#+4) 

29 Shew that xf^Txhf + 9^/ 4 = (t 3 - Zy 2 ) 2 - o?xf 

30, Prove that (a 9 + a& + 6 3 ) 9 + (a 9 - u6 + b-) 2 «=2(« 4 + 3a 3 6 ! + 6 4 ) 

T31 Express (a 9 +6 3 +c s +2a&) 9 — 2(a+6) 9 c 3 as the sum of two 
perfect squares 

103 Formula III (a+b)(a-b)-a s -b 2 ft 83, Ex. (i), 6] 

This formula corresponds to Euc II 6, and is enunciated 
thus —The product of the aum and difference of two quantities 
= the difference of their squares 

Got Hence conversely a 9 -6 3 «=(a+6)(a— 6) Thus the factors of an 
expression of the from o 3 - 6 s are a + 6 and a - b. [See § 1 24] 
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Examples 

Ex. I Fmd the product of r+2 nod z— 2 
Required product — 2 s =*r l — 4, 

Ex 2 Find the product of ar+bj and or- h/. 

Required product *» (or)- - (&y) s = c/ 1 ^ 3 — f> T y-. 

Ex. 3 Find the product of 2t 3 +5y* and 2x s -5y s . 

Required product = {2r ■*)’ — (5y e ) 9 *=4t 4 — 25y 4 . 

Ex 4 Find the product of a + ft +c and a + b—c. 

Required product «• {{o + t) + c}{(c + &)-cf 

«* (« + b)* — e 2 =» a" +2oft + V 1 — c* [1 j. 

Ex 6. Multiply ,t--oi +a s In x 5 +or+o s [§ 83, Ex. (iu)j 3] 
Required product *=(r*+”u* - « r)(r*+ a* +a 1 ) 
-(**+o , ?-(ux) # 

eS , +2oV+B < -cV 5 =S , + B ! ^+(d 

Ex 0 Findtlioprodnctofl — r, 1 1+r* and l + r*(Ex,G, §40], 

Required product »(1 - t)(l +r)(I +r 5 Xl + rl ) 

®<l-x 8 Xl+x 2 Xl+Jr 4 ) 

«(l-,T < Xl+r 4 )«l-x s 

Find the product of 


7. 

x+5 and r-5. 

8 

2r+7 and 2x-7. 

9 

3 r+4y and 3.r - 4y 

10 

ax~ 3 and «r+ 3, 

n. 

2«r+3 by and 2<ir-3 by 

12. 

x- + 2y and r s — 2y. 

13 

a s 4-r 8 and a 5 — jr. 

14. 

2«& + c 9 and 2 «&*-c 4 . 

16. 

2a s — 3& ? and 2« s +36 s . 



Multiply together 



10. 

<t+6-c and ' 

17 

a -b—c and «+& — c. 

18. 

fi+6-f c and a-6 + c 

*19. 

r+2?/+3j and r- 2>/-3c 

20. 

Z - 2?/ + 3s and « - 2y - 3 j 

21 

r+2y— 3: and .v-2y+3: 

22 

n 5 +2«6+5 ? and « 8 -2a& + & ! [Ex (>ii), 4, § 88] 

23. 

'e 3 +«6-6 s and r s + ol> ^-6* [Ex (in), 7, & 88]. 

24 

«+,», o-a, and « 2 +a- s 

26 

a- 4 +y 4 , z-+y\ r+y and r-y 

20 

i?~x+ 1, A*+a?+ 1 and t 4 

-'S 3 +l. 

-27. 

a,-&— e+danda -&+ c-c? 28. 

r+y-s + l and i--y + i + l 


( 
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Ex 29 Resolve 4.* 2 — 9_!/ 2 into factors 

4 a 2 - 9 1/ 1 - (2vY —$y) s — (2-e4 3«/)(2 a — 3y) , 
the factors of 4r s — 9y 2 are 2 a+ 3# and 2« — 3i/ 

Resolve into factors 

(1) l-r= (2) w« 2 — 16 (3) 04 — g 2 

(4) 1 —81s 2 (5) 25y 2 — 1 (6) 16a a ~9& 2 

(7) 25oV-49& 2 (8) 144 a- 2 -169a 2 (9). 81g a -64r 2 

(10) G25aV~121 (11) Rl^-lOOg 2 (12) 144x a -12l2/ 2 

(13) 49o 2 c 2 -81d 4 (14) P»i 2 -n 2 g s (15) Ss 4 -1G^‘- 

(16) 25a 2 s* — 4c 2 y 2 (17) a 4 -r 4 (18) 10 a 4 -25a® 

Ex 20 Shew that (a - b + c) 2 - (a + b — e) 2 —4a(c- b)~ 

Given expression = {(a — b + c) + (a+b— c)}|(a — 6 + c)— (a + 6 — c)} 

„ =(a - 6 4-c + a + i — c)(a— 5 + c — a — 5 + c) 

«=2«x(2c-26) = 4a(c- b) 

31 Simplify (2a-6 + 3c) 2 -(2o + 6-3c) 2 

32 Simplify (e 3 +Aj/-2i/ 2 j 2 -(r 2 -ii/ + 2 i y 2 ) 2 

33 Simplify (2r-3y+4«) s -(2A+3y - 4s) 2 

34 Simplify (a-26)(a + 2i) + (25+3c)(25-3c) + (3c-tZ)(3c+d) ‘ 

'■35 Simplify (a — Z>4<0 2 42{a 2 — (6 — c) s }+(a + 5-c) 2 

36 Simplify (2a + 5 + c 3 -2{4a 2 — (5 + c) 2 }+(2a— b — o) 2 

37 Shew that (a- 3 42i2/43i/ 2 ) ! — (a 2 -2.K^ + 3i/ 2 ; 2 =8a2/(.i: 2 4 3 y 2 ) 

38 Shew that (a 2 +«6-6 2 ) 2 -(o s -a6 + 6 2 ) 2 =4a ! (a6 — 6 2 ), 

39 Shew that (a 2 + a&) 3 - (ab 4 6 2 ) 3 = (a 4 6) 8 (a — 6) 

'40 Find the value of a 2 ? 2 — 5 2 ?/ 2 , when x = 2a — b and y <=* a — 26 
41. Find the value of a; 2 — vy +y-, w hen v^ab + cd and y—ab — cd 

1 108 Formula IV {«+fr) s -a 8 + 3a 2 &+3a& 2 +& s 

’ —a 3 + & s +3afr(a+l>) [g 89 Ex l] 

That is, <Ae c«5e o/ the sum of i?j>o quantities •= the sum of their 
cubef, plus three times their product into their sum ' 

Examples 

Ex 1 Multiply p 2 +4pg + 4g 2 In p'+2q [§ 88, Ex (n), 9]. 

{p- + 4pg 4 4g s )(p + 2g) £ (p + 2gO s (p + 2g) [fe 99]=>(p + 2g) s 
= j5 3 + 3p 3 (2gr) 4 3p(2g) 2 + (2g)' 1 
=^’’ 4 6/> 2 g + 1 2/»g 3 4 8g 3 . 
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Ex. 2. "Find the value of (ax+J>y)\ 

*> Eequued value = (ax) z + 3(« v)\fof) 4- 3{ax)(bi/)” 4- (by)\ 

\ ~ 0*3? + 3a 9 6 try + 3u 6 2 ^ s 4- i’y 3 

Ex. 3. Find the value of (#4-y4-2) 3 
Required value = { / c+(?/ + :)} s . 

~ a? 4- 3; t-(y 4- s) 4* 3 x(y 4- a) 2 4- (tf 4- a) 3 . 

=^+31^+ Sx i z + 3x(?/ s + a 2 + 2 yz) 4-y " 4- 3y 2 s 4- 3 yz- + a 3 
=.r 5 +^ 3 + :?+3x 3 y 4- 3xy- + 3 i°s+ 3a:s s + 3y 2 s 4- 3 yz - + Cry z. 

Multiply 

4. 4a; s +12xy+0y 3 by 9x\-3y. 5 23m s +20mn+4n 2 by 5m+2n. 

Find the value of 

6. (3«+26) s 7. (l + 2t) a 8 . (1+t 2 ) 3 

9 {a«+,by+\f. 10. (l4--c4-.r 2 ) 3 . < 11. (14-204-3* 2 ) 3 

12. (2a:+y+3a) s . 13 (bc + ca + abf. 14 (a ! +«&+6 8 )' 1 . 

Cor. I Hence conversely o 3 4- 3a 2 &4- 3a & 2 + & 3 = (a + b) s 

Ex 15 Resolve a? 4-6? 2 y4-12ay 2 4- 8y 3 into factors 

G l ven ex pression = V s + 3a; 2 (2?/) + 3 x(2y)- 4- (2y ; 3 <= ( v 4- 9yf 
Thus the factors aie x+2t/, x+2 y and r+2y 
Resolve into factors 

18 s*+3s"+3®+l. * 17 l+3y+3y 2 +y 3 

18. 12« 3 y +6vy 2 +y 3 . 19 27r 3 4-54aa? 2 4-36a 2 r4-8a s . 

Ex 20 Simplify (<?+&) s + 3(a + &) 2 {o-&) + 3(a-6) 2 (a+6) + (a-5) 3 
Let ire «=«-{-& and n=a — b , thus the gnen expression 
— m 8 + 3?7i 2 7j + 3mm 2 + n s == (m + »i) 3 
= {(a + b) 4- (« - b) } 3 = (2«) 3 — 8a 3 

Simplify 

21 («+2) s 4-3(a;+2) 2 (77-2)+3(a; + 2)(a:-2) 2 + (x-2} 3 . ' 

22 (2 a- 6) s 4- 3(2a - &) 2 (a 4- &) 4- 3(2a - b){u + bf 4- (a 4- 6/ 

* 23 (5x - 3y, 3 4- 12v(3y - - 3y) 4- (37/ - .r) s 

2 4. (3a -26) 3 4- 3(3a - 2&)(36 - 2a)(a 4- &) 4- (36 - 2a) 3 

25 (v— 4) 3 4*(2a?4-7) s 4- t, (^— 4)(2®4-7)(a;4-l). 

26 (a4-64-e) 3 4-6a{a 2 -(&4-c) 2 }4'(<&-& — c) 3 . 

27 (2« 4-3y - 1) 8 4- (2.r — 3y 4- l) s 4* l%x{ 4a; 2 — (3y — ] ) 2 ) 

7— B. 1. 
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Ex 28 Find the value of 8a s + 36a 2 f> + 54a& 2 +27& 3 , when - 

and &•=> 3 

Given expn - (2a) a +3(2a) 2 (3i) + 3(2a)(3&r + (3&J 3 

=(2a+3&) 3 = {2( — 5) + 3x3} 8 = ( — 10+9) 3 =( — l) 3 — - 1. 
Find the value of 

29 t® + 12x 3 y + 48xy 2 4- 64y s , when .t=3 and y— — 2. 

30 27/fc 3 +108/l 2 + 1441+72, when £=•- 2 

31 8a 3 +36a 2 + S4a + 8, when a= -4 

32 a 3 + 6a 2 ,jr + 12;n/ 2 - 8y 3 , when x=5 and y — — 1 

Ex 33 If r+y=3, shew that r® + 9^+y 3 =27 
Since v+y = 3, we have (x+y) 3 — 3 s , 

thus t 3 + 3 ry{x +y) + if = 27, 

or r s 4-3v^x3+3f 8 = 27, * e a 3 +9ry+j 3 =27 

34 If x+y = l, shew that n?+3xy+y 3 ‘=\ 

35 If x+y=*a, shew that * 8 + 3 ary+y 3 =a 3 

30 If x 3 +y s = 1, find the value of x 3 +3x s y 3 +y° 

37 If Zx+3y = 4, find the value of 8.r 3 +72t:y+27y 3 

Cor 2 Hence also a 3 + 6 8 = (a + 6) s -3a&(a+&) 

[For a 3 + b 3 = a 3 + b 3 + 3as6(a + b) - 3ab(a + 6) = (a + &) 8 - 3a&(a +&) ] 
Another form of tint result is iab[a + &) — (a + &) s — « s — 5 s 

Ex 38 If x+y — 2 and ay = 3, find the value of ^ 3 +y 

o?+y 3 —(' r +y) 3 ~3vy(x+y)=2 3 — 3x3x2=8 — 18 = —10 

Ex 39 If a + b =2 and a 3 + 6 s =3, find the value of db 

We have 3o&(e + &) = (a + J) 8 - a 3 - & 8 , 

thus 3a&x2 = 2 3 — 3, oi 6a& = 5, te a&=§ 

40 Find the value of x 3 +y 3 , (1) when x+y — 2 and xy=*l, 
(2) when x+y = 4 and xy—2 

41 If 2p + 3q = 4 and pq = ^, find the value of 8j9 3 +27g 3 
,42 Given 2.v + t/ = 2 and 8i ,s +y 8 = —28, find the value of xy 

104 Formula V («-&) 8 =a 3 -3a 2 & + 3a& 2 -& 8 

= a 3 -& 8 - 3a&(a-&)[§ 89, Ex 2] 
That is, the cube of the difference of two quantities = the 
difference of tlieir cubes , minus three times their product into 
their difference 

Remark It is easy to see tfiit Formula IV virtually includes this 
formula 
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Examples 

Ex. 1 Multiply 4x 3 -4 xy+y 3 by 2a , -y 
.Multiplicand =(2»-w) a [II] ; 

(4x 2 - 4xy +# 2 ){2 v-y) = (2a -y) 2 (2r-y) = (2 a -yf 
—(2x)*—3(2xy ! y+Z(2x)y 3 —y i 
* =8®® — 12® , i jr + 6 xy 3 -y s 

Ex. 2 Find the value of (3r-4^) 8 

Beqmred value = (3r) 8 - 3(3a )~(4y) + 3(3a)(4y) 5 — (4yf 
= 27ar® - 1 08a% + 144xf - 64 f. 

Ex 3, Find the value of {ax—by + czf 
Beqd value =* { aa - (by — c z) } s 

—(at) s - 3(ax)-(by - cz) + 3ax(by - cz)° —{by — czf 
«= a^x 5 - 3a i bx > y + 3a 2 c %-z + 3 ax(bh/” — 2bcyz + cV) 

- {(%) 3 - 3 (byf{cz) + Zby(cz)” - (cs) s } 

= a 3 ® 8 — b'y^ + c 3 t 3 — 3a?bx 2 y + 3aV i xy 2 + Zarcxrz 
+ 2ac 2 vz-+3b-cy-z -Zbc-yz* -6abcxyz (clearing and arranging). 

Multiply 

4 x 2 -4v+ 4\>y x-2 5 25x a -20a- i y+4y s by 5x-2y 

Find the value ot 

6 (jc-1) 3 7 (2a, - 3) s 8 (l-4.r) s 

0 (2* -3 y)*. 10 (2 — r 2 ) 8 11. (ai-y 2 ) 8 

12. {x-y+zf. 13 (2a?-3y+l) 8 14 (l-a,-r 2 ) 8 . 

Cor 1 We have convertely a 8 -3re 2 &+3a& 2 — V-ia-bj 8 Thus 
an expression of the given form can be resolved into 3 factors of 
the form a-b, a—b and a-b 

Eesolve into factors 

15. l-3x+3x a -s? 16 8i?-12aa: 2 +6a 2 .j,-a s . 

Simplify 

17 (2-c - 1) 3 - 3(2a, - 1) 8 (2 v + 3)+ 3(2* - 1 )(2r + 3 ; s - (2r + 3) 3 

18 (a+b'f- 3 (a + b)\a - b) + 3(a + b){a - b)- - (a - bf. 

19 (o + 6+c) s — (b + c — a) s -6a{(& + c) 2 -a 2 } 

20 (2a + 3bf - (3 a + 2 bf + 3(a - 6)(3a + 2&)(2a + Zb) 

Ex 21. Find the value of - 6m-n + I2m« 2 + Sa 8 , when in — 7 

and n — 2 

Given expn «={»tt 8 -3»i 2 (2n)-}-3»i(2tt) 2 — 8» 8 } + 16» s 

= (m- 2n) 3 + 16 ji 8 = (7 - 4) 8 + 16(2 8 ) = 3 s + 128 = 155 
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Find the value of 

22. a? — 9 a; 2 # + 27a# 2 — 27»/ 8 when x= —3 and y — — 1 

23 8^-60^+1503! - 136, when a; = -2 

24 2o s — 3ab(o — 6) + 6 8 , when a =3 and 6 = 5 

26 If v-y=2, shew that a?-6ry -# s = 8 
20 If x—y=a, shew that a£ - 3a xy — y* = a 2 

27 If 3?— # 2 =3, shew that sP — 9r 2 y a -#° = 27 

28 If ax-by=>e, find the value of a s x a - Sabcxy — b a y l 

Cor 2 From this foimula, we get a s -6 s = (a— 6) s +3a6(a-6) 
[For a 8 -6 s =a 3 -6 3 -3a6(a-6) + 3a6(a-6)=(a-6) 3 +3a&(a-i) ] 
Another form of tins result is (a 8 -6 s ) — (a— &) s =3a&(a-&) 

Ex 29 If x-y<=>Z and ay=l, find the value of x?—y a 
rs_ys«=( r _#) s + 3t#(.r— y) = 3 8 + 3x3=»27 + 9=36 
Ex 30 If x—y — 2 and ■« s -# 8 = 20, find the value of xy 
We have 3 xy(x-y)=x?—y a -(v-yf , 

‘ 3a# X 2 *=20 -2 s , or 6a# = 12, ic a# = 2 

31 Find the value of r 8 -# 8 , when x-y = 2 and ry=3 

32 Find the value of wi 8 — 27n s when to-3m = 4 and ww = l 

33 Given v— # = —5 and i: 8 — i/ s = 10, find the value of xy 

105 Formula VI (a+6)(a s -a6+6 8 )=a s +& 8 

& 88, Ex (u), 1] 

That is, the sum of tieo quantities into the sum of their squares 
diminished by their product — the sum of their cubes 

Examples 

~"-Ex 1 Multiply r s -2r+4 by *+2 [§ 88, Ex (u), 6] 

Required product = (z 2 - 2x + 2 2 )(r + 2) = i: 8 + 2 s = a; 8 + 8 , 

[since here a — x and 6 = 2 evidently] 

Ex 2 Multiply 4a 2 - 6u6+9& 2 by 2a + 36 

Required products {(2a) s -(2o)(36) + (36) s }(2a+36) 
=(2a) 8 +(36) s =8a s + 276 s 

Ex 3 Write down the value of'(4a! 2 - 6a# + 9# 2 )(9a; + 3#). 

Since 4x 2 = (2i) s , 6a#=(2r)(3 y) and 9#* = (3y) 2 , the given expression 
is of the form (a 2 — a6 + 6 8 )(a + 6)* Hence 

value required = (2a, ) s + (3y) 8 =8a: s +27# 3 
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Multiply 

4 x z — xy+y z by ®+y 5 a 2 — 20^+4®® by a+2®- 

0. 9® 2 — 3®+l by3®+l. 7. 1 — 4®+l6® 2 by 4r+l. 

8 x i - v 2 + 1 by 1+ ®®. 9 16a 4 - 20a 2 i + 25® 2 by 4a s + 5®. 

10 25®* — 40 try + 64y 2 by 5®+8y [§ 88, Ex. (u), 16] 

Write down the value of 

11 (^-3tr+0)(«+3) 12 (4« 2 -2a + l)(2a + l) 

13 (9m a — Cm +4)(3m + 2) 14 (4a 2 - 2a& + 6 9 )(2a + S) 

r 15 Simplify (® s -®y+y 2 + l)(r+y)-(x 3 +y 8 ) 

Cor We have conversely a 8 +6 s «=(a + 6)(o s — afe + fc 2 ). Hence an 
expression of the form a®+ J 8 can be resolved into factors. 

Ex 16 Resolve 8® s + l into factors 

8®® + 1 - (2®) 8 + I s - (2 r + 1){ (2r) 2 - 2a. 1 + 1 2 } 


=(2® + l)(4x* - 2®+ 1) 



Resolve into factors 





17 

a® +64 

18 

27®®+ a 8 

19 

8a® +1 

20 

1+27/fc®. 

21 

125a® +27®® 

22 

v s + 64y ! 

23 

64a® +1256® 

24. 

343®® +8 

25 

® 6 +y 8 . 


10G Formula VII (a-b){a-+ab + &*) - a? - b\ 

[§ 88, Ex (ii), 2]. 

That is, the difference of two quantities t nto the sum of their 
squares increased by their product —the difference of their cubes. 

Remark The student should notice that this Formula is obtained 
from Formula VI, by putting - b for +b 

Examples 

Ex 1 Multiply r 2 + 3®+ f ) by «-3 [§ 88, Ex (u), 7] 

Required product = (® 2 + 3 v+ 3 2 )(®- 3) 

=x s —3 s =x s -27 ; [ . here a=x, b— 3]. 

Ex 2 Multiply 25a 8 +10ab + 4b 2 by 5a-2b [§ 88, Ex. (n), 15]. 
Required product = { (5a) 2 + 5a(2b) + (2b) 9 }(5a - 2b) 

=(5a) 8 — (25)® = 125a 8 — 86®. 

Ex, 3. Write down the value of (9'C z +6ax/+4y i )(3x~2y). 

Since 9® 2 ={3 x) 2 , Gry=(3®)( 2y) and 4y-=(2y) z , the proposed expres- 
sion is of the form (a~+ab + b 2 )(a — b) Hence 

value required = (3 v) 8 — (2y) 8 = 27®® - 8 y\ 
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4. 

Multiply 

tf+ry+y 3 by v-y 

5 

o s + 2o^+4a; 2 by a—2x 

6 

4a 2 +6a& + 9& 2 by 2 o-3& 

7 

1 + 2a? a + 4^ 4 by 1 — 2x s 

8 

a 2 +o + i by o — l 

9 

l + z 3 +x i by x- — l 

10 

4# 2 + 6;r + 9 by 2r-3 

11 

9r 4 + 6« 2 i/s + 4y 2 3 2 by 3r*~ 

12 

Write down the value of 
(x 1 + 2x+4)(v— 2) 

13 

(a 2 + Ax + 1 6)(x - 4 ) 

14. 

(4m a + 18ffi + 8l)(2»i -9) 

15 

(9o 2 + 1 5o5 + 25& 2 )(3o - 5b) 

16 

Simplify (x 3 +2 vy+4y 3 + 

v + 2y)(x-2y) — (v 3 - Ay-) 


>17 Simplify (a i j-a% + r i )(a—x) + a z (a + 2v) 

Cor Conversely, a t — b s =(a—b)(a s + ab+b t ) 

Thus an expiession of tlio form a® -6 s can be resolved into factors 

Ex 18 Resolve 27a® - 1 into factors 

27r 8 — l=(3r) 8 — l 8 = f3a; — 1){(3#) 2 +3t: 1 + 1 8 } 

=(3.r — l)(9* 2 +3a:+ 1) 

Resolve into factors 

19 a 3 — 8y s 20. 27o s -Z> 8 21 64^-1 22 512«®-27. 

23 54m 8 —2 24 a*# 8 — G4y 8 25 8o 8 c°— 6* 

107 Formula VIII (*+©)(05+&)=a5 2 +(«+&)a;+«& 

[§ 88, Ex (i), 7] 

Cor Conversely c 2 +(o + &)#+G&'=(.2'+«)(tf+&) Thus an expres- 
sion of the form i s 4 -(ce + b)r+ab can be resolved into factors 
Similarly the converse of the Formula? m §§ 108, 109 are true 

Remapk This general formula includes the formula; of §§ 108 and 
109 as particular cases 


Exumples 

Ex 1 Write down the product of #+4 and £+5 
Since 4+5=9 /ind 4x5=20, therefore required product 

= r s +9r + 20. 

Ex. 2 Write down the product of ax+1 and ax+2 
Here 1+2=3 and 1 x2 = 2 , 

therefore required product = (ax) 3 + 3(ax) + 2 = a 5 t 2 + 3ax + 2 
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Ex 3 Multiply o + 6+2 by a+b + 3. 

Pat a+b=A, thus required product 

=(*+2)(tf+5)=ar+(2 + 5)a:+2x5 
=a 9 +7*+10=(a + &) 2 +7(a + &) + 10 
—<t 2 +& 2 + 2 nb + 7a + 7&+10 
"Write down the valne of 

4. («+3)(a+7) 5 (a + 8)(a+ll) 8 (a + 3a)(r+5a) 

7. (3r+2)(3a+4) 8 (5 jt-M)(5j?-M 0) 9 (ma+3Xttia+4) 

10 (2a+a)(2s+&) 11 (r 9 + c)(®‘ J +rf) 12 (2« 3 +3X2ir l + 9) 

Multiply 

13 a+a+l by r+a+2. 14 * 2 +2#+3 by a s +2r+4. 

15 a 1 — -ty-f 4 b> « 2 — ay + 7 16 2a 2 — a& + 3 by 2a 2 - a& + 8 

108 Formulae IX (i) (x+a)'x-b)*=oc 2 +(ja-b)sc-al>. 

(n) {x-a'(x-\-lf)^x 3 -{a-b)x-ab. 

[These results may be proved by direct multiplication , or thus — 
Substitute - b for 6 m Formula VIII ; thus 

{x+a){x+{-b)}=x :> + {a+[-b)}x+a(-b), 
that is, (a :+a)(x-b)=x' i +(a-b)x-ab 

Similarly by putting -a fot a, no may prove (u).] 

Examples 

0) (x+a)(x-b)=x 2 + (a-b)x + ab. 

Ex 1 Write down the product of x +3 and x — 2 

Since 3 — 2=1 and 3x2 = 6 , theiefoie required product =# 2 +#— 6 

Ex. 2. Find the pioduct of »ia + 4 and run, — 0 
Put ma—x ; thus 

(ma + 4)(«na - 9) = (a?+ 4)(a - 9) = a: 2 + (4 - 9)# - 4 x 9 
= .u 5 - 5 r - 36 = m?a- — bma - 36 

Ex. 3 Multiply # 3 +2a;+5 by a ,9 +2t -9 
Putx a +2«=a , thus required product 

= (a + 5)(a-9)=a 2 +(5-9)a-5x9 
•=>a 2 —4a-45—(v z +2r) 2 —4(x s +2x) — 45 
= r 4 + 4^+ix 2 - ix 3 - 8a - 45 
=x i + 4a 8 - 8a — 45 
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Examples 

Simplify 

13. (s+2y-l)(T+2y-3). 14 (2o -6-4)(2«-5-7). 

15 («x+6y — 4)(ar+6y— 8) 16 (3x a -4a;— 6)(3ar s — 4jr— 8) 

*17. (x s — 3y 2 + 4s 2 * )(i? 2 — 2y- +4c 2 ) 18 (a i -c*+3ab)(a°--d i + 3ab). 

1 10 Formula SI. (ax 4- b)(cx +d) — a cx- +(bc+ acl)x +bd. 
[(aa + b)(cx+d) = (ax+b)cx + («x+ b)d 

*=(acr?+bcA)+ (adr + bd) 

= acx” + hex + adx + bd 
= aCA 2 + (&c+a<f)-c + ic? (*$ 77, Cor)] 


Examples 

Ex 1. Multiply 2 a -i-3 bj 5x + 4 
Required product = 2 5a 2 (3 5 + 2 4)a + 3x4 
=10r s +23r+12 


Ex 2 Multiply 5-> -6 by 4 a - 7 
Here substitute 5 for a, — 6 foi b, 4 for c, and —7 for d, thus 
required product =5 4a 2 +(-6x4+5 x — 7)r + ( — 6)( — 7) 
=20 jt — 5SK+42 5 

Find the value of 


3 (3a + 2)(5*+4). 4 (2a + 3)(3x+ 2). 6 (4r+5)(8x-3) 

■8 (5x-G)(3x+4) 7 (3x-8)(2*-3) 8 (9x- 1)^ + 5) 

9 (4a — 3)(3a— 4) 10 (5r + 9)(7r-6). 11 (2x-15)(8x-7). 


Ill Formula XII (cc+a)(aj+&)(cc+c) 

—x' + (a-t-b + c)x-+(bc+ca+ab',x + abc [Ex 4, 89] 


Examples 


Ex 1 Find the pioduct of a+ 3, x + 4 and x+5 
Required product = a 3 + (3 + 4 + 5)a s + (4 5+5 3+3 4)x+3 4 5 
=x s +12s 2 +47x+G0, 

Find the value of 


2 (m+l)(m+2)(m + 3) 

4 (x+7)(x+l)(x + 6) 

6. (a?+a)(-5+ 2«)(x+3a) 

B <5x+2)(5-c+3)(5x+4) 


3 (v+2)(x+5)(x+8). 

5 ^a;+ l)(ar+3)(a:+ 9 > 

7 («-*-5a)(x+3a)(x+a). 

9 (ax + 3) (ax + 9 )(ax +11) 
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113 Formula XIII (x-a)(a;-b)(a>-c) 

=£C ,, -(a+&+c)aJ , +{6c+ca+a&}«-a&c [Ev. 5, § 89] 

Bfwark This formula is obtained from Formula XII, by putting 
-a, -b, -c, for a, b and c respectively. 


Ex I Find the product of or- 8, ?— 5 and r— 9 
Required product =r*-(8 + 54-9)a; 2 +(5 9+9 8+8 5)x— 8 5 9 
= 22x*+157t-360 


Find the valne of 
2 (*— l)(r — 2)(r— 3) 

4 (x — 8)(x— 10)(x? — II) 

0 (x — a)(x -3a)(:r — 5a) 

8 (3*-l)(3.r-4)(3;c-10) 

Note We may use Formula 
nature 


3 (i — 2)(a; — 5)(tr — 9) 

5 (r-3)(r— C)(r— 12). 

7 (r-daXr-ZoXr-So) 

0 (at-8)(,ax— iXa*— 7) 

!, to find other prodnets of a similar 


Ex 10 Find the product of r+7, aJ-3 and v— 10 
Required product =(t+7){*+(-3)}{x+(-10)J 
=* s + {7 + (-3) + (~10)}a; 3 
+ {( - 3)( ~ 10) + ( - 10)7 + 7( - 3) } *+7( -3)( - 10) 
*=r*+(7-3-10)a: 5 +(30-70-21)r+210 
6a! 3 -61s +210. 


Ex II Find the product (t-2)(,r+5)(*-8) 

Required product = {i'+( — 2)}(a. + 5){ai+( — 8)} 

=a; s +{(-2) + 5+(-8)}r 3 
+ {5(-8)+(— 8)( — 2)+( — 2)5}a:+(~2)5(~-8) 

=a: 3 +(-2 + 5-8)r s + (-40+!6-10)a;+80 
= r 3 — 5 v 3 — 34 a. +80 


Find the product 

12 (a+l)(j5— 2)(a+7) 

13 (® — l)(a: + 2)(x + 3) 

15. (x — 8)(* — 7)(* + 9) 

17 (*+6X«+8X*-l) 

19. (m + l)(«i —7){m — 10) 
21 0-l)( 3 + 3)(5-4) 

23 (a;+a)( a: f' 2a X' e ~3a) 
25 (r-4re)(r+2aX^-8a) 


14. («+4X«-3X 3 ' _ 6) 

18 (I+l){£— 3)(£+4) 

18 fy-3)(?/+4}(y-5) 

20 (p-l)(p-S)(p + 11) 

22 (7* - 3)(A — 4)(A + 6). 

24 (y - 3m)(y -2m)(y+ m) 
26 (/» + 2m)(7t - 3n)(7i - 4n) 
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*118 Cyclic order Let three letters a, b, e be placed in order 
round the circumference of a circle as shewn in the annexed diagram. 
If we start from any letter a and go lound 
the circle m the direction of the arrows, 
we see that a is followed bv b, b by c and 
c by a, that is, the letters follow one an- 
other in the order abc , similarly if we 
start from b, the order of the letters is bca , 
and if from c, the order is cab When 
a, b, c follow one another m this way, 
they are said to be m cyclic order 

Hence the products of every two of the letters a, b, c, when written 
in cyrnlic order are ob, be, ca if we start with a, but the products ab, 
ac, be are not m cyclic ordei Similarly if we start with b, 
the same products, written m cyclic order, are be, ca, ab Again 
the differences of every two of the letters a b, c, starting with b, 
are b— c, e— o, a — b, when written m ay clic order, but not so aie 
b—c,a—b,a — c And so on 

It is highly desirable to observe cyclic order in arranging the 
letters of an expression, for then the work will gain -in simplicity 
and elegance, and thus much labour and trouble will he saved 
[See § 180, post ] We shall observe cyclic order m the following 
formulte 

*114 Formula XIV 

(a + 6 + c)(a 2 + b s + c 2 - 6c - ca - ab) = a? + b s + c 8 - 3a6c. 

[This Formula may be established by ord nary multiplication ; or 
thus* (a+b+c)(a 2 +6 2 +c 2 -bc— ca-ab) 

=(a+b+c){(a- -ab+b a )+{c- -ca-6c)} 

=(«+6+c)(a 2 — ab+6 2 } +c(c— a — 6)(a+b J -e) 

= (a + b + c){a- - ab + b- ) + c(c - a + 6)(c -r a + b ) 

=(a+6)(a 2 — ab+6 2 )+<;(a 2 -ab + b 2 )+c{c 2 -(a + 6) 2 } 

= a* + 6 s + c{ (a 2 - ab -r b 2 ) + c 2 - (a 2 + 2ob + 6 2 ) } 
=a 3 +b 3 +c(c 2 -3ab)=a 3 +b 3 +c 3 -3a6e ] 

Cor Conversely a 8 + b s + c 3 — 3abc 

=-(a+b+c)(a* +b l +c z —bc — ca — ab). 

Thus expressions of the form « s +b s + c 3 — 3abc can be lesolved 
into factors We shall return to this subject m § 130 

Examples. 

Ex 1. Multiply a; s +4y 2 + 9 s a —2ay + 6ys+3sa) by #+2y— 3s 

Put x~a, 2 y=b and —3 z—c , thus required product 
’ = { a? +(2y) 2 + ( - _ x (2g) - %( - 3s) - ( - 3sM(«c +2y - 3s) 

= (a a +b 3 +c 2 -ab-bc-ca)(a+b+c)=a s +b s +c 3 — 3abc 
=« s + (%)* + ( - 3s) 8 - 3r(2y)( - 3s) = -s 8 + 8?/ s - 27s* + 1 Says 
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Wnte down the value of 

2 (a + b — c)(a 2 + Z> 2 + c 2 + &c + ca-a5) 

3 (2«-p + s)(4i; 2 + 2;ip+p s + 8 a +ps— 2«r) 

4 (3v-2^-4s)(9x J +6iCJ/ + 4p a - 8ps + J6s a + 12s®) 

5 (l-:c+2p)(l + 3:-2p+r s + 2:ip+4p a ) 

6 ( — r — 2p + 3)(ir — 2:rp+4y 2 + 3t+6p+9) 

7 (3a - 46 - 2)(9a* + 165 2 + 1 2a5 + 6a - 86 + 4) 

8 (a+p-lX^-ip+pHis+p + l}^ 83, Ex (m), 8] 

*115 Formula XV (a.+6+e) 2 =« 2 + & 2 +c 2 +2&c+2c«+2a& 
[§99,Ex 4] 

Cor 1 Comersely a 2 + 5 a + c s + 2&e+2ca+2a5=(a + 6+c) 2 
Cor 2 Also (5c + ca+a&) 2 =5 s e 2 + c ! a 2 +a a 5 2 +2a5c(a + 5+c) 

[For {bc+ca+aby =(bc)- + (ea) 2 + (a&) 2 +2{ca)(a6)+2(a6)(6c)+2(6e)(ca) 
—b-c- +c-a* -rci-b" +2a-bc+2ab-c+ 2abc- 
=i 2 c 2 +c"a 2 +a 2 & 2 +2a6c(a+5+c) ] 

Examples 

Ex. 1 Expand (2m -3» — p) 2 

G wen expo. = (2m) a + ( — 3n) 2 + ( — p) 3 + 2( 2»i)( - 3 n) + 2(2 m)( - p) 

+2(— 3n)(— p) 

= 4 m 2 4 - On 2 +p* — 12mw — 4mp + 6»p 
[For examples for exercise see Sj§ 99, 100] 

Ex. 2 Resoh e 4p 2 + y a + 1 Gr 2 - 4pq + 1 6pr - Syr into factors, and 
find its value, whenp = 4, y = 12 and r = 1 

Given expn = (2p) 2 + ( - y ) 2 + (4r ) a +2(2p)( - q) + 2(2p)(4r) + 2( - y)(4r) 
=(2p-y + 4r) 3 [<7or 1] 

*=(2 X 4 — 12 + 4 X 1) 2 = (8 — 12+4) ! =0 
'Otherwise thus — Arranging according to'' the powers, say, ofp, 
we have given expn - 4p 2 - 4p(y - 4 r) + ( y 3 + 1 6r 8 - 8 gr) 

= (2p) 2 - 2(2p)(y _ 4 r) + (y - 4r) 2 
= {2p-(y-4r)} s *=(2p — y+4r) 2 =&c 
Ex. 3 If a, = 5 + c,p=e-o, s=a-5, prove that 

■t" 4-y- + i i ~2xy -2%z + 2yz=4V l [Gal, 1888) 

Left side = v 1 + ( -p) 3 + ( - s) 3 + 2r ( -p) + 2a( - e) + 2( - p)( - ») 

“ (« -p - zf = (6 + c - e + a - a + 5) 3 *= (25) 2 » 45 3 
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Otherwise thus . — Arrange accoiding to powers of some one letter, 
say x , thus 

Left side = r 2 - 2#(y + &) + £y 8 + s 3 4* 2y :) *=• # 2 — 2 r(y + z) + (y + s) 8 
= {#-(y+?)} 2 =(#-y-s) 2 = &c 


Ex. 4. Prove that { (y - z)(s -#) + ( s -#)(#- y) + (« - y)(y ~ s) 

= (y - s) ? (c - #) 2 + (e - v) ! ( v - ?/) a + ( # - y ) s (y - s) 2 
Put « — y — z, b—z — r, c — x-y , thu*. a + &4-c=y — z + s — # + y=0 j 
and left side=(a& + &c + ca) 2 =*a 2 i 2 + & s c 2 +c ,, a a + 2a&c(a + & + c) 

=a 2 Z> 2 + 6 2 c 2 +e 2 a s , a + 5 + c *= 0, 

*=^y — s) 2 (s i) s (v -y) 8 +(t -y) 2 (y - ®) 2 . 

Find the value of 

5. s 2 +y 2 + £ 2 - 2.ry + 2#: - 2y c, when #=5, y=9 f s=3 

6 ir4-y s +4s s — 2iy+4rs — 4»/2, when #=8^=10, ; = 12. 

7 9m 2 +4« 9 +16 J p 2 - 12nm-24m7) + lC«p, wlien m=2,n=3 J p = —4, 

8 a^+y 2 — 2;ry — 4#+4y + lG, when #=23, y=ll 

9 fl^+y 2 — 2#y+2#-2y-l, when #=16, ?/*= 3. 

10 2# s +4»/ 8 +4ay-6#-12y-9, when #=17, y = 8 

11. 4a 2 +3y 2 -4a&-16a+86+25, when a=4, & = 6. 

12 # s +y s +s I +2#y + 2yc+2i#, when #=6 + c-3a, y=<5 + a-3&, 

and s=a+J-3c. 

13. # a +y 2 +4e 2 +2iy-42r-4y£ I when t = & + c-2a,y=c+a~2&, 

and -z — a + b-c, 

14. &c+ca + a&, when « + 6 + c = 2, a 2 + i 2 + c 2 =l 

15. a 2 +& 2 + c 2 when a + 6+c = 3, &c + ca + a& = 2. 

10 o + 6+c, when a 2 +& ? +e 2 = 9, Z>e + ca+a&=8. 

Resolve into factois 

17. # s +y 2 +s 2 + 2ys-22# — 2#y 

18. l + a 2 +& 8 +2a — 2b-2ab 

19. x* — 2a# 8 + a 8 # 8 + 2# 2 - 2a# 4- 1 

20 v*+ 2a# 8 - a 2 # 2 - 2a s # + a 4 

21. If #=&— 2<?, y = c — 2a, z-a — 2b, shew that 

t? +y a + c 2 + 2 yz + 2a v 4- 2 1 y = (a + b + c) 2 . 

22 Shew that (a-6) a +(6 -e) 3 + (c-a) 2 + 2(a-&X&-c) 

+ 2(Z> — c)(c — a) + 2(c - a)(a - 6) = 0 
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23 Shew that x*{y - zf+y\z - ?)"- + e 2 ^_ y y^ 

=> 2ay(s - x)(z -y) + 2yz(x -y)(x - s ) +2zx(y - z){y - v ) 

24 Prove that {fy-s) 3 +(s-a;) 2 +( v _^) 2 j 2 

= 4 (y “ s) s (« " *) 2 + 4(s - a;) 2 (v -y) 3 + 4 (# -y )*(y _ e )* 

25 If v=2a-b-c,y~2b-c-a, t=2o-a-b, shew that 

<**+y a +**) a =4(v's 2 +8V+ A -y) 

( (^-c)+(c-a) + (a-b )^0 

*«« Formula XVI. J , a(b-c)+b(c-a)+c^a-b)^0. 

I (b‘-c 3 )+(c l -a z )+(a--b i ) = o 

[The student can easily prove these simple results] 


„ , , Examples. 

Simplify 

1 (a + l)(6-c)+(5 + l)(e-a)+(c + l)(a-6) 

2 (x + rt)(5 - c) + (x + b)(o - a) + ( x + c)(a - b) 

S o s (6 + c)(b - c) + b-(o +a)(c- a ) + c\a + b)[ a - b) 

4 (’'+3--0(*-y)+(y+8-a)(y- 8 ) + ( !!+r _ w _ . 

5 (** - a*W - c*) +(*2- i*Kc*_ «**) + {JB » _ flS)(o2 _ jsj 

7 (2a-6- C )(J- C ) + ( 2 6_ c _ BXc _ a)+ ^ 

8 (to + 6 + C)(5 - c) + (f& + c + a){c -a)+(Lc+a + b){a- b) 

' 9 ‘ l ma - n & + c M b - c ) + {mb- n 'c + a)}(c-a) ‘ 

*117 Formula XVII ’ + {^+l(a+b)+m}(a~b) 

Arranging -<*7<*-**~» 

“(f- c H« 2 -«(6 + e )+ J c l ' 

= (_“^( a ~ c X«-6)[^ 109] 

It is easy to see that ~ c )(^-a)(a-b\ ( a -c)=.-( C -a) 

f(b-°)+b\ C -a) + a * (a _ b) 

iml - c) +c«(c - «) + ub ( a _ A •*’ *• ... (i) 

are, when the bracket, are removed Ji * - — (u) 

expression ed « 01l, y different forms of the 

iM-nb*+Vc-bc '-+# a -ca* 
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Thus (i), (n) and (in) are equal to one another. Also by remov- 
ing the biackets it will be seen that 

a(V ! -c i } +l{c--a z )+c{a n —b*) . ... (iv) 

= — (a~b — a b 1 4- b~c — be- + e~a — car ) 

Thus (is ) is equal to the first three m absolute uiluc, but differs 
from them only in sign. 

Hence Formula XVII may be wntsen m the following forms 
a-(b - c) 4- b\c - a) + c\a - b) 

or bclb-c)+ca(c- a) 4- ab[a -b) V = -(b~c)[c-a){a-b) ( 1 ). 

or arb— «& s •*-•6 9 c-&c 2 4-c ^ a-ca , J 

Also a(b 2 - c 5 ) 4- Me 5 - a z ) 4- c{a- — b°) ~{b- c)(c - «)(« - b) (») 

The student will notice that we lia\c here observed cyclic orda 
throughout He u ill see latei on the advantage of this arrangement 

Examples 

Ex. 1 Simplify (.a‘ 1 -bc)(b-c)j-(b~-ca)[c-a) + (c"—ab)(fl — b) 
Given expression . 

=a-{b — c) - bc[b - c) 4- b\c-a ) - ca(c — a) 4- c-{a - 6) — ab{a — b) 

— { a\b - c) + b\c — a) 4- c*(a - b) J - { bc(b - c) 4- ca(c - a) 4- ab(a - b) } 
=0 

Ex. 2 Simplify a(a + l)(6-c)-r6(i + l)(d-a) + c(cJ-l);a-J) 

Expn. = (a- -a a)' b - c) + (b- + b)[c - a) + (c n + c)(a - b ) 

=« 2 V & - c) +«(6 - c) + & s (c - a) 4- blc -a) + c-(a -b) + c(a - b) 

— {a‘ l lb-c)+b-(c-a)+c-(a-b)} + {a(6 -c) + b[c~a) + c{a-b)\ 

= -(b-c)[c-a)(u-b )+ 0 [3 116J=&c. 

Ex 3 Shew that {a-b)[x -o)(i- 6)+(&-c){r-J)(jr-d) 

+ (c - a)[ v - c)(x - a) = (a - &)(& - c )(a - c). 
Left side = (n - b){ .xr - (« 4- b)x 4- «& } + (6 - c){ x 3 - (b + c) r + be } 

4-(c-a){« 2 -(c4-«)r4'da} [§ 109] 
=x s { (« - b) 4- (6 - c) 4- (c - a) } - v{ (a 2 - V 3 ) 4- (&- - c s ; 4- (c 2 - a 2 ) f 

4- { ab[a — b) + bc(b -c)+ca(c-a)} 
=a®xO— rx04'{«ft(«-&)4*&d(6 - c) 4- ca(a - &) } [§ 1IG] 

*= - (b — c)(c - a)[a -b) = &c 

Ex 4 Resolve into factors 

( b - c)(jb 4 -c- 2a) 5 4- (c - «)(c 4- « - 2 b)~ 4- (a - b)(a +b-2rp ' 
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Assume x=b+c—Za t y=c+a— 26, 3=a+6— 2c , thus 

x—y=b+c-2a~(c + a-2b) = 1(b — a)=* — 3(a-6) , 
similarly y — &= — 3 (6 — c ) anti t—x= — 3 (c — a) 

Hence 3(6 - c)(6 + c - 2a) 1 — -(y — z)r? — - - s), 

3(c - a)(c+ a - 26) 2 =- {*- r)y a = -y 2 (e-r), 

3(a - 6)(a + 6 - 2c) 2 = - (a; - ?/)s 2 = - s 2 (r - y) , 

3 times proposed expn => -x 2 (y-z)-y-(z -x) — z 9 (x- y) 
=(y- 2 )(s-x)(x-y) 

*= -3(6-c)x — 3(c— a)x — 3(«-6) 

=■ -27(6- c)(c — <r)(a — 6) , 

'whence proposed expression = -0(6 — c)(c — a)(a - 6) 

5 Resolve «{6 + c)(6-c) + 6(c + a)(e-a) + c(a+6)(« — 6) 

6 Simplify 

(a 2 - 6c + o)(6 - c) + (6 2 - ca + 6)(c — «) + (c 2 — a6 + c)(a — 5) 
Resolve into factors 

7 (s 2 +a + 1 )(»/ - c 2 ) + (y 2 +y + l)(c* - x 1 ) + (e 2 + s + 1 )( r 2 - y 2 ) 

8 (x-a)(x-b)(y-3)+(y- a)(y -b)(s-x)+(i-a)(t-b)(x -y). 

• 9 6e(6 - c)(x + «; 2 + ca(c — a)(j?+ 6) 2 + a6(a - 6)(ar+ c) 2 ' 

10 (6 - e)(6 + c) 2 + (c - «)(c+«) 2 + (a - 6)(a + b'f 

»11 (1 + ca)(l + ab)(6 — c) + (1 + «6)(1 + 6c)(e — a ) 

+ (1 + 6e)(l + ca)(o — 6) 

12 «(6 - c)(r - 6)(.r - c) + 6(e - a)( v - c)(r- a) + c(a - b)(x - a)(x -6) 

13 (6 — c) f 6 + c — «) 2 + (c - o)fc + a — 6) 2 + (a - 6)(« + 6 — c) 2 

14 If r=6~e,y = c-a, z*=a — b, shew that 

xyz =«(6 + op! + 6(c + «)y + c(a +b)z 

*118 Formula XVIII 

(a 2 + db + 6 2 )(a 2 - ah + 6 2 ) = a 1 j- a-b 9 +b A 
[Left side =(a 2 +6 8 +a6)(a 2 +6 2 -o6)=(a 2 +6 2 ) 2 -(a6) 2 
= a* + 6 4 + 2a 8 6 2 - a 2 6 2 = a* + a 2 6 2 + b* ] 

Conversely a* + a 2 6 8 + 6* = (a 2 + a 6 + 6 ! X<* 2 - ab + l 9 ) 

1 18a We collect below important Formulas for ready 
reference 

B 1 (# + 6) 2 = a 2 +2ci6 + 6 8 

y 2 (a— 6) 8 «=o 2 — 2a6 + 6 8 


119] 


FORUOLin AND THEIR APPLICATION. 


113 


2 (1) («+&)*== (ft 

(2) (a-b) 2 =(a+bf—iab ; 

(3) o s +5 s =(o+&) a -2a6=((t- 5) s + 2a& 

»^(c+5) 8 +K«-&) 8 i 

r<i+6^ s ^a — &' s 


(4) 


a& 






3. 

4. 


t 6. 


6 


f 0. 

10 . 

11 

12 . 

13. 

14. 

- 15 

16. 


I 7 


} 


2 / \ 2 
(d + b)(a — b)= a s — b s 
(a + &)* *=* « s 4- Za% + 3a &* 4* Z> 3 
*=a*-bb*+3ab(a + b) ; 

«s ^ js « + 6)s — 3« + J) . 

(a - b) 3 =«*— 3a*h 4- 3«&* - 6 s 
*=a B — 6 s — 2db{a—b) ; 
c 2 — J®=(« — &) s 3 ab[a — 5) 

(a + &)(a 2 - «& + & 2 ) = a 3 + 6 s . t/ 

7. (a - &)(a 5 + a& + & 2 ) ^ a s - 5*.^ 

8. (x+«)(a:+5)=a^+(o+6)r4-B6 
(.r 4- o)(* - 6) =? * 2 + (a - &)£ -> a&. 

(»- a)(a? + b) ■= « 2 - (a - b)x- ab 
[x — a)(x - 6) *= x 1 - (a 4- b)x 4 - ab 
(ax+ b)(cx+ d) — acx 2 +{bc+ad)i + bd 
(x+a)(x+ &)(«+ c) =■ x 3 + (a + b 4 c) x 2 4- (be +ca + ab)x+abe. 
(x-a)(x-b)(x—c)**a?-(a+b+c)x 2 +(bc + ca+ab)x-dbc 
(ft 4 - b 4- c)(« 2 4- & 2 4- e 2 - le - co — ab) ® a s 4- 6* + e 3 - 3«&c > 
(«T&4*<0 2t =a*4-& ! +c 2 4-2&c4-2ca4-2a&. \j\ 

(6-c)4-(c-a)4-(c-&)=0 ; * 

• (i(b-6) + b(c-a)+c(a — b)*=Q , 

.(& 2 - c®)4 '(c*— «*) 4- {a 2 -& 2 )=0 
f a*(& - c) 4- & 2 (c - a) 4- c 2 (« - b ) 

6c(& - c) 4- cct(e - a) 4- «6(a - 6) 

- a(b 3 - c 2 ) - &(e 2 - ct 2 ) - c(o 2 - £ 2 ) j 
(a 2 4- a& 4- & 2 )(« 2 -ab + & 2 ) = « 4 4-b 2 & 2 4- &*. 


J ; 


(b- c)(c -«)(»-&) 


18 


*118 Substitution. We shall in the pi esent aTtide draw the 
attention of the student to the fact, which he has perhaps already 
noticed, that each letter m a formula may stand for a single letter as 
well as for an expression Hence from a result already established, we 
can deduce new results , by substituting for its letters other letters or 

8 — B. 1. 
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expression 1 ! Thus the principle of tub'tWutton 1 * a ion important 
element in tlie Science of Algebra an 4 gi\e-. to algebraical results an 
immense scope for development The truth of this remark will be 
“■eon from the following illustrations 
In Formula I, put 2 r—y—« and y = & , thin. we get 
{(2t -y) + y } ! = (2r -y) 3 + 2(2x - y)y + y 5 ; 
therefore (2x-y) 3 +2(2.i -y)y 4-y 8 ^ {(2r-y) +y} , **(Sr) , "»4* 1 
-Again in the same formula, put x-i y = « and i—y^b , thus we ha\e 
{{' +y)+(x-y)}*“(-«:+y; 3 + 2(x-{-y)(a-y) + (x-y) 5 , 
(x+y)*+2(r+y)(a -^) + (x-y) s *=|{j- + y) + (r-y)} s 

= (2x) 8 = 4x 3 

By tho same substitutions, wo haic from Formula II 

{(%+y)-(r-ij)} t =(t+y J 3 -2(x+ij)ix-y)+lv-y)- , 
thus (x + y ) ! - 2( r + y)(;r -y) + (x -y)* •= { (r + y) - (x -y ) } * 

“{2y) s “4y* 

Again put ar + by — ce=/l, at— h/+C' = B , thus from Formula III 
we get {(ax+f>y-c.) + («x-&y+rs)}{(rtr+&//-e-)-(«r-iy + <;»)} 

= («r+&y — c?/ a ~(nx — by+rz) 1 , 

or ( ax+bi/-ct)--(ai -&y+c:; 5 = 2axx2(iy-M)>=4ni(f>y-c ) 

By tlie same substitutions again, we lias e from Formula IV 

{(ax+5y-es) + («i - Jy-f c:)} s = (m> +7;y- «)* + («.> -6z/ + e:/ > 
+Z[ax+by-cz'(ax-by+ci)[(ax + by-cz) + {ar-bv + c .)} ; 
thus (aa+6y — e?) 3 + (ax — 6y+e.)* + Gnr{a , T*~(&y — c;) t } 

**(2av)*=8a*t* 

And so on 


Examples 

Simplify 

1 (x — 2a) 8 4-4a(x — 2«) + 4a 3 3 (a + l)*-G(a s -l)+0(« - 1)“- 

3 (a— x) a + 6a(a 3 -«*)+(« +x) 8 

4 8(r-y) s -(x— ByX-Gr^x-yXr — 2y). 

6 (a + fe+c) 3 — 2{(« + 6) 8 — c 3 }+(ci + 5-c)* 

0 (x-y) s -(x-y)(x-s) + (r-c)* 

7 (3x + 5) s — 3 X 5x(3 r + 5)(2 r — "i) + (2x — r ») 3 
Prove that 

8 (« + 7>) 8 +2(a + 7.)c4-c 2 =o B + 2a(6 + c)+(6 + cr 

9 (a- 5) s - 2(« - b)o + c 8 = o s - 2a(b -f cj+(7» + c) 3 
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Prove that 

10 a 5 - 3a 2 (6 - c) + 3f/(6 - cf- - (6- ef 

*=(«-6) , +3(<*-&) 2 c+3(a- &)e 2 + c 8 
1L p ! + 3a 2 (6 - c) -}-3a(6 - c) 2 + (6 - c) s 

= (a + 6) s - 3[a + 6) 2 c + 3{« 4- 6)e 2 — c’ 

12. (a +5 4- 2c) 8 - (6+ c) 3 - (c + «/ s - 3(5 + c)(c + «)(« + b 4- 2c) 

13. (« - 6) 8 - (6 - c) 8 - (rt - 26 + c) 8 =3(n - 6;(6 - «)(« - 26 + c). 

14 (a+b-c -'</) t *=(« + 6 + c-r^) s — 4(a+6)(c 4-tf) 

15 (« + 6j 2 + (c + ci!) 2 = (« + 6 4- r + df - 2(« + 6)(c + d) 

Multiply 

16 (a + l) 2 +2(a+'l)4-l by a 2 -4a 1-4 

17 (a + 6, a -*2{«+6)6+6 2 b} («+6) a + 2(« + 6)6 + 6 2 
16. fa+6) 2 — (<*+6)4-1 bv a +6 + 1. 

19. (r^Ztf+l) — 3y(ar+l) + 0y 2 b> r + 3y+l 
20 (4a 2 —4a6+6 2 ) + (2a-6)(«+6}+(cr+6) 3 bv a-26 

21. (a-6) 2 — («-6)(c— d)+{c-df by <t -6+c-tf. 

Simplify 

22 (r+l)(v+2)~(i-l)(r-2) 23 a'a+b)(a+c)-b K a + c)(a-r) 

24 (r4-l)(/-_.2)+(r4'2X«-3j~2(a + 3)(r-4) 

25 f r+ 2)(a?~ 3)— (ar— iy-» -2Kr + 3) 

2C i« + 6j 2 — (a + 6X«-6) — («{26 — t'}-6(2a-6)} 

27. (i.(.r+tt)-a(;r-«)}{;>(r-rt) -«(*+«}} 

2 8 { a{t +y)+6(r-y)}{ i{ (r -y)- 6 (j- +y) } 

2^. (3i.+y)(3^-^)+(3y +2«)(3y -2*)+(2;-3^)(2 s+ 3 a ) 

30 (a + 6 + cX6+c-a) + (c+a — 6;(a + 6— c), 

31 (/-+x y + ify^x+y) - nj + if-)[x - if) 

Shew that 

32 (x J -t/f-2(z+y)i/ + 2y*=r‘+y :i 

33 (1 +«*}(! + 6 s ) - (l-«6i 2 -(« + bf. 

34 (v + 36) 2 + Z(<> - bf = (a - 36) 2 + 3(« + 6) 2 . 

35 ftf+2)(6 + 2)4-2(«-lX6-l)=(ti-2)(6-2)+2(« + l){6 + l; 

36 (2r+l> 2 +(i+2) , =U-2)*+44«+3)+l 
37. ix - 6 ) 2 + {% + 1 ) 2 + 2 a (* - 1 ) - (2* - 3 y 2 + 28. 

38 3x 2 + (*+l ) 2 + 2* - # 2 = (2*+?/ + 1)(2 a - y + 1). 

39. (2a - 36) 2 + 3 (« + bf - 10 (« + 6)5 - 45 2 =3«(3a - 46) 
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Piove that 

40 (a+5) 2 +(5+c) 2 +(c + a) 2 =2(a 2 +& 2 +c 2 +Z>c+<!(*+o5) 

41 (a-6) 2 -H5-c) 2 +(c- a) 2 = 2(a 2 +& 2 +c 2 - 5c- ca-a&) 

42 (a - If - (5 - o)[c - a ) = (5 - cf - (c - a){a - b) 

— (o - a) 2 - (a - l){b - c). 

43 (b-c)(c-a)+(c-a){a-b)+(a-b)(b-c) 

=5e+ca+ab— a 2 — 5 s — c 2 

Simplify 

44. (a+5+c){(5-c) 2 ~(e-a)(a-5)} 

46. (a + & + fl){(a-5) 2 +(a-b)(e-a) + (e-a) 2 } 

46 (a + & + c){ (5 - c)( c - a) + (c - a )(a - 6) + (a - 6)(& - c ) } 

Piove that 

47 (a +y) 2 + (y + zf + (s + xf + (a. - y) 2 + (y - s) a + (s - a) 2 

=4(a 3 +y 2 +s 2 ).. 

48 ( a +y) 2 + (y + s) 2 + (a + a) 2 - (a -y) 2 - (y - e) 2 - (c-a) 3 

=4(ys+sa+.iy) 

49. (a +y)(a + 2 ) - a 2 = (y + s)(y + a) - y 2 = (s + a)(= +y) - e 2 
50 (y + s) 2 + (e +a) 2 + (a+y) 2 — a 2 — y 2 - s 2 = (a+y + z) 3 . 

61 (&+c)(6+c-a)+(c+a)(c+a-5)+(a+ 6)(a+6-c) 

=2(a 2 +5 2 +c s ) 

52 (b-c)(6+a-<0 + (e-a)(e+a-5) + (a-5)(a+5-c)=0 
Simplify 

63 (a + &) 2 (& + c - a)(c + a - b ) + (a - 6) 2 (a + b + c)(a + b - c). 

64 (6 - c)(c - «)(« - 6) - {a 5 (c - 6) - [c 2 (a - b) - &’(c + a)]} 

Shew that 

66. (a + &) 2 (a 2 + 2a5 — & 2 ) + (6 + c) 2 ( 5" + 2&c — c 2 ) + (c + a) 2 (c 2 + 2ca — a 2 ) 

= 4a 2 6(a + 5) + 46^0(6 + o) + 4c 2 a(c + a) . 
66 (b - c)(& + c) 2 + (c - a)(e + a) 2 + (a - b)(a + bf 

= 2&c(6 2 — c 2 ) + 2ca(c 2 — a 2 ) +2ab(a 2 — 5 2 ), 

57. (6 — c)(a 2 + b- + c 2 + be ) + (c — a) (6 2 + c- + a 2 + ca) 

+ (o — &)! c 3 + a 2 + 6 3 + a&) = — (6 — c)(c — a)(a — 5) 

58. (1 - aa+a 2 )(l - ay + a 2 ) - (1 - a 2 ) 2 =a 2 (ay +4) - a(l + a 2 )(a+y) 

69. (a+5) 2 +(6+c)*+(c+a) 2 +2(a+ b)(b +c)+ 2(5 +c){c+a ) 

+ 2(c„+ a)(a + 5) = 4(a + b + c) 2 , 

60 (2x— y) 2 +(2y - c) 2 + (2c - a) 2 + 2 (2a - y)(2y -z)+ 2(2y - s)(2s - a) 

+ 2(2s - a)(2a-y)=(a+y+c) 2 . 
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Shew that 

01. 4(#4-y +s) ? = {y 4 * &f 4* (a + v)- + (v+yf +2(y+s)(z+ x) 

4- 2[z 4- x){t + y) + 2(x+y)(y 4- s) 

02 8(x 4 -y 4-2) s = (a 4- 2 y) a 4- (x 4-2s) s +6(v+ 2 y)(v +2z)(x+y 4- s) 

03. 8(®4-y4-s) s “(«4-y) s 4-(«4-y4-2i:) 3 4-6(a.4-y)(v4-^4-2)(®4-^4-2s) 
04 (6 - o)%b + g - 2a) 4- (fi - a)\c 4- a - 25) 4- (a - b)\a + b-2c) 

= (2a — b — <j)(25 — o — a)(2c — a — b). 

65 a(b - c)(l 4- ab)( 1 4- ac ) 4* 5(c - a)(l 4- 5c)( 1 4- 5a) 

. 4-c(a— 6)(l4-ca)(l4-c5)« — a5c(& — c)(c — a)(a— 5)* 

00 Given a+b~m and a 8 +5 s = m s , find ab m teims of m and n. 

07 Given q—a and p 3 — q 3 = 5 s , find pq in terms of a and b. 

68 If x—y—m, shew that ^ s =}n 3 + 3m.1n/4-y s . 

09 If x+y—2 ma, xy^mPa 3 — n 2 5 2 , shew that # 8 4-y 8 

. = 2m , a 8 + 6mn 3 ab 2 ' 

70 If x+y~2a and x-y—2b, find x s +y 3 m terms of a and b. 

71. If x—y=p and ry =■ qr, find v+y and v? —y 3 in terms of 

p, q and r 

72. If v+y—a and xy=b s , express %—y and a?+y 3 m terms of 

a and b 

73. If a — b— —6 and a&=»91, find the value of a 3 + 5 3 

74 If a4-5=26 and a&=165, find the value of a 3 — & 8 

75 If x-y-=2 and -c 3 — t/ s = 14, find the value of x 3 ~xy+y 3 
70. If x-t-y = 1 and x 3 +y 3 = > 7, find the value of x 3 + vy+y 3 . 

Multiplication toy employing Brackets Much of 
the labour of multiplication is often saved, and the work neatly 
performed by arranging the multiplicand and multiplier according 
to the powers some one letter (called the symbol of reference). 

Examples 

Ex. 1 Multiply 5c + ea4-«5 by a + &4-c 
Arrange multiplicand and multiplier in poweis of a 
a(54-c)4-5c 
a4-(5-t-c) 
a 3 (&4-c)4-a5c 

, 4- a(5 4- c) 2 4- 5c(5 + c) 

«*(5 + e)+ a(5 2 4- c 3 + 35c) + 5c(5 + c) 

= a 2 6 4- a5 s 4- 5 2 c+ 5c 2 + e-a 4- ea? 4- 3a5c 
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Ex 2. Multiply r 2 + ax- bx- ab bi tr-a + 6 
Here consider x as the symbol of reference 

3?+{a- b)v-ab 

x — la — b) 

't?+(a — b)x t —abx 
-(a — b)x- — (a -_6) 2 «+ a6fo — 5) 
r? — (a 2 — a& + 6*)r+a&(ci — 6) 

Ex 3 Multiply +y 2 +r+^ + l b> a+y-l [Ex 8, §88, (in)] 
Heie considei z as the sjmbol of reference 

r- - (y - 1)® + (y 2 + y + 1) 

r +fy-l) 

r 3 - (y - 1 )x i +(y- +y + 1)* 

+ (y - 1 )j? - (y 2 - 2y + 1)3 4- (y 3 - 1) 
r 3 +3yx + (y*-l) 

= r s +y 5 +Say — 1 


Ex 4 Multiply ar + bc~ca- ab by b° -c-~ca + ab 
Consider a as the symbol of leference 

a 2 — a(l» + c) + Z>c 

a(6-c)4-(6 2 — c-) 

a*[b-c)- «=(&* - c s ) +abc{b - c) 

+ a*( 6 2 - c 3 ) - o' 6 + c); 6 * - c s ) + 6 c (& 2 - c *) 

« 3 {&-c) -a( 6 -c){({i-t-c) ,, - 6 c} + & 3 c-&c s 

=a 3 ( 6 -c) - 1 »( 6 3 - o' 1 ) +b*c-bc*. 

Find the product of 

5 x- + ax + bz+ab and x-c 

6 az*+ax + bx + a and 3-1 

7 « s + 6 c+ctt + a 6 and a— b+c 

8 ar — ax — bx+ab and 3+a — b 

9. (o s — a + l)r ! +(a-l) 3 J + l and (a + l) 3 -l. 

10 ( 3 -l)<i s -< 3 --l)a + 3 and (r 5 + 3 + l)a— ( 3 + 1 ) 

11 a*+ 6 s + c s + 6 c — ca+ab and a-b+c 

12 3?-xy+y*-2x+y + l and i+y -1 

13 « 3 -(m-l)«*+(m + l)a— 2 and (m + l)a 2 +«-m 
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Find fehe product of 

14 (a“+ab+b 2 )v t -(.(i'i-b)x — cib and (a — &)# s +2t — 1. 

15 2«®— (a+b)i?+abv— a+b and (a — b)%” + abi:+a + b. 

16 bc{b —c) + ca(c — a) + ab[a — b) and be + ca + ab 

* 1195 Division by employing Brackets The laboiu of 
division is considerably shortened and the operation much neatly 
performed by arranging the dividend and divisor according to the 
powers of some one letter (called the symbol of reference). 

Examples 

Ex 1 Divide a' i -ab--b 2 c+bc i +c i a+2ca--{-abc 

by a-+bc+ca+ab 

Arrange dividend and divisor in powers of a. 
a- + a(b + c) + bc'ja 3 + 2 a-c — alb* — be — c 2 ) — bc(b — c)Qi — (b — c) 
a 3 + a 2 (b + c)+abc 

- a-{b — c)~ cs(6 s - c-) - bc{b - c) 

— a-(b~c)— g(&* - c 2 ) - bc(b - c) . 

Ex. 2 Divide a; 3 +y 3 +3ay- 1 by t+y-l [Ex 25, § 95] 

Arrange dividend aud divisor according to the descending powers 
of r 

I' + fy-l) )r 3 +3#y+(y 3 -l) ^ 2 -(y~l)r+(y 2 +y+l) 

' r3 +(y — 1)^ 

— iy — l)a 2 + 3 vy 

— (y - l)a 2 — (y — 1 )- x 

(y*+y+ i;'c+(y s -l) 
(y 2 +y-H)v+(y 2 -l) . 

Ex 3 Divide (a-b)ip-{x—b)a 3 +( i x—a)b' 3 by r 2 — («+&)a+a& 
Consider x as the symbol of reference 

- (a 4- b)x + «&) {a - b)a? - (a* - + ab(a z - b-) f (a - b)v + (a* - b z ) 

(a - b)% 3 - (a 1 - b^+abja - b)x 

(a 8 - 6 V - (« + b)(a s - b*)x*+ab(a 2 - b*) 
(a? - b-y- - (a +b)(a°— &)x+ ab{a?- P) 
[*since -{a 3 —b r, +ab{a-b)} = — (a -&)(«+ 6) 2 = — (a+&)(ct s — 6 8 )] 

Ex. 4 Divide (t 3 — lja 3 — (a^-ri; 2 — 2)a 8 -h(4:c 2 +3r+2)a— 3(#+l) 
by (r— l)a 2 — (t— l)«+3 
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Here take a as the symbol of reference 
(a;-l)a 2 -(a:-l)a+3) 

(a£— l)a 3 — (a? -fa; 2 — 2)a 2 + (4a: 2 + 3v + 2)a — 3(r + 1)£ (a^ + A + 1 )« — (a + 1) 
( a? - l)a 3 - (a? - l)a 2 (3 a; 2 -t- 3 a: + 3)g 

— (r* - 1 )a s + (a^ - 1)« - 3(a:+ 1) 

— (a; 2 — l)g 2 -t-(r a -l)g — 3fr+l) 

Divide 

5. a* + 6 s — 3a 2 + 3a — 1 by a + 6 — 1 
0 a s +6 3 (2a + 6)+«6(2a + e) -e 8 by a + b — c 

7 a?— a 2 (a; — 5)+(o — b)bx— a& 2 by (a.+o)(a? — 6) 

8 a 8 (6+e)+6 s (e + a)+c , (a + 6) + a&c(a + 6+c) by bc + ca+ab 
9. a£ — (a + 6+c)»*+(oZ»+ae + 6c)a:-a6c by (?— a)[x-b). 

10 a\b - c) + b\c - a ) + e s (a - 5) by a 2 ( b - o) + 6 s (c ~a)+ c 2 (ck— b) 

11 a:* + (l -a-6)a, 3 -26a;-a s + & 2 by x-a-b £ 

12 b~c\b — c)+ c 2 a 3 (c — a) + a s 6 2 (« — 6) by 6c + ca + «6 

13 a* — (a? — y — c)a ! — fa/ — s)ax +yz by o a ax +y 

14 x 3 — 2aa^+(a 2 -a6-6 a }a:+a s 64-a6 1! by (a;— a)(a:+6) 

15 x 3 +(4ab-b 3 )x-{a-2b)la 3 +ZP) by r-a+26 [Ex. 73, § 95] 

10 (a® - l)a? + (2a 2 + a)x 2 + 2a® + 1 by (a - l)a: + 1 

17 a 8 +5 s + c s — 3a6c by a + 6 + c 

18 1 + a; 3 — 8y 9 + 6xy by l+a?-2y [Ex 50, § 95] 

19 (a+6)(a:+yX«a;+6y)-6i;-ay-l by aa; + 6y-l[Ex 79, § 95] 

20 a; 1 -a 4 +2aa?+2na 3 a:-(n 3 — l)a 3 a? by a: 8 +a 2 — (ti— l)aa: 

[Ex. 74, § 95] 

21 x(x- l)a s +(T s + 2a:-2)a s + (3a: 2 - t?)a — v i by a s a:+2a— a£ 

22 s?{a + 1) - xy(x—y)(a + 6) -y s (6 - 1) by x(a + 1) ~y(6 - 1). 

28 s (2a: —y) 2 a 4 — (x +yfa 3 x" + Z(x +y)av i — %° 

by (2x-y)a s -(x+y)ar+x s 


CHAPTER IX. 

Resolution of Expressions into Factors 

120 Composition and Resolution of Algebraic Hxpres 
sions From Chapter VI, it is seen that a product is composed 
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of two or more factors, •and may, therefore, he called a Composition 
or Compound of elements, which are its component factors. When 
these dements or elementary factor *, as they are called, have to he 
found out, we decompote or reiohe the product The process by 
which the component factors are found is called the Resolution of 
Expressions into Factors. Hence Multiplication and Resolution 
are two ini eree processes 

It is to he pointed out here that we cannot resolve into factors 
any expression* that we may come across Indeed it is beyond the 
range of this work to resolve into factors expressions of a degree 
higher than the second We shall therefore give a systematic 
method of resolving Quadratics i e , expressions of the form ass+bi -i-c 
[§ 128], and confine our attention, in the case of expressions of a 
higher degree, to those only that can be resolved h> comparing them 
"ie Formulae given in the preceding Chapter 

etors of Expressions of the form an+bn +cit+ 
l 77, Cor we have an-*-bn + cn-i- . =n(a-i-b+c4- ...) 
ssions of the given form are resolved by taking out the 
ion to all the termt s and enclosing the rest in a brae! et. 

Examples. 



Ex. 1 Resolve 2ax+3xy into factors 
Given expression =x(2a+3y) j *. required factors are x and 2 a+Zy. 

Ex 2 Resolve xy+yz —y i into factors 
Given expression =y(x+ z -y) , the factors ar ey and v-*-z-y. 

Ex 3. Resolve Ga^x 1 —Qa-aP+lSobry into factors 
Given expression=3K<2(7, s x-3az+56f/> ; .* &c 

Resolve into factors 

4 ab+ax 6 m+mx 6. 3^ — lors, 7. a s b+ab". 

8 ab-bc+abc 9. 8a-—6ab-4ac 10 20pq—15p s r+55rp. 

1L Zafb-ZabK 12 2a i b i +3ab 13 I2p*q-3pq-. 

14 8ar s — 10 ms?. IS 18wi s — Gm 5 n 16. 3zfy+xy+2xy- 

17 4a 3 b-16a*b + 20ab s . 18. 2^y 3 -3rx i y+2rxyK 

19 Gsry-n^+U^g 5 . 20. 81afy*+63 sty 5 

21. 24jn 4 £°3 s - 42m®sty 22. 7o s ty+14a 2 tty — 2la s xy* 


* In this Chapter, “expression” means a “ rational and integral expre s 
sion, ’ that is, one which is free from radical signs, and 'in which ‘th e 
symbol of reference does not occur in the denominator of any term 
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Es 23 ResoHe «(-c-f l)+2(tH 1) into factors 
Here x+ 1 is the common factor, pnt it=m , thus 
given expression = ma + 2m=fn(rt + 2)=(r+l)(a + 2) 

jfix 24 Resolve a 3 .v+al 2 r + a-b‘>/ + V*y into factors 
On en expression = (a?x + ab-x) + (a , by+b f y) 

= a i(« 2 + V) + hy(a? + &*) = (a- + tf)(ax + by) 

The same result also may be obtained by a suitable rearrangement 
and grouping of the terms , thus 

given expression =a*i + a i by + ab-x + Py—( a'x + a z by) 4- (ab-x + b'y) 
= a*(ax + by) + J*(fl i + by)*=(av+ by)(a- + Z» s ) 

Resolve into factors 


25 ab + bc + cd+ad 20 m s +«i + n + »nn 

27 ax + a + % + 1 28 2ax-4ay~bv + &Rm 

29 \-x~y+ry. 3*J n ! — nl> - «c + 6c 

31 i*-mx — my + ry 32 n* + o s + o + l VI 

38 1— v+xr — z? 34 f 3 q — cfh+fqh — ^^M 

36, «&+frc+a 2 c + a&e 2 36 acx 3 — bex-adx+beN 

37 abq — bcq 3 +acq — a 2 38 ryt i —T?s-ip l z+’i i y* 

39 (a + b)x-(a + b)y+(a+b)z 

40 5(p — q)mp + \Q[p - q)mq - 25(p - q)m a 

> Ex 41 Resolve 4ni 4 «-6m 8 n s +4m 2 n s — 6m» 4 into factors 
Gnen expression ** 2mn(2m z - Zm-n + 2»m 3 — 3n a ) , 
and the expression witlun the biachet 

- (2wi s - 3w»*») + (2 mnr - 3n 3 ) 

= m-(2m - in) + «\2m - 3n) 

= (2m - Zn)(m- + n 5 ) , 
given expression =2»tn(2m - 3n)(m 2 +n‘ i ) 

Resolve into factors 

42 xys + bxz+evy + bex 43 a s &+3a&-4a 8 - 12a 

44 m a iy — irdy 1 - m i 'ir + mry 46 8m 3 n" — 24fn' J np — 16mn s ±48mn-p 

46 4a*gft - 2a”cfq - 8a-bfh + 4dbc{- 

Ex 47 Resolve be + a[a+b + c) into factors 
Gn en expressi on = be + a 2 + ab + ae = (a 2 + ah) + (ac + be) 

= a(a + 5) + c(a + h) = {n + 5)(a+ c ) 
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Resolve into factors 
48 a(«-a-6)+a& 

50 fl6 + c{a-&(6+c)} 
62 ar 2 +(ac — b)v— be 


49. a(a,+mff-l)-ffl(f. 
61. «6( X — c*) + c(& a — a 2 ) 
53. a? ~aq(b + c)+ beq 8 


L 


183 Factors of Expressions of the form a 2 +2a&-*-& 2 
or or — 2ot&+6 2 We know that 

a 2 +2a& + & 2 =(a+&) 2 and a 2 — 2ab+b 2 =(a — b)\ 

1 Examples. 

v 

Ex 1 Resolve r a +4Ay-»-4y 2 into factors 
Given expiession=A' i +2(a;;(2y)+(2y) 2 =(i?+2y) 2 , 
lequired facfcois are »+2yand & + 2 y 
e by the method of § 121 — 

+ 4?/* = a 2 + 2 ry + 2ay + Ay 3 — (x l +%vy) + $vy + Ay 1 ) 

= a( v + 2#) + 2y(a + 2y ) = ( % + 2y)( « + 2y) 

Resolve 4a 2 — Aab +& 2 into factors 
expression = (2a) 2 — 2(2a)(&) + b z = (2a — &) s 
Ex 3 Resolve 457R 4 ±30»i’ , «+5j» 2 n 2 into factors 
Given expies>sion = 5m 2 (9»i 2 ±6Jn» + tt 2 ) = 5»i :! (3»i±ra) 2 , &c 

Resolve into component factois 

4 l+2a+a 2 6 9 j; 2 -6v+ 1 6. 9a s +30aH+25a« 2 . 

7. 16a 4 — 8a 2 &+J 2 8 3S* 3 ,y 2 -12ry+l. 9. 36aH 2 - 48a 8 a + 16a 2 

10 25a 2 'V i +20abay 2 +4& s y 4 11 3 i?y — 18 v"y" + 27 •n/ 8 

12 4a 3 +28a+49 13. p 4 - 20y 2 + 100 14. 169m 2 + 52m +4. 

Ex 15 Resolve (a+6) 2 +2(a+&)c+c 2 into factors 
Here put a + b=>x, thus the given expression 

= a 2 + 2&c + c 2 = (.», + c) 2 = (a + 5 + c ) 2 . 

Ex. 16 Resolve v^—Zty+y^+x—y into factors 
Given expression = (a 2 — 2vy +y 2 )+(f —y) 

=(«-y) s +(a?-y) 

=(*-y)(«-y+l)L§ 121] 

Ex 17 Resolve 4mp a + 4m a p+m 8 — 2mp -m s into factors 
Given expression =(4mp 2 +4m 2 /H-m 8 ) — (2mp+m 2 ) 

— m(4p 2 + 4mp + m 2 ) — m(2p + m) 

. ‘ —m{1p + m) a — m(2p + m) 

= m(2p +m)(2p+m - 1) [§ 121] 
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Ex 18. Resolve (x + 2 y) a - 2(t + 2y){v + «) + («+ ?) 2 into factors 
Put a? +2 y=a and x-bz=l , thus the given expression 
=a 3 — 2a&+& 3 = (a - b) a ‘={(x+2y)—(x+e)} s 
=(x+2y-x-s) s =(2y~s) a 
Resolve into component factors 

19 (2x+i/) 3 -2(2x+yk + 3 3 20 a s +2(av-ay)+(v-y) s 

21 4ira s +4m+4(2m+l)g + 4g 3 + l 

22 (2a+3b) s x 3 -(4a + 6b)xy+y a 23 1 -2v+x a -a + ctx 

24 « 2 a 3 — 2ary — ax+y a +y 25 2a3? + 6a^y+Zaxy a — o-r 2 — <txy. 
26 16aV-8« 2 &**+&V-4a s + & 27 a 3 +6 3 +2(&c + «* + <»&). 

28 (a+5) 3 + 2(a + 6)(a - 6) + (a - 6) s 

29 (p+$) s -2(p+g)(»--s)+(r-«) 2 

30 (ax+l) a +2{a+x)(av + l) + (a+a;) 3 
*3 1 (x+y+s) a — 2(x+y + s)z+z a 

123 Factors of Expressions of the form a- 
have seen [§ 102] how expressions of this form can b< 

We shall here give a few more examples 

Examples 

Ex 1 Resolve 32a a 6 s — 18a6a: 2 into factors. 

Given expiession=2a5(16a 3 & 3 —9x a )*=2ab{ (4ab) a — (3r) : 

— 2ab(4ab + 3x)(4ab — 3x) 

Ex. 2 Find the value of 671 x 571 - 429 x 429 
Reqd value=(57l) 3 -(429) 3 = (571+429)(571 -429) 

= 1000x142 = 142000 ’ 

A1 " 

Ex 3 Find the square of 839 ’ ' 

Now (839, 2 =(839) 2 -(39)*+(39)* 

= (830 + 39)(839 - 39) + (39) a 
= 878 x 800 + (39) 2 =702400 + (39) 2 , 
and (39) 8 •= (39) s -1 + 1 = (39 + 1)(39 - 1)+ 1 

=40x38 + 1 = 1521 

required squaie = 702400 + 1521 = 703921 
Ex. 4 Find the square of 875 
Now (876) 2 =(875) 3 -(25) 3 +(25^ 

-= (875 + 25)(875 - 25) + 625 
=900x850+625 = 765625 
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Resolve into factors 


5 

4a 4 — 6 4 . 

6 

36a° —a 4 . 

7. 

25a 8 -96“. 

8. 

m 4 — 18 

9 

16a 4 - 1. 

10. 

1-a 8 . 

11. 

a 8 — a 8 

12 

a; u — a 10 . 

13 

x z - 4a/ 

14 

50a 8 -2a 

15. 

3-48aV 

16 

32m 2 n 2 — 2. 

17. 

3a 8 — 3a# 2 . 

18 

20a s a ? -5a6 2 a;. 

19 

50i: 8 — 32a/, 

20. 

3a; — 12-c 8 . 

21. 

50a 4 62's2_8a a a 4 y2. 22. 

81a B - 16a/. 

23. 

3 a 8 — $a/. 

24. 

2a s ~Jaa.’ 4 

26 

162a B 6 2 — 32a 8 6°. 


Find the value of 

1 26. (354) 2 -(254) 2 . 27 (879) 2 -(121) 8 . 28 (487) a -(394) s . 

1 29. (9728)2 -(9727)2. 30 (5218) 2 -(48S2)2. 31 (64)*. 

! 32 (85)2 33 (145 ) 2 34. (193) 2 

36 (989)2. 37 (9999) 2 . 


ye into factors 

-s 2 39. m 2 -(2n+qf 40 9y 2 -4(26-3»)V 

4yf-l. 42 4a 2 -9(6-3c)V 43 16-9(5e+6«) 2 . 

5y)2— 1 46. v/25(3a + 6) 2 — 4m 2 46 25/ - 4(3g - 1) 4 

2yf-Qz\ 48. 4^-my) a -81^/.49. (5r-5s) a ~25* 8 

50 -(a+6)2-(c+d) 2 51 (3a; — 2y) 2 — (1 + 2s) 2 . 

52.^ (3a; +8)2 -(3a; -8)2 63 (3a-56) 2 -(3a + 56) 2 

54 (7a - 66) 2 — (6a — 76) 2 55 (3aa;+6y) 2 — (36y— ax) 2 

56. (a 2 — a6+6 2 ) 2 — (a 2 — a6 — 6 3 ) 2 67 (a 2 — av+x i ) i -{u?+ at 

68. (2a + 5 — 3c) 2 — (a — 36 + 2c) 3 59 (a -26 -4c) 2 -(3a + 26+ 6c) 2 . 

60. ('c 2 ‘+xyf-(xy-ky 2 )\ 01 (l+j,y) J -(v+y) s 

62. (a; 2 +/) a — a?(a;-y)2. _ 63. (mx+y) 2 - (x+myf 

64 (pr-qs^-ips-qr)* 65, (a,+a) 4 -(r-a) 4 . 

86 (ax + 6y) 4 — (6a; - ay) 4 . v" 67. (x 2 -z 2 ) 2 -y\2x+y) 2 . 

Ex 68. Resolve 4 6 2 c 2 — (6 s + c 2 — a 2 )2 mto factors 
Given expression = (26c) 2 — (6 2 + c 2 - a 2 ) 2 

= (26o + 6 2 + c 2 - a s )(26c - 6 2 - c 8 +^2) 

={(6 + c)2-a2}{a2-(6-c)2} 

=(64 c+a)(6 + c — a)(a + 6-c)(a — 6+c) 

=(o + 6 + c)(6+c-a)(c+a-6Xa+6-c). 

69 (a 2 +6 2 -c 2 )2-4a s 6 2 . 70 4a2 c 3_( a 2_&2 +( ,2}2 

71. (6 2 + c 2 ) 8 — (6 2 — c 2 j2 _ (a 2 — 6 2 — c 2 ) 2 , > 

72 4(a<f + 6c)2 — (a 3 — 6 2 — c 2 + cf 2 ) 2 


i 

j 


63 (3a -56)2 -(3a + 56)2 

56 (3aa; + by) 2 —(Shy— ax) 2 
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184 Factors of expressions winch can bo put into the 
form «*— 6* These expressions when expiessed as the diitereme 
of two squares are resolved as m ^123 

Ex 1 Resolve i 2 + 2a* + a 2 — 1 into factors 
Given expression “.(r'+Sa* + « 2 )-l 

=>('r + o) 2 -l“(*+«+ n(-> +« - 1) 

Ex 2 Resolve r 2 +y 2 — s s — 4i 2 + 2(h/ + sk) mto factois 
Given expiession >=>(r 2 + 2.«/ + y°) - 's* - 2 sm + u 1 ) 

• “(*+y) 2 ~(£-w) s 

“<(i+y}+(’-M)}{(r+y)-'x-«)} 

= (i + y + s-u)(<. + »/-® + «) 


Re3ol\einto factor 


3 

4« s - 4a6 + 6* - r a 

4 

l-2y+y 2 -s 2 

5 

1 +2flx+« 2 r s — i 2 

6 

1 — a 3 — 6 s — 2«& 

7 

i^-y 2 +2ix + 2 2 

8 

4p 2 — ipq-A + q- 

9 

n 2 -; 2 - )/ 2 4-2y: 

10 

2a* - a 2 * 2 + try- - 1 

11 

d 2 + If 2 “ 4a 2 — Ged 

12 

<b--25y 2 -G4-S0j 

13 

* 4 - (p 2 + 2 )r V + y * [Bom 

, 18SS], 

14 

a 2 * 4 + (2«6 — c*)j y 2 + b 2 y* 

15 

r ~ — !/ 1 + 2( r - 2y ) - 3 

16 

(a 2 —b 2 )[v 2 -y 2 ) +4abvy 

17 

a 2 + 4a* +4 1 2 — y 2 — 6y — 0 

18. 

<? +y 2 — s 2 + 2 xy — 2c - 1 

19. 

2(a6+^y)+/s 2 + ii 2 — x-—y- 

20 

a 2 + b- — c 2 — d 1 — 2(«6 — cd) 

21 

4 a 2 - 1 2 - 9 c 2 + d 3 4- 2(2ad - 

VS 2 

V s + 2 xy » — xy 2 — rj 2 




Ex 23 Reaolie r‘+4y 4 into Factois 
Given expiession — (t 4 + 4 j 5 3 ^/ 2 + 4p 4 ) - 4 i-y- 
= (r 2 +2y s ) 2 -(2iy) 2 

- { (A 2 + 2y*) + 2 ry } { ( *2 + 2y a ) - 2 xy ) } 

- (?'- + 2 xy + 2y'-))[ * - 2 ty + 2y s ) 

Olherwne thus —Since a- + 6 2 = (a + l) 2 - 2al> [§ 1 01], 
Me have x i + 4y* = (r 5 ) 2 + (2t/ 2 ) 2 

= 0 a +2y s ) 9 -2(r 3 )(2v) 

= (* 3 +2y 2 ) 2 -<2;ry) 2 
= (t 2 +2r?/ 4-2?/ 8 )(t 9 -2r# + 2y ? ) 



ov * Via *«t ><* iAv*tf»>P 


mi 


JlX 2i R<<V*»* sM tVtor . {K. i 5. 

** tf} m A 4 — {lib} 7 

- { •*• t~) + *&} { {rt f ^ f ¥ ; - ffO } 

*->*1 * * >& | b'*U * — r??i * tr, 

(*> s n ■* «* W ' S 

- {*«** I'*,' i T fc*J 4 <TA*(' t“l) 

- '«**&%» -ft" *-&*. 


13s* US lit oh< * i»to fttctnr*. 

\W rj'iy p-nrA* 1 n* w-n\t, f<r jvtIjajh thu » 

t(r ~ Sr*' jj 10*}, m ? mi» 



**«-7.-*+a~t(r* 


-k** 

stilt* fft^tor*^ 
27. 

r -«t 20 

♦?:**«, in. 

r J, 4rt > x**? r*[£W? t 3 C 

•*»-is/>a. ns. . 

“'-AiTr®4 41, 


An it*. 

45 jt.H-’M »M+2,Vt 4 , 
'47, 


«*:*•“} ~ 7,r* 

~ ;;j* j- ~ 7 r> 


-1 ,? + t - 

•n^ 

< ~ » f <). 

l *:-* 

*.iB 

So* 4 6* 

tr*4 tfor 1 ^ ^ 

.It. 

KI.^ + Giy* 

♦>* 4, -* i J 

34 

r* , r* < l,*'- 

*) 

no. 

•sM 2-'" 3 *» 

.-* T 2-i’* 3 r> 

30 


t»j5ty.fn ». 

43 

?4* * On*. 


44 «/>*, 

4 0 OrM 21« f V4 iTif. 1 
48. </* — Jf>M 5 4* 1 


/ tO f. {«• - 11 V»V •*&*.* CO 

v" JU, - tc/ |YVf • 1^7] , . 68. 

J3J, i -t-af-t-fa* n'> v f~ 


lfl.t*4 , Sjr 5 «1 + i I;y*. 
ft 4 ). -t' 1 , * 


Not?. f*#l ‘ cmuim rvjitx **)««*• nro prop >-< 4 wh*h ui*y l> r ' turn 
•o-,. - j mt / ti.ij *<frm lie' * t t*t * tti" t (>i «r r,t; « J -A*} j /<}« -A) 


£x C l H» *t*l% c « J - S't A •i*//* — '' 5 4 « 4* C - 1* 

* » n t*?i * jrprt*** t,u »* j 'rt'o. 2 'i’j 4 b 7 ) - r 5 J 4 {« 4* h — <•) 
«{(« t-Aj?— r*J *(</ p&-r) 

n *- A ~ t*) r a + b ** <*) 4 '<*4 b~. r) 
"»{«4 f f+I). 
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Resolve into factors 

55 (a 2 — 3xt) — (y 4 — 3ys) & 56 (a:+a)(^+Z»)-(^+«)(y+i!») 

67 (a: 4 -2-c Sy)-(y*-2^) 58 (a-5)(6-e) + (o -d)(e-d). 

69 i+(J-a*;v 2 -o^ aV-^-azV+ys 2 . 

61 (a+26) 3 — 6 2 — 3a — 96 62 p a + 2pyr+2 J r 2 -mjp-»i2r 

63 aJ 2 -2.w/+jf 3 -4 2 +2v-2y-2s 64 'S 3 -^ s -s s +2ys+r+y-8. 

65 a 2 +a — 6 s — &-<?— c«h26c.60 46 2 -9(a 2 +'® 2 — 2a*)— 2b— 3(a-*:c). 

124«. Factors of Expressions of the form 

« 8 +3a 2 6+3a6 !, +& s or a s -3a s b+2db“-b % 

"We have seen [§ § 103, 104] how such expressions can he lesolved 
into factors We shall now give a few more examples 

Ex. 1 Resolve a 3 + 2a~b + 2ct6 s + 6 8 into factors [See § 

Given expression = a 3 + 3a s 6 + 3«6 2 + 6 s — (a 2 6 + a& ! ) 

= (o + 6r-a6(a + 6)=(a + 6){(a + 6) 3 
= (a + 6)(a 3 + a6 + 6 s ). 

Ex 2 Resolve (i+y) s -3(«+y)*+3('e+y)-l into 
Pat e+y=a, thus given expression 

=a 8 — 3a 2 +3«~l = (a — l) s =(x+y — 

Note [x-ry) z -3(xTyy +o(B+aO-l 

= {(* J -y) 5 -l}-3(a:+y){(a:+y)-l} 

Thus the gi\en expression may be resolved as m § 124b, post 
Resolve into factors 

3 o a -n a 6-«6 ! +6 s 4 (a s +3ay s ) 2 -(3j?y+^ 3 ) 2 

5. (^+12«) 2 -(6a: 2 +8) s 6 (1 -3ar) 2 -(3ar-^) s 

7 (x-2a) s +3a(»-2a) 2 + 3a s (a;-2a) + a 8 

8 (v+ff) 8 -3(.v+a) s (a-l) + 3(a-l) 2 U + o)-(a-l) 8 

1346 Factors of Expressions of the form a?+ 6 s or 
o?— 6 s We have seen m J;§ 105 and 106, how these expressions 
can he resolved into factors Here ne shall give some examples 
of greater difficulty. 

Ex. 1 Resolve 8a 3 +-rV6 s into factors 

8c 8 +*6 s =8o 8 + ^ = (2ci) s + ^) 8 

=S ( 20+ I) {(2«) S -2«x|+(.!)*} 

= (2a+|)(4o s -§a6+| 8 ). 





* t 


Ex. 2 (a 1 * ht'i h v-*\ 

J?U j -»?**: i* .»*, 'V.*"'.*'/, 5? f 

* <prfrvioi 54 sr^t, v. h‘ of l' <* f«rr 1,1 - 1 * Hr; »■*■ 

fjlWU 1 Ef*’* 4'V? v.f{< *« */•**' «-‘r “KC* 5 ' s (i^t ?•"' ^-:n 

<■ « j. 4 yfV, 

Fx. r. 3ij , »*}Tf’ 5f.;« fs*; 

iitxf', r - xpT , < , '» l *if‘t‘ *- f "*>*■“{; *»*• * ■>»* 1 

£6*- ~t 4 -’V/ -.$•*"'* 4 *% 

• * t •* *■ >* • 

rt*’ <- *<*{•' <? «* ; — i**i rxf •#• 4 

'• , *W\'K*7 4 * V-* to*! 

^'XOK^.vY-^n 

M '* “J *.i'*'* i » v * ^ i t;' f <* *.* «*;j J 
* ft* 1 * * *,i f •» , * * 4*4? <* t '’£/**» jet -S Ii* t 
'‘tfrlft* •* JJ'lV* {'<t * 

(i'-* o 1 4 ‘'t 5 ? **!**’ “{ ** 

Sr^a’-.f .r>4 .‘t.J} 

JjX. fi, Jir^/j’v* 1 r®«»r*-=^ 4 tc _ t-« * ^ jS 4 fsf t -ir* 




>r ~?* **t J4 4<5 j i 4 ‘ ; 

Ex. 0. !>►«!} r. k* * JVH i {•» f ‘ * ?“ ijj}, ( ft J 4, ,. » 4 *< y | t , j* , 

*3H cn *X|5WvfoH »*- V 4 !, x l + + ?,'» 

« <- i't£ 4 - <1 f, 4 ST) 4 t't f> v e 4 fa 

"{«** V,y~n^ I'jH) 

* (« -i fa tx 1 }' »J <■ & f 

Ex 7. If* -*lvr fS « 4 '*»#/' 4 A .r *. J F a rt f sMl}rt , 

pypr«TMf*nr<{£^4 a?,/ ? (2n;‘ { r^t 

«rf*jtt+?f.J* 4 4 <>&*) 

?;,)f{2ii 4 Sfc,<4 }«*►({ if, f £>/,’*» 

«pf» f foHHifc*) 

' ^S{5fl+n6/ S« t4 f 3^*4 9f,T», 

.2-b. j; 
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Besolve into elementory factors 

8 + 119 ia s -54x° 

11 r 3 -8(y + s) s 12. 

14 (x-2y) s +y*. 16 

17 8a?-(^+l) s 18 

20. 2a 8 -l28nsV 21 
23 3?~Zs?y J r^xy l —y s -i i 
26. a 3 + 2a?b + 3ab 2 + 26 s 
8a^-y s + 8.*-4y 
2a^ - 3 s?y + 3jy 2 -2y B 
8y s +(a:+2y) 3 +® 3 


27 

29 

31 

33 


10 

64(a+6) 3 -f27c s 13 

(a 2 ~&c) s +86V. 16 
(^ + a 4 ) s + 27a is 19 
o 9 + b® 22^ 

24 
26 
28 
30 
32 


(ax+by)*+l 
(a+6) s « s — Sc 8 ^ 8 . 
sfi+(x-~2a-f 
x*y+8vy* 

{z+y + s ) s +(* -y + if. 

«* - y s + 3y 2 - 3y + 1 . 

X s ~y a 2 + (x — 3a) 8 

(i s - 2a s 6 + 2ab 2 — 6 s 

(a+ b) 8 4- (o + 6) — 2 

(a + 6) s r 8 -{(a+6)t4-l} 8 + l» 


a 2 +«(6 + c)(a+ 5 + e) + (6 + c) 8 



( 1 ). 
..( 2 ) T 
(3) 

expressions is 


125 Factors of Expressions of the form 
found by inspection The geneial form of _ 
pressions is ax* +bv+c, and when the coefficient of 3? ‘ 

Jr+paM-g Thus a quadratic in its general form consul 
only, vis , the first term which contains t 2 , the second 
contains x , and the third or last term which does not cental 

"We have x s + (a + bjx+ab—(r+a)(x+b) [fj 107] 

J?-(a + b)x+ab—(v-a)[.x-b) [£ 109] 

3?+(a-b)z-ab = (x + a)ix- b) 108] 

A little consideration will shew that each of these 
of the form -s 3 +pr+g , foi in (1), p=a + b, q~ab ; in (2), 
p= — (a + 6), q=ab , and in (3), p=a — b, q = —ab Hence in resolv- 
ing into factors expressions of the form x^+px+q, we have only to* 
see whether q is the product of two quantities such that i heir algebrai- 
cal sum is p. 

Again it is easy to see that the left side of (1) corresponds to the 
quadratic i^+pai+g, that of (2) corresponds to x~-px+g, and that 
of (')) corresponds to sr+px-g or X s —px — q according as a is greater 
or less than 6 Hence it follows from (1) and (2), that when q (the 
last term) is positive, a and 6 (the second terms of the required fac- 
tors) have both the same sign, and that sign is the stgn of p (the co- 
efficient of x) , and from (3) that when q is negative , a and b have 
opposite signs and the greater of the two has the sign ofp 


Examples, 

Ex 1 Ke3olve ^+5^+6 into factors. 

Here we must find two numbers, such that their product! =6 and 
sum =»5 Now pairs of numbers, of which the >product is 6, are-(i) 
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1 and 6, (n) 2 and 3 We reject the fast pair and take the second, 
for 2 +3 =5 Hence the second terms (i e the a and the b) of the 
, required factors are 2 and 3 , 

, .. * 8 +5a+6«=(i;+2)(*+3). 


Hole If TVC take the first pair of numbers, ve see that a 2 +7a+G 
=(a+l){a+6). 

Ex 2. Resolve a 8 - 15a +36 into factors. 

Here we want to find two numbers, such that their product —36 
' and sum =-15 Pairs of numbeis whose pioduct is 36 are (i) 
1 and 36,' (n) 2 and 18, (m) 3 and 12, (iv) 4 and 9, (v) 6 and G Now 
we must select that pair whose sum is 15, and we take the third 
pair 3 and 12 Moreover the last term 36 being positive^ 3 and 12 
must each have the same stqn, which is here — , as the co-efficient 
* * i the — sign Thus the second terms of the requited factors 
k pd —12 , 

.v 3 - 1 5a + 36 = (a - 3)(a - 12) 
tesolve ® B +8®-48 into factors 

have to find two numbers whose product is — 48 and 
Tsurn (or difference) + 8 Pairs of numbers, whose product 
^(l) 1 and 48, (u) 2 and 24, (m) 3 and 16, (iv) 4 and 12, (v) 
0 and 8 , and we take the fourth pair, 4 and 12, foi then difference 
is 8 Also the last term —48 being neqative, the numbers ve select 
must have opposite signs, the greater of the two having the + sign, 
as the co efficient of x has the sign + . Hence the second terms of 
the required factors are +12 and -4 

/. a 8 +8a-43=(v+12)(a-4) 



Ex. 4 Resolve a 8 — 13®— 48 into factors. 

We have to find a pair of numbers whoso product =—48 and 
algebraic sum (or difference) = - 13. As shewn in the last example, 
there are 5 pairs of numbers whose product is 48 ; and of these we 
choose the third pair, 3 and 16, for their difference is 13 And the 
last term -49 being negative , the numbers we choose must have 
opposite signs, the greater being neqative as the co efficient of x is 
negative Thus the second terms of the requited factoib are + 3 
and -16 

x 2 — 13« -48 = (a + 3)(a— 10). - ' 

Note It is easy to see that if a+et and x +5 he the factors of 
a e +pa+g (i), those of a 3 +pxy+qy 1 (h) 

will be a -fay and x+by, that is, the factors of (n) can be denied from 
those of (i) by writing ay/m a and by/oj b 

Tor from' (i), p=a + &, q=ab ; from (u) 

* rt* ±pxy+qif =se*-t (a +h)xi/+ahf- =(a+«y)(x-t by) 
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Thus from Ex 1 , r 2 +5a^ + 6y s =(v+2 i y)(a;+3 i y) , 

from Ex 4 , x 3 - I3'iy-48i/ s =(x+3y)('v-16y) , and so on ' 

From the above pi oof it is clear that to lesolve (n) independently, 
we have to find two numbers a and b such that ab=q and «+5=p 

f 

Ex 5 Eesolve ar +aa?-156* a into factors. 

Reasoning as in Ex 3, we find that 

— 156=( + 13)( — 12), and +1= +13-12, 

. a*+a;r-lD6.r ! = (a + 13a:)(a-12r) 


Ex 6 Resolve sfl - 2 xy - 63 y* into factors 
Reasoning as before (sec Ex 4), we see that 

— 63*=( + 7)( -9), and -2=+7-9 , 

3 ? - 2 xy - 63?/ 2 = (x + 7y)(v - 9y) 

Ex 7 Resolve # s +2aar+(a s — l) into factors [Ex. 1, 

Now a 2 -l = (a+l)(a-l), and 2a=(a + l)+(a — 1) , 

given expt easion «= (a, + a + l)(a: + a — 1) 

Ex 8 Resolve a: 2 -(« + 6)a:+(a +1)(6-1) into factors 
Given expression = V s - { (a + 1) + (5 - 1) }ar + (a + l)(t — 1) 

= {a.-(a + l)}{a;-(5-l)}=(a;-a-l)(tf-6 + l) 
Ek 9 Resolve i? — 2abx— a 4 -a 2 6 s -6 4 into factors 
Given expression = r 2 - 2abx — (a 4 +o s 6 8 + 5 4 ) 

No w a 4 + a 2 5 ! + & 1 = (a 2 ~ a& + 5 2 )(a 2 + a6 + 5 s ), 
and -2a6=(a s -a6^6 s )-(a s + (i6+5 2 ) , 

. given expression = { a; + (a 2 - a& + 5 2 ) } { a; - (a 2 + a& + 5 2 ) } 

=■ (# + a 2 - a b + 6*)(.r - a 2 - a& - &*) 



Ex 10 Resolve 39a -3a; 2 -120 into factors. 

Given expression = 3(13 v- x 2 - 40) = — 3{a: a — 13a; +40) 
= - 3(a - 5)(r - 8) = 3(ar- 5 ){&- x) 


Resolve into 
11 a?+7a;+12 

14. p*+24p + 80 
17 a 8 — 4a + 3 

20 a 2 -7a + 12 


or =3(6 

1 

12 a 2 +7a + 10 

15. s 8 + 17«+42 
18 a 8 — 9a +20. 

21 as 2 -6.r + 6. 


* 

13. ®|+10a?+21 

18 <s 2 +9 , r+20« 

19 «*— 6a;+8 
22. ^-27a>+170 
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Resolve into factors 


23. 

# 2 +4#— 32 

24. 

a* — 4a —21 

25. 

a 2 +a-72 

28 

#2 -4#- 32. 

27. 

#*+6-5—40 

28 

# 2 +19#-42. 

26. 

#*+#— 42 

30 

#®— 3# — 54. 

31 

1,*— 15^—64. 

32. 

m 2 +4m-96 

33 

m s -29m. -96 - 

34. 

• 

m 2 - 20m — 96 

36. 

a® + 2a — 120 

36 

a 2 -19a -120 

37 

p s +7p — 144. 

38. 

#*+8#— 48 

39 

# 2 + 2# - 48 

40 

i, 2 — 13#— 48 

41 

F+19Z.-20 

42 

Z 3 - 23Z - 78 

43. 

7 s — 7 Z-78 

44 

#^-156 

45. 

#2-20#- 156 

48 

a 2 & 2 + 15a&+36 

47 

fl 2» s -20a&+36 

48 

r 2y2 _ _ 18 

49. 

j? 2 g 2 +14pg — 32. 

5Q^aV-6jnn-16 

51 

a 2 c 2 + 5a# -36 

52 

a 2 -3a&-546 2 . 

r 

|j$Bjl5‘i^ - 100# 2 . 

. 64 

-b 2 + 2 xy - 24y 2 . 

55 

r} — 10 xy - 24y 2 

r 


57 

7 2 +18Zm+45m 2 

58 

a 2 +17a&— 60& 2 . 

L 

^^»nm-128n 2 60 

m 2 - 28m» - I28n 2 .81 

p z +pq- 380gr 2 . 

L 

IllP^-s# 2 . 

63 

64 -16a -195a 2 

64 

l+2m -2 4m 2 . 


l —420 6 8. #*+#—650 ^ 67. 2 2 +105g+2000.' 


68 

l+-3#-18# 2 

89 

1-7#~18# 2 

70 

9 + 12# -32#* 

7L 

9-42#— S2# 2 

72 

9 — 48# - 28# 2 

73. 

25 — 90m + 72m 3 . 

74. 

25+30#— 16# 2 . 

76. 

25-75#-16# 2 

76 

m 2 - 5m— 300. 

77. 

m 2 — 5m»— 50n 2 

78 

# 2 +2a#-80a 2 

79. 

l+3#y-4# z y 2 

• 

o 

GO 

1 +55ay +750«V 

81 

P+4Z-192 

82 

x l -Qxy~4Qy' i . 

83 

a 2 +9a— 486 

84 

# 2 — 2#— 360 

85 

# 2 + 26# — 560 

86 

24#- # 2 -128 

87. 

72 + 6^-a 2 . 

88 

80— 16# — #*. 

89 

#*+§#+ 1 

90 

t 2 — 1 3 °#+1 

91 

# 2 — 1#-5. 

92 

a 2 +(3+2)a+2s. 


93 # 2 + (1 + a)xy 4- ay 1 


•94. jr+(2#-l)y+#(#-l) 95 s s -(2es + l)'C+o 2 +ff-6 

90 * s -2(y-2)a;+(y-l){2f-3). 97 'c 3 +(y+l)-r-(y-2)(2y-l) 

98 a? - 4a&# - (a 2 - 6 2 } 2 


126. Eactors of Expressions of the form aaP+ba+c, 
found by inspection An expression of this form can be re- 
solved as in the . last article b\ redncimc it to the form r^+px+g } 
which is done by multiplying it by the coefficient of # 2 
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Examples 


Ex 1. Resolve QxP+ZZx+ZO into factois ' 

Multiply the given expression by 6, thus 
Gx given expn, = 6x6» s + 6x2kr+6x20 
= (Gx) 2 + 23(6a) + 120 
= jST 2 + 23 X+l 20, where JF= 6*, 
=(Z+15)(Xf8) 

=(6c + 15)(6t + 8), replacing JTby 6x, ... (A) 

= 3(2a + 5) x 2(3r + 4) = 6(2x+ 6)(3x+4) , 

' given expn = (2x + 5)(3.r+4) 


Note 1 From the above process, w e see that 120 is the product of b 
(coefficient of x a ) and 20 (last term), and that 23 (coefficient of x)j^he 
sum of two numbers whose product is 120 Also u o see fromj' 

6x(6x 2 +23x+20)=(Ga, + 15)(6x+8), » 

or Gx 2 +23x+20=(Gx J -15)(Gx+8)~6 

Thus we first find the factors 6x + 15 and 6a +8, the fill 
which are each Gx, and ilie second terms are 15 and 8, obtained 
ing Gx 20 into two factois , and then divide the product of till! 
by 6 to get the factors of the given expression Hence we see t! 

ax 2 +&x+c=(ax+o ne factor of oc)(ax-othei factoi of ac)—a, the 
sum of the factors being =6 

Similarly it will be seen that 



ax 3 +&x+c=(«x-one factor of ac)[ax -other factor ax) — a , 

ax 3 + bx -e= (ax + greater factor of nc) (ox - smaller factor of ac) — a , 


ax 3 -bx-cx=(ax -greater factor of nc)(ox+ smaller factor of ac) — a , 
the difference of the factors m the last two cases bemg=5 

Hence the rule —Multiply the last term by the coefficient of x 3 , and 
resolve tins product into two factors, whose sum oi difference ivill be equal to 
the coefficient of x, accordin'] as the pi oduct is positive or negatne 


Ex 2 Resolve 3x 2 -14.r + 8 into factors 

We ma\ proceed as m Ex 1 , or according to the above rule thus . 

3x8=24 which is positive, and the two factors, which make up 
24 and whose sum is 14, are 12 and 2 , 

3 1 2 - 14x + 8 = (3x - 1 2)(3x - 2) - 3 = (x ~ 4)(3x - 2) 


Ex 3 Resolve 2x a +x— 6 luto factors . 

Pi oceed as m Ex 1 , or thus — 

2x(-6)= — 12, which is negative , and the two factors, which make 
up 12 and whose difference is 1, are 4 and 3 , 

.*. 2x s +x-6={2*+4)(2x-3)-2=(x+2)(2x-3) 
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Ee. 4 Resolve 12jr-7.r-45 into factor/. 

Proceedin'* aceord J ng to the above rale we hare 32 x (4-45)=* J-540, 
v?hicb »s negative ; the two factor® which make up 540 and whose 
difference is 7, are 27 and 20 ; 

/. 12^— 7a?— 45=(12r— 27)(l2as-*' 20) 4-12— (4a;— 9j(3a: 4-5). 
Eesolve into component factors 

6a" 5 4- a;— 12 
4a 2 4-23a'— 72 
12a?— 17a:— 5. 
8a?4-eia;-24. 
12a; 5 — 17a:— 40. 
4a^-13ay-12^ 5 . 
12a?-32s;- 1 -5 
24j>* — 82pg 4- 352 s . 
3r 5 ^ s - 1 -52ay- 12. 
O-llr-lOA 
18**-«-8Uy4-2<&*. 

1 5®i 5 4- 9»m — 3 5fi*. 

42a' 5 —41a; — 20, 

24a^ — 37ay — 72y 5 . 


5. 

4j5 ,J -lla:- 1 -6. 

8. 

5«*— lOa — 4 

7. 

8. 

6ar 5 -33a;-*-30 

9 

3a: 5 -10a: -25. 

10. 

IL 

#*-<$y-35 

12. 

1 5a?J-4a--%. 

13. 

14. 

10a?4-3r-4. 

15 

9m s 4-9i»— 28 

10 

17. 

15a; 5 — 28a;— 21. 

18. 

8j® J-14JS— 15. 

19. 

20. 

8r = 4-10a;— 7. 

2L 

6r2,-I]j:-10. 

22 


|^3x-27r 5 . 

24. 

6, 

25. 


r - 21. 
lOar. 
er- I*2'A 
4fl5— 15& ! 
2 8a5-5& s 
1 2^ 5 — 41ca; 4- 24 g 5 
5% s 4- 90/s -45s 5 . 



27. 

29 

.31. 

33 

35 

37. 

39. 


Note 2- We haie 

fa/— fcjJfejj J. a )— g},# _(ss= -b-)x—a}i. 

(ax-b)[&x -0);=aJss* - (a 4 - i 5 }? -ra4. 
{az-^ij^-ajssafe 4 — {i e -a-'Jz-ai 
or =afe- -{a e -b-\z-ab. 

Turn the right side of the?c identities, r.e learn that when, tho coeffi- 
cient of a 1 is the *amc an Ih t Arm (irrespective of signs), the last term 
ub is toe prodnrt oz two mnniiers, the turn or difference of vlsatc i'fuarex 
is the coefficient of a; Hence an expression of the form anx*— jar— m, 
can Ik re»oh ed into two i recto's of the form (<ne 5} and a ) . the 
proper «gns fcc’ng supplied as m % 123 

Ez, 40 Ee-olre 14x*4- t >3a;4-I4 into factors. 

* 1 •* i- the prodnefc of two nnmlisrs. the sain of whose eonares 

*'53. !Nowl4~2y7 and 53=2*4-7*; 

1 4r r -f 53r-i- 1 4 = f2- J- 7)(7a- 4- 2} 

Es. 4L Eesolre I3ar-22ja--l5 into factor® 

Here -15=1 x<-J5) and -224= 2 5 -{]5 ! ) j 

.*. 15a?— 224r— 15— (I5ar4-l}(r— 15). 
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Besolve into component factors 



42 

Gt 2 +13c+G 

43 

15j,’ s +34t+15 

44 

12'c a +25'C+12 

45 

24 V s — 73a: +24 

46 

12ar — 145* + 12 

47 

40.t 3 -89*+40 

48 

8r s +63a;-8 

49 

12m 3 -7m -12 

50 

15V 3 -16*- 15 

51 

12i 3 — 45t-12 

52 

16r 2 +255*-16 

53 

1U 3 +120*-11 

54 

Oj^+SOr — 9 

55 

G« s -35a5+6 

56 

45i 2 — 561— 45 

57 

8m 2 -65mn+8n s 

68 

3Ga: 3 + 21'C-3G 

59 

6r : — 5ry — 6y 3 

60 

14r 3 -35i3:+14y 2 

81 

7a s -48ary-7p 2 

62 

40* 2 - 39 . 13 : -40y 3 


The method of resolving quadratic expressions by inspection 
given m the last two articles are often practically very useful "We 
shall, howevci, give m ^ 128, a qeneral method of resolution applica- 
ble to all cases of quadrat. cs 



*187 Expression of a Quadratic as the diffq 
two squares Ever) quadratic can be expressed ns 
of two squares b) the method of completing the square^ 
two wa\s by which we can complete the square 
Method and Srtdhara’s Method 

Common Method 

We know that K 3 +2ar + a* u> a perfect square, where "the last 
term is the square of a which it half the coefficient ofx Thus 
a quadratic of the form r? +pr may be made a complete square 
(ar+t,) a b) adding the square of to it Hence we have 

(a) * s +pv= x*+px + Q - (|) - (a+|) S - (!)* 

If the quadratic be of the form ax- + b.v, we have 

m {*+;*} -« {*’+!*+ (a)’- (a)} 

-{{•**)’ - 03 } 

Thus to express a quadratic as the difference of two squares, we 
reduce 1 1 to the form x 3 + px, and add and subtract the square of half 
the coefficient of x 

Srtdhara’s Method* 

This method is often convenient, a6 it enables us to avoid fraction 
tn completing the square Here we multiply and divide the given 


* This ingenious method is due to Sridiiarachar\a, a celebrated 
Hindu algebraist and is commonly hnoun as the “Hikdtt Method " 
Some writer erroneously ascribes it to Rhaskar, who, howeyer, himself 

lays no claim to it (see Vijaganita, § 131) 
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expression by four time* the coefficient of X' s and add and subtract ih 
square of the coefficient of'r. 

Mhltiplv and divide j^-s-px !>} 4 ttme-» 1, the coefficient of je~ J tlvu 
(n) xr^-px=(x 2 +/»r) X 4 —4 =|<4 jr -f 4pr) 

=i(4x 5 +4/»r+p 5 -;>*)= s ^(Sv+p) a -p*K 
Multiple and divide by 4 times a, the coefficient of x* ; thus 

( /3 ) «r* + &r=>(ax 1 +&r)x4c — 4'i = ^(4aV s J-4atn) 

= 1 j4t^+ 4obx+ 6= - 6 s j =• |( 2 « r 4- b) s - 6 s j- . 

Rejiar»i- We nny use the first methol when the quadratic is of the 
forms 2 +px+q, *md the second method v, hen it is of the form as 1 ~6s -c. 

Examples 

es-» x 1 4- 8 x as the difference of tno squares 
Common Method 

8s=^+Ss+(8)S-(6)2={r=+8r+16)-(4) 2 «(v+4) ! -(4) s . 

Srulhara's Method. 

£ + 8r = (s 2 + Sr) x 4 4- 4 = &4.E 2 + 32 x) = #Ar- + 32 r 4- G4 - 64} 
=|{(2*-8)*-(35 5 } 

(it) Express 3s* — 16* as the difference of two squares. 

Common Method 
3a?-16s=3{^-J s «x} 

-3{(s 2 -Vx+(S)*-(§)*}, V h of V-g f 
=3{(r-|)=-(|)2} 

Sridhura't Method 

3s ? - 16s=(3s* - 16r)x 12— 12=^36^* - 192a;) 

35a? - 192r + (16)* - (10)* } 

~iV{(6s-16) a -(16)*} 

(m) Ent s®— 13s+40 as the difference of two square^, 
^-13jf+40=**-13jf+^) 8 -(i ft S^+40 

={**- 13r+<V y * } 40} 

={*? ~ 13*+(\ 3 ) : } -l «=(*_ \ 3 )*- (f )=. 

Hence * 2 -«*i-40*(a-V+4)fec -V-?)=(!5-5)te-S}. 

Thus the given expression is resolved into factors * 
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(iv) Exhibit (A-i-fl)(*+3£t) as the difference of two squares 

(#+ a)(x + 3a) *= a? + iax + 3a ! 

= iax + (2a)* - a- — [x + 2a) 3 - a 2 . 

(v) Express (a;+3ft)(j;4-5a)(r+7a)(t + < )a) as the difference of two 
square qnantities [Cal , 1837] 


Given expn =(« + 3a)(A' + 9«) x (x + oa)(x+7a) 

= (r 2 + 12 ax + 27a s ) x 12ar+35a 3 ) 

= [p & + 12a t; 3 + (27 a 2 + 35a 3 )(ar + 1 2a j) +945a*, 
taking a 2 + 12 ax as one term, 

= X 3 + 62u = A’+ 945a*, wlieie X<=#*+1 
= X s + C2a ! X+ (31 a 3 ) 2 - (31a 3 ) 2 + 945 
=(X+31a*) a - 16a* -Or 2 +12aa:4-3 

Note We have seen [§ 101 and 124] how i product of 
factors, can bo expressed as the difference of two squares 
way, a quadratic can be expressed as the difference of two squ 

Example. Express - 13a: -r 40 ns the difference of two squares 

[Ex, (m)3 

J!Tow« ! -13x-r40=x(x-l3)+40 , and since 

.C In m. ' 

»«*-■¥)* -(V)* , 

*. x- - 13x T 40 = (x - V) s - ( W T 40 = (a: - -Y) s -(5)=. 


Examples 

Express as ttlie difference of two squares 
1. a^+^a; 2 1 ^ + 53? 3 x t —20z 

4. x 2 -Zx 5 r(a - 18) 6 ir(ar+13) 

7 3?+4 ax 8 x[x - 2a). 9 x-+30x+2QQ. 

10 * 2 -15a?+54 JLl r 3 -20a?-96 12 (*+3)(r-4) 

13 (*— 2to)(®+3?>i) 14 (x+p)(z+p-2q) 

16 (*+y) s -6y(i;+y) „16 (r+g) 3 -(a+g) 

17. x[x+ 1)(3? + 2)(« + 3) 18. (x-a)x[x+a)(x+2a) 
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*108 General method of resolving Quadratics We 
express ike proposed quadratic [§ 125] as the difference of two squares 
by the method explained in $3 127, and thus lesolve it into two 
factors, each of the first decree 


Examples 


Ex , L Besolve x s +4x-21 into factors 

Common Method 

x? + 4x - 21 =x=+ 4x + (&) s - (|) 2 - 21 - (v +2, 2 - 5 2 
=(*+2+5)('S+2-o)=C»+7)(i?-3) 



Sndhara’s Method 

21 =i(4x s + 16x- 84) = £(4 x* + 16*+ 16 - 16 - 84) 

- £{(2;c+4j 2 - (10) 2 } 10)(2*+4 - 10) 

- £(2 x + 14)(2x - 6) - (* j. 7)(s - 3) 


solve 4x s -5x— 21 into factors 
ax— 21— 40c 2 - — ?/•) 

=4{(a-|)S_(|J + ^)} 

=4{(^-|)»-(J 8 V-} =4(^- 1+¥)(^ - 1 - ¥) 

=4(.v+ J)(r - 3) =(4 1 +7)(r - 3) 


(2) 4a* -5x- 2 l= 1 ? 5 (64x 2 -80a; -336) 

[multiplying aud dividing by 16] 

- aa(64a 2 - 80a; + 25 - 25 - 336) 

[adding aud subtracting 5 2 ] 

= tV( (S® - 3) 2 - <19) 2 } - ^(8* - 5 + 19)(8r - 5 - 19) 
= &{8x + 14 )(S v - 24) - (4s + 7)[x - 3) 


Ex. 3 Besolve 19.17—10— 6a; 2 into factors 
19x-10-6x 2 = — (6x 2 — 19x— 10) 

= -^(144^ -456x+240) 

= “:&{[ 14 4.'e 2 -456i+(19) 2 ]-(19)*+240} 

= -^ll(12tf-lS) 2 -(ll)S} 

' =-&(12x-19 + 11X12x-19-11) 

= -^(12x-8)(12r-30) 

- -h * 4 (3*- 2) x 6(2*- 5)== (2 - 3x)(2x - 5) 
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Ex. 4 Reaolie aP—y 1 — 3s 2 — Zsx+ 4ys into factors 
Consider this as an expression m v , thus 
Given expression =» i 2 - 2st — (y 2 + 3s 2 — 4yz) 

= s 2 — 2s x + a 2 — (y* + 4 s 2 — 4y s) 

= (a-e) 2 -(y-2s) a 
=(r+y-3e)(a:-y+a) 

[Resolve this by considering it as an expression m y, and also in s 3 
Ex 6 Resolve or 4 - 4«& - 2ae - 5 6 s + 26c mto factors 
Arrange in powers of a , thus 
Given expression =ffl 2 + 2(26 -c)a -(56 2 -26e) 

= a 2 + 2(26 - c)o + (26 - c) s - (26 - c) 2 - (66* - 26o) 

= { « 2 + 2(26 - e)a + (26 - c) s } - (96 s - 
= (a + 26 - c) s -(36— c) 2 
= (a+26 — c-36+c)(a + 26 — c + 36 
= (a — 6)(a + 56 - 2e) 

Ex 6 Resolve 2x--xi/-6y-+9x+ 17 y - 5 into 
Given expression =2« 2 -(y- Oja’ -(Gy 2 - 17y + 6,, 

= J{ lGr 2 - 8(y - 9)r - (48y 2 - 13Gy +40)} 

= J[16r 2 -8{y-9)r + (y-9) 3 -(y-9) 3 

~ (48y s — 136y + 40) } 
=£{(4a-y + 9) a -(7y-ll) 2 } 

«=i(4a:-y + 9 + 7y- ll)(4a'-y+9-7y + ll) 

« i X 2(2x + 3y - 1) x 4(s - 2y +5) 
=(2x+3y-l)(a,-2y+5) 

The same lcsult will of course follow by considering it as an oxpressloi 
in y 

Resolve into factors 

7 r s +28x+192 8 /, s -2U + 90 9 a*+9a-162 

10 a^-ms+SO 11 a* - a - 380 12 3^-20x-32 

13. 12o 8 — 23a +10 14 30-31*+ At*. 16 I2+17H-7** 


16 

10x* — 19j.y — 16y 2 

17 

Gx 2 +23«x- 18a* 

18 

43^-51ax+3Ga s 

19 

12— 71x — G0+ 2 

20 

15x 2 +32x— 775 

21 

24s 3 — 406c + 1715. 

22 

y 3 — y — 8930 

23 

8x 2 + 513x- 10936 

24, 

* 3 +2i-y 2 -ty-3 

25 

x ! -Gx—y t + 2y + 8 
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Besolve into factor* 

26. a s -Ga&+5& s -*-4&'~c a . 27. 

3 a 2 -2<25-4mr+2&e-l-3c* 29 

!>. **- Axy +% 2 + It— 10;/ + 3*. 31 

9. xy+% 2 +T-l*5i/+3 33 

i. a?— 2y ! -s 2 — ry-3yc f 35 

8 . Sy^-Hxy+Sx 2 — <ty-ixx-a\ 37. 
8 3^ 5 -Cs3*+15^-a — 5y + 2« _ 


r®+ IOjn/ + 3y*+8^r-: 3 . 
o 3 + 2«6 — 2ac — 3S*>»*2&f. 
‘\x i ~2.ox — « 5 +4ae — 3e s 
2ry-6x+ 3 1 / 2 - 5y - 1 2 
15ry+11r+ J i r s -3y-4. 

L?y+3^ ! + 4«T4-GrtV+3a 9 . 


Note We have ar 5 -rh + xr 
, i=(ax~ +6s -5-c) x 4« — 4^t ss^t'io 5 * 4 4 4«iar i 4tw) 


40.23.2 +4abr-i-b- - +4oe j = ~ |(2oar +&)- - (5* - 4cc)j. 

-i+ */5 s - 4'i<)(2ffa;-* 6- *///*- 4or) 

is the most general form of quadratic expressions In a, 
;y nee tins equality as a Formula, from u hich particular 
mr by MthuliiiiUon* 

Example To resol\ e 3r * - 14r •} 8 into factors 
Hcrcff=3, 5=14, e=S , 



given expression ssylrtCi -1 14- s /l%~4 3 8)(6r- 11 - ^/lflO-4 4,8} 
=tMGx - 14 -c lOKGx - 14 - 10) 

= Vc(Gz ~ 4)(C» - 24) = (Zx - 2)(e - 4). 


*129 Factors of expressions, reduced to tho form 
kc 2 +1»05 + c* The transformed expre«sion ca idcnth becomes a 
uadratic and theiefoie the methods of 125 — 128 will appl\ 

Ex 1. Kemlve ar* — 1 fr s +3Q into factors. 

Assume x 2 = X, tlmi .Y s , theiefore 

given express on «= A? — 1 3 A’ + 3 6 *= ( A'— 4 )( A'— 9 ) 

' ««(r 2 — 4)fx s ~9), leplueing A’b} .r 2 , 

=-- (* + 2)(t - 2)(*+ 3)(r - 3). 

Ex. 2 Eesohe 8r 4 +2r 2 — 4 > into factor*. 

Pntx 2 = l r , thus r 4 =(r 2 ) 2 « A 2 j therefore 

given expression = S A' 2 + 2AT- 45 = (2 A'+ 5)(4 X- 9) 

- (2x= + 5)(4x 2 - 9)*= (2x- 4 5)(2r+3)(2x— 3). 

* That is, one avlnch contains only (no point 3 of some letter or ex- 
ircssion, one of uluch is the gqnai e of the oilier. 
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Ex 3 Besolve 3®+ 5a: 3 —24 into factors 
Assume jT, thus -c 0 =(^) 2 =A^ , therefore 
given expression = X 2 + 5 A — 24 = ( 3T - 3)(X + 8) 

= (* 9 - SK.v 8 + 8)= (v 9 - 3)(»+ 2)(# s - 2«+ 4). 

Ex. 4 Besolve 4a£+7x 4 ~36 mto factors 
Given expression = 4X ! +7X— 36, when X=x\ « 
=(4X-9)(X+4) 

=(4» 4 -q)(a: < +4) 

= (2a s + 3)(2.« a - 3)(a; a +2r +2)(a: 2 - 2x+ 2) 

[§ 124, Ex 26] 

Ex 5 Besolve (a 9 + 3 re) 5 - 16(re 5 + 3a) -36 into factors 
Assume a 2 +3re=X, thus 

given expression “X s — 16X-36 = (X+2)(X— 18) 

= (re 2 + 3a + 2)(a 9 + 3a -18) 

= (a + l)(a + 2)(a - 3)(a + 6) 

Ex. 6 Factorise 2(a 2 +3a+3) a +3(a 2 +3re+3)-5 
Put re 2 +3a + 3=X, thus 

given expression = 2A ! +3X-6=(2A'+3)(X-1) 

= <2(re 9 +3a+3) + 6H(« , +3a+3)-l} 
~(2a a +6a + ll)(a 2 +3a+2) 

=(2a 2 + 6a + 1 l)(a + 1 )(a + 2) 



Ex 7 Factorise (* 2 +7a:+4)(jr s + 7v+6)-48 
Let x i +7x~X , therefore 
given expression =>( A+ 4)(X+ 6) - 48 
=X s +10X+24— 48 
= X* + 10X- 24 - (X+ 12)(X— 2) 
= (x s +7 , 5 + 12)(« a + 7a;-2) 
= , (v+3)(# + 4)( , r 2 +7'r— 2) 


Ex 8. Factorise 

' 2(a? 2 — au+ a 2 ) s + 5(v* - a v + « s )( r 2 + a 2 ) - + re 8 ) 2 

Puts: 2 — a®+a 2 =>Xand * s + re a =I , therefore 
given expression =2P + 6Xr-3P 2 =(2X- X)(X+3F) 
* ={2(-i a — ax+a 2 ) — (v 2 +re 2 )} . 

- x{x a -ar+a 2 ) + 3(^+a 2 )} 

= (x 5 - 2ret + re 2 )(4x 2 -ax + 4a 2 ) 

= (r - «) 2 (4x 2 - ax + 4a 2 ) 
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Ex. 9 Factorise j(r+l)C% + 2)(.r+3)-* 15. 

Given expression =*a (a 43}x (r4 l)(x4 2) — 15 
«(s-s + 3 tX^+ S x+2) - 15 
~{a 2 43a} , -‘-2(t s 43a}- 15 
=A? -^SA’ - T5, where X^a’+Sv, 
^(A-3)rA'+5) 
'=-(ir a +3r-3)(r s ^-3r-i*5} 

Eesolre into factors 


10. **4llx s -l2. 

12 15a: < -34x ! y 5 +l , i/. 

14 2x 4 4x ! /-?fA 

9aS-21G 
* — 1G 

J-3(a s -t-2<i)+2 
-(j£43r)-C. 
)54-4( x s_Gr)-5 
x) 5 — 2(ar — 3x) — 8 


11 Gj<+5^-1 

13. 3r‘-llx ! +8 
15 8x fi 47* 3 -I. 

17. 3/-.ry-2/. 

19 a 8 43a 4 ** — 4 a*. 

21 U - 4 3 a) - 4 1 O'* 2 4 3*) 4 24 . 
23 (x ? +4a*)V2 (s?44*)-13 

26. (A s + 2x) s -ll(A a +2x)+24 

27. (.r 2 ~9x) 5 ~2(* 3 -9*)-80 


28. Oe 2 -10*) ! 433(* 2 - lOr)-2G<f'V20* (x 4 -2.r 3 ) 2 4-4{i*-2)r 4 .f 3 
30. 3(* 2 - 7xj s 4 2S(*2 - 7*) -f % 

31 (3x* -2 a- lO) 2 4 G;3 a 2 - 2r - 10} 4 8 

32. (t s +5a+7) 4 -4(a s +^c+7) + 3. 

33 (2* 43.y)*43(3* 43y )(V J- 2»/) 4 2(3* 4 2y)». 

34 <A ! +y , )*-8(« 4 -y«)-48(x s -y)*. % 

35 (4a 4 x) 2 - 5(4a 4 *)(« - 3 a ) 4 6(a - 3x) 2 
38 (2a-3&)*42(2« -36)(a-26)-24'a-2b} s . 

37. (2a 436)2 _ *)( 4a _ &)(2„ + 3 jr,) _ 004a _ ^ . 

38 (**-8^)*42xy(r2-8/-)-8»y. >< >y 

39. (a 2 4 aft) 4 - 3(ab - b s )(a* 4a6)-4{ab- &y. A 

S r 40 (a 2 - Tab) 2 - 3(a 2 - 7«b)(a& - 3b 2 } - lO^ab - 36 s ) 2 . 

41. 2(x* - 3* 4 9) 2 4 6(x® - V 4 9)(* 2 4 9) - 3(.r 2 4 9) 2 . 

42. 6(2r 2 4 ay - «r) 2 - (Sx* 4 Ay - Ay - 2jy 2 ) - IS^-av^/ 2 ) 2 

43 (a s 4Ga42)(a 2 + Ca-4)-27 • 

44. (3(a?-5A)44Hf« , -5r)-3}4l8(A 2 -*>i?-l) * 

45. '£(t48)(-«46)(a49)4 58 . . 

48. (sr 4 1)(a44)(a 4 7)( x 4 lOJ-^lO . 



I 
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Examples. 

Ex. 1 Factorise 1+ 8^+1 8;ry-27y 8 . 

Given expn, =l s +(2.t) 3 +(-3y) B — 3 1 2x(— Zy) 

=o s + 6® + e 8 -3a6c [where a— l, b=2x, c——3y] 
-(a+b+ c)(a s +b s +c 2 -bc-ca-ab ) 

= (1 + 2® - 3y)(l + 4i 3 + 9y 2 + 6ry + Sy- 2x). 

Or ice may proceed directly, thus — Given expression 

= (l+2s) 8 -3 1 2ar(l + 2-r) — 27#® + I8xy [§ 103, Cor,] 

={(1 + 2x ) $ - (3 y)*} - { 6a:(l + 2v) - 18ry } 

=(l + 2«- 3y){ (1 + 2*) 2 + 3^(1 + 2x) + 9/ } - 6.v(l + 2x ~ 3 y) 

= (1 + 2x - 3y)( 1 + 4« ! + Sty 2 + Qxy + 3y — 2*) 

S|^. If #=*43 and y— 57, find the value of ar’+^+Sity + l 

exp re 88ion=(a^+t/ 8 +33’y- l) + 2 

=(x+y-\)(x i -xy+y i +x+y+l) J r2 ; 
HH|H| x+y— 1= 43+ 67 — 1 = 1 — 1 = 0 j 
^&W expre3Bion +y 2 +x+y+l) + 2 

=0 + 2 [§ 18, Note 1]— 2. 

Ex. 3. Shew that (y+z?+(z+xY+(x+y)''-3(y+z)(z+x)('C+y) 

— 2(a® +y 8 + z 3 — 3xys) 

Given expression + z+ a +x+x +y){ (2 -yf +(x- z)-+(y - xf } 

(z+x)~(v+y)=z~y, &c ] 

— (* +y + z) x 2(a s +y 3 + s 3 -y z - zx - xy) 

=2(« 3 +y z + z® - 3 xyz) 

Ex 4. If x=a+b+c, shew that (®+a) fl + (:r+6) 8 +(tf+c) 8 

— 3(® + a){x + b)(x+ c ) = 4 (a 3 + 6 s + c 3 — 3a6c) 
Given expression = $(3® + a + & + c){(a~6, 2 +(&-c) a +(c-a, 2 } 

[. (® + a)-(r+6)=a-6, &c,] 

—2(a+b+o)x2{a 2 +b i +c l —bc — ca — ab) 

[ #=a + 6 + c] 

=4(a 8 +6 8 + c 8 -3a6c) 

i 

Ex. 5 Prove that (6 - c) 3 + (c - a) 3 + (a - 6) 3 = 3(6 - c)(c - a)(a - b) 

Here (6-c)+(c-a)+(a-6)=0[§ 116] , 

.*. ( b - cf + (c - af + (a - 6) 8 - 3,6 - c){c - a)(c - 6) = 0 [Cor],. 
whence (6-c) 8 +(c-a) 8 + («-6, 3 =3(6-cXe-a)(a-6). 

10— B. 1. 
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\ Ex 6 If a + 6 + c =0, shew that 

I (2 a - 6) 8 + (26 - c) s + (2e - a) 8 =3(2a - 6)(26 - c)(2c - a). 

' Here (2a-6)+(26-c)+(2c-a)=a+6+c»0 bj hypothesis, 

, (2a - 6)* +(26 - c) 9 + (2c -a) 3 - 3(2a - 6)(26 - c)(2e - a) = 0 [Cob ], 
whence (2a — 6) 8 + (26 — c) 3 + (2c — a) 8 = 3(2a — b)(2 6 — c)(2c — a) 

7. Factorise a 3 — 3a6 + 6 9 +l 8 Factorise a 3 + 86 s +6a6 — l 

9. Factorise T 3 +3oxy+y 3 -a s 
10. Factorise (y-s) 3 +(s-r) s +0r-#) 8 
1L Factorise « 8 (6 - c) s + 6 8 (c - n) 8 + d'{a - 6) 8 
12. Factorise (2t-y) , -(i+s/) 8 + (2 i ?/- r) 3 

13 If 'C=6+c, 2 /®c + «, s = a + 6| shew that 

0 s + y 8 + *, s - 3jr?/ s = 2(a 8 + 6 s + c 3 - 3a6c) 

14 If a«=y + s-T, b = z + v-y, e = # + »/-«, then 

a 8 + 6 s + c 8 -3a6c«=4(« 3 +y 3 +£* — 3r?/s), 

IB Prove that (a - 2y) 8 +(2y - 1} S +(1 - i) s -=3('e— 

10 Prove that 

{ax - byf + {by - cs) 8 + {cz - ax? «■ 3(aa - 6y)% - cs)(cs 

17 Prove that (6 + c-2n) 3 + (e + n— 26) 8 +(a+b-2c) 3 

*» 3(6 + c — 2a)(c + a - 26)(a + 6 - 2c). 

18 Find the value of a 8 + 6 3 +3a6c-c 3 , when a== 02, 5 = 08 and 
c«= 10 

19 If #=$1,#=?!, find the value of 3r , +y 8 +3jy-l 

20 If x*={b-c){a-d), y=(c-a){b-d), z*=(a — b){c~d), find the 
value of v s +y 3 +t s -Zxy: [See App ] 

21 If 8 = a + 5 + c, shew that (3a - s) 3 + (36 - «) 3 + (3c - s) 8 

™ 3(3a — «)(36 - c)(3c - s) 

,22 If 2*=a + 6 + c, shew that 

(* - a) 8 + (* - 6) 8 + (i - c) 8 - 3(* - «)(* - 6)(s - c) = J(a 9 + 6 8 + c 3 - 3a6c) 
23. Shew that 

uP(bz- cy) 1 + b^ex - as) 8 + c\ay - bxf=3abc(bz - ci/){<,x - az){ay - lx) 

24 Shew that (3ct-6-c) 8 +(36-c-a) 8 + (3c-a- 6) 3 

— 3(3a — 6 — cj(36 — c — a)(3c - a - 6) = 1 6(a 3 + 6 9 + c 3 - 3a6c). 

25 Shew that the value of x i +y s +z t —ys—zx—xy will not change 
if x, y, s be increased oi decreased by a constant quantity , eg, if 
x^x+dy y=*y+d, z*=z+d, or if x=x — d, y=y —d t z—z — d. 
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131 Mi scellaneous Examples The methods employed in 
the following examples should he carefully studied. 

Examples (i). 

The factors of an expression can be found by a suitable rearrange- 
ment and grouping of the terms [§ 121, Ex 24] 

Ex 1 Besolve 4t s - 3y 3 - xylfiy — Zx) in to factors 

Given expression =4# s -3y s — 4 r y s +3.‘5 ? y, and feai ranging and 
grouping its terms, we have 

(l) (4«® - 4 xy 2 ) + (3 3?y - 3y 3 ), 

(u) (4a 3 + 3 ;c ! j i) - (4 xy 2 + 3y®) 

Take (i), thus the given expression 
=4a:(* 2 -y 2 )+3y( t* - y-) 

= -y*)( 4« + 3 y ) = (a +y)(x -y)(4x+3y) 
by taking (n), the same factors can be found 
Finto factors 



| ^^K+bx+ac 

3 

a a +a ! b+ab 2 +b s . 

4 

xt&F- 8y 2 ) -y(3r 2 - 4y s ) 

6 

ty{y 2 - 2a, 2 ) + xfl - Zy i 

6. 

a(a+b)~c[b+c) 

7 

acT?+bcx 2 +udz+bd 

8. 

a s — a 2 c — o6 2 + l-c 

9 

r 4 - a s v+b'd - a s b 

10 

afoc 2 +(a+6)'i;+l 

11. 

ab(n?+l)+(a 2 +b 2 )x 

12. 

ab(x 2 +y 2 ) +• (a 2 + b 2 )vy 

18. 

ay(T?+V s ) + bx(by- + a 2 .i;). 

14 

^(•c + 2 y) -y 2 lfix+y) 

IB 

x\a + 2y)-y\2x+y) 

16 

a\z° -l)-a?(o«-l) 

17 

(«r + by) 2 + (bv — ay) 2 


» - - it w 

18. 3v 2 - 6 ax+ 15 xy -v-5y+2a [§ 123, Ex 38] 


Examples (u) 

The factors of an expression, m winch one of the letters occurs 
only m the first power , are generally obvious when the expression 
is rearranged according to the powers of that letter 

Ex 1, Besolve H-(6-a 2 )a 2 -a&i£ into factors 

Here 5 occurs only m the first power Arrange . therefore in 
powers of o , thus we have 

(l-oV) + 6^ 2 -crS) , 

=(1 +o®)(l - ax) + &tf 2 {l - ax) 

=(1 - or)(l + or+h-c 2 ), 
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Ex 2. Besol re (a s -b i )x t -(2a s -& t )bx+a t b t into factors 
Patting «*=»!, we see that m occurs only in the first power. 

Arranging according to powers of m, i e , a 2 , we have 
a 2 (« 2 - 2 bx + 6 2 ) - (b , x i - i s x) 

■= a 2 (#- 5) 2 - b a x(x - 6) 

= (*— - b) — 6 2 #} 

~(x- 6)(a*« - 6 2 r - a s 6) 


Ex. 3. Besolve a 2 - aa^-^aa+afy + a 2 into factors. 

Arrange according to powers of y , thus the given expression 
=y(a 3 - ax) + (x a - 2ax + a 2 ) 

= ay (a - #) + (a ~ r) 2 — (a - x){ay +a~x). 


Ex. 4 Factorise a 2 - 2a6-4ae+ 26c +3e 2 [§ 128, Ex 28]^ 
Arrange m powers of 6 , thus the given expression 
= (a 2 - 4ac + 3c 2 ) - Zb(a - c) 

=(a-c)(a~3e)-26(a-c) 

■= (a - o)(a - 26 — 3c) 

Ex, 6 Factorise x* — (3rs a Hf-5 9 ^* + (2a 2 — P)ax +2a 2 6 2 . 

Here as m Ex 2, we must arrange m powers of 6 2 ; thus the 
given expression 

= ** — 3a 2 1 2 + 2a s x — 6 ! ( r 2 + ax — 2a 2 ) 



= «(** ~ 3a*a? + 2a s ) - 6 2 ( rS+ax— 2a 2 ) 

•=x{(x a ~ a 2 ) - 3a 2 (v -a)} - 6 2 (# 2 + ar- 2a 2 ) 

— x(x - a) (a- 2 +ax- 2a 2 ) - 6^ + a# - 2a 2 ) 

= (a 2 + ax - 2a 2 )(a 2 -ax- 6 2 ) 
={«-a){r+2a)(r 2 -a.v-5 2 ) 

Eesolve into factois 

6. aj;-t-6c+6;c+ac [Ex 0)1} 7, x s ~(a+b+e)v+ab+ac 

8 a 8 - a 2 c - a6 2 + b*c [Ex (i) 8] 9 x* — a s x +bx s — a s b [Ex (i) 9J- 

10 acx*+6ca 2 +adc+6ti[Ex (i) 7] 

11 r 3 +Zax-Zab-b' 1 12 t 2 +(a-6)r 2 +(l-a6)r+a. 

13. x 3 — 2(a+ c)j, 2 + (3a +4 c)ax - 6a 2 c 

14 1 — 2 ax — (c — a 2 ) v 8 + a ex* 

IB 15ay+llx+3* 2 -Sy-4 [§ 128, Ex. 35) 

18. a s +2«-6ay-2ys+5y s 17. a s +«6-3ac-26 2 +36c. 

18. a 2 — I3a6 - 20&C+ 366 2 + 6ae 


131] 


RESOLUTION OF EXPRESSIONS INTO FACTORS 


149 


Resolve into factors 

19. a?-(2a + b)a?+(2ab+a 2 )v-a s b 

20. s 3 + 3mz 2 + (3m 2 -n-)v+m(m"- n~) 

21 a. l +(p-a,)a?-(ap+q + l)x i -(p-aq)x + q. 

22 a 3 — a 2 (52> 2 4- c s )+o& s (4fc i +Bc 3 ) — 4b 4 c 3 . 

23. x i -px*-(2p i +q*)v 1 +pq' 1 (x+2p). 


Examples (m) 


"We may learrange and group the terms of an expression, which 
is of the second degree in any one of the letters, by writing it accord- 
ing to the powers of that letter 



1. Factorise a 2 — 2ai-4flc+2&c+3c 9 . [Ex (n), 4] 

jtlns as a quadratic in a, and arrange accordingly 
ression 

=a 2 — 2(b + 2c)a+ c(2&+3c) 

=*a 2 — {c + (2& + 3c)}a + c(2&+3c) 

= (a - c)(a - 26 - 3o) [§ 125] 
iherwise proceed as in § 128 by completing the square.] 


thus 


Ex 2. Factonse :c 2 -2(a+l)a;-3a(a~2) 

Given expression =x l - (2 a + 2)r — 3 a[a - 2) 

«=i; 2 -]?a-(a-2)}r-3a(a — 2) 
=(a;-3a)(.'C+a-2). 

[Try this example liy the method of § 128.] 

Ex 3. FactoVise ® 2 ~2(a + &)r-a&(a-2)(&+2) 

Given expression - s 2 - (2a + 2&)» - (at - 2 &)(a& + 2a) 

—x 2 - { (a& + 2a) - (a& - 2&) } v — (a& + 2 a)(a& -2 &) * 
«{-r-(al» + 2a)}{ir+(ah-2h)} [§ 125] 

=(■5 - 2a - db){x -2 b+ ab) 

' [Try by the method of § 128.] 

Ex 4. Factorise a 2 + 3& 2 - 4c 2 - 4a&+4&c 

Arrange according to powers of a , thus given expression 
= a 2 — 4 a& + (3b 2 + 4&c - 4e 3 ) 

- «=>a a -4a&+(3&-2c)(&+2c) 

= a 2 - { (3& - 2c) + (& + 2c) }a + (3& - 2c)(6 + 2c) 

= {a-(3B-2c)}{a-(&+2c)} 
=(a-3&+2c)(a-&-2c) 
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Resolve into factois 
6 x 3 -(a+b + c).v+ab+ac [Ex (n) 7] 

6, a(a+b)-c(b + o)[Ex (i) 6] 7 x*+2av-2ab-b 3 [Ex (u) 11] 

8 i? + %ij-6g 2 -x + 2y 9 a z +ab-3ac-2b 2 +3be[Ex(u) 17] 
10 + 11 a 2 4-3re(26— 1)4-2(66 — 5) 

12 a 3 4- 2<r(6 4 - c) - 36(6 - 2c) 13 'c 2 4-2(a4-l)v-3a(6a4-2) 

14 ■c 2 4-(a-6)n-a6(a4-l)(64-l) 16 ■c 2 -5n-r4-6(a4-26)(a-36) 

16 x 3 - (a 3 4- 6 2 )a, - «6(a 2 - 6 2 ) 

17 a; 2 — 4i^4-3w a 4-4'C — 10^4-3 [Sj 128, Ex 30] 

18. 3a: 2 4-(56-ll»)r4-3a(2re-56) 

Examples (iv) 

Ex 1 Resolve ^ S — 3J 2 -G:r4-8 into factors 
The given expression, when rearranged, may 
following form — 

(i) («® 4- 8) —(3s 2 4- 6*) j 
(n) s(s a -3s4-2)-8(»-l) , 

(m) (s s -4r a )4-(^-4r)-(2s-8) 

Hence 

(i) Given expn = (s 4- 2)(s 2 — 2s 4- 4) - 3s(s 4- 2) 

= (s 4- 2)(s 5 - 6s 4- 4) = (s 4- 2)(s — 1 )(s - 4) 

(u) Givenexpn =s(s — l)(s — 2) — 8(s- 1) 

'=(s— l)(a 2 — 2s-8) = (s — l)(s4-2)(s-4) 

(m) Given expn = s 2 (s -4)4- s(s - 4) - 2(s - 4) 

= (s - 4)(s* 4- x - 2) =(s - 4)(s — l)(s 4- 2) 

[Observe that the three factors of 8 must be 1, 2 and 4, and since it 
has a 4- sign, two of these factors must have the same sign, and conse- 
quently the third, the sign 4 Hence if the proposed expression has 
3 linear factors, they must be of the form s+1, s+2 and -c+4 ] 

Ex 2 Resolve s s — 5s 2 4- 2s 4- 8 into factors 
The given expression, when rearianged, becomes 
(i) (^4-1) — (Sir 2 — 2® -7) , 

(u) a(is 2 - 5ir 4- 6) - 4(ir - 2) , 

(m) (£ 3 -4 .t 3 ) -(.r 2 -4:r)- (2v— 8) • 

Therefoie 

(i) given expn =(r4-l)(r 2 -a?4-l)-(v4-l)(5i5-7) 

= ( v 4- 1 )(v 2 - 6 v 4- 8) = (ir 4- 1 )(v - 2)(v - 4). 
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(ii) given expn »> x( r - 2)(x — 3) — 1 (v - 2) 

-(x-2)(* 2 -3r-4)»(x~2)(.t+l)(«-4) 

[Take (in) and find the factors ] 

Ex. 3 Resolve a? - 7X 2 - 1 4s +48 into factors. 

By rearranging the terms, the expression is put in the following 
three forms — 

(i) (t=+27)-(7i* + llx-21), 

(ii) x(x 5 -7x-8)-6(x-8) ; 

(iu) (x 3 - Sx 2 ) 4- (x ! — 6x) — (Gr — 48). 

(i) given expn =(« 3 + 27)-7{* s 4'2a;-3) 

=V J -3Xx ! -3x+n)-7(r+3)(x-l) 

= (x + 3)(x 2 - lOx + 1G) = (r + 3)(r - 2}(,r - S) . 
n expn. = x(x — 8)(x + 1) - 6(x — 8) 

=(aJ-S)(* s + *-6)=(x-fi)(x-2)(x+3) 

[Find the factors taking the third form ] 

Resolve 2X 3 — 13x 2 +27x-18 into factors. 

WeTEay rearrange the expression m three ways, thus : — 

(l) x s (2x-3)-(10r a -27r + 18) ; 

(ii) x(2t 3 — 13x+15)+G(2r-3) , 

(lii) (2x® - Gx 2 ) - (7r 2 - 21x) + (6 v — 18). 

Taking (i), the given expression 

=x 5 (2x— 3) - (2x— 3)(5x—G) 

=(2x— 3)(x 2 - 5r +G) « (2x- 3)(r - 2){x - 3). 

Taking (ii), the given expression 

=x(2x-3)(x-5)+G(2r-3) 

=(2x— 3)(ar— 5x+G)=(2x— 3)(x-*2)(x— 3). 

[Find the factors taking (in)3 

Ex. 5. Resolve 6x 3 +17^~5x— 6 into factors 
We may gronp the terms in the following ways • — 

(i) 3x 2 (2r+l)+(14r 3 -H—G) , 

(ii) x(Gx 2 +17x+7)-G'2x+1) ; 

(in) (Gx 3 + 1 8x*) — (x 2 +3x) — (2x +6) 

Take (x) ; thus the given expression 

= 3x?(2x + 1) + (2x + 1)(7 v - G) 

=(2x+1)(3x 2 +7x— G)— ( 2x+])(v+3)(3x— 2 ) 
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1&2 

Take (n) , thus given expiession 

= v(2x + l)(3a;+ 7) - 6(2® + 1) 

= (2a;+ 1)'3« 2 + 7r - 6) =» (2a;+ l)(a-+ 3)(3ar - 2). 
[Take (m), and find the factors] 

Ex 6 . Resolve a 8 — 19a6 2 + 306 s into factors 

Rearranging and grouping the terms, we have 
(i) (a* - 86 s ) - (19a6 2 - 386») ; 

(u) aia? - 96 2 ) - 10b*(a - 3 b) , 

(m) (a s + 5a 2 6) - (5a 2 6 + 25a6 2 ) +(6a6 2 +306 2 ) 
[Here u o introduce a ‘false’ ternr] 

Take (l) , thus the given expression 

—(a— 26)(o 2 + 2<i& + 46 s ) — 196 2 (a —26) 

=(<t — 26)(<i*+2a& — 156*) 

=(ct - 26)(a - 36)(a + 56) 

[Taking (n) and (m), find the factors] 

Ex 7 Resolve 10a? + 19s 2 — 9 into factors 

Rearrange and group the terms , thus we have 
(l) 5a?(2 r+ 3) + (4^ — 9), 

(n) 10(ar' + l) + 19(a- 2 -l), 

(ill) (1 On? + 1 0.r 2 ) + (9 r* + 9r) — (9#+ 9) 

(l) gives 5a: 2 (2a;+3) + (2r + 3)(2a;-3) 

= (2 r + 3)(6.r 2 + 2a; - 3) = (2a? + 3)(a; + l)(5ar - 3) 
[Take (n) and (m) and find the required factors] 

Ex. 8 Resolve a: 4 — 4a; + 3 into factors. 

The terms may he giouped m the following ways — 

(i) (a; 4 — ]) — 4(a:-l) , 

(u) 4rs-l)-3(a.-l), 

Taking (i), we have 

(x- l)(.r 3 + ar+a;+l)— 4(r— 1) 

*» (x - l)(a? + x 3 + x - 3) 
-(«-l){(a?-l)+(^-l)+(«-l)} 

=(r - l)(a; - l)(a; 2 +a;+l+a;+l + l) 

■= - l) 2 {a^ + 2ar + 3) 

Take (n) and find the factors of the gn en expression] 
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Ex. 9. Resolve 3o*-f5a s b-8& 4 into factors 
Arrange the expression as follows— 

(i) Za s ,a — b)+Sb{a t ~b’') ; 

(u) 3(o < -lGb‘) + 5bV+8T J ' ! ) 


Take (i) ; thus we have 

3rt s {« - b) 4- 8b'c - b)(n s + ab 4- b l ) 
ss (a ~b){3a s 4-8b(a 4 4-n&4-b 5 )} 

=(« — b)(3a* + Sa^b 4- 8trb ! 4- 8b s ). 


The second factor =* (a* + 86 s ) +2 a{a 2 4-4«b + 4b-) 

=(a+2b)(a s - 2«b4-4b s ) 4-2a(n + 2b) ! 
«(a4-2bX3a 5 4-2ab4-4b*). 

Hence given expression *=(« — b)(o h2b)(3ffl*4-2eb4-4b 5 ) 
[Fmd the fa s bj taking (n)] 

[Resolve x K 4-11 i 5 4- 41i 1 4-Glx 4-30 into factors 
=j^(*Hll* 4-30) 4-{llx 2 4-61x4-30) 

■ 4- 5)( v + G) + (r + 5)(1 1* 4- 6) 

= (a; + 5 + Gj- 5 + 1 1 r + 6) 

The second factor^f-rS+GJ-^Ga^llx-B) 

= (* 4- 2){x s - fix 4- 4 ) 4-(® + 2)(G£ - 1 ) 
«=(x+2)fr 5 +4r+3)=(^+2)(x+l)(r+3) 
.*. Given expn =(x4-5)(«4 2)(r + l)(r+3), 



Note If we put x=l, or x= -2 or x=4 m x 3 -3x s -Gx+8, the 
expression vanishes, i c , becomes 0, and wc see from Ex 1, that x-1, 
x +2 and x -4 are factorB of the expression Again from Ex 2, we sec 
that, when x— - 1, or js= 2, or s=4, the expression af -5x- +2x4-8 
xanishes ; also it has for its factors as + l, x-2 and -c— 4 And so on. 
Hence we learn that if an expression in x vanishes, when x=a, x-a is a 
factor of that expression [sec § 277 post]. 


Ex 11. Resolve 12i/-49x s -62a5 a J-29i:+30 into factors 

Now 5 is a factor of 30 (see Remark, Ex 1}, and by trial weiind 
that the expression vanishes, when r= l 3 , hence t — 5 is a factor of 
the proposed expression, winch is therefore 

=>12« 8 («- 5)+ 11 v s (v- 5) - 7x(x— 5) - 8(# - 5) 

-(*- 5)(12 X s + llx ! -7x- 6). 

Again the second factor vanishes, when #=» -1 ; thus x+ x l is 
one of its factors Hence it 

= 12x ! (x + 1) — x(x + 1 ) — 6(x + 1) 

~ (*■ + l)(12r 5 -x - 6) = (5-4- l)(3a;-f 2)(4a?- 3). 

/ Given expression =(* - 5)(r 4- 1)(3« 4- 2)(4.r - 3). 
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Note It may be remarked that if one factor of the Jit si degrco of a 
cubic, two of a biquadratic, &c , be found by trial, the remaining factor in 
each case must be a quadratic , which we resolve as in § 128 

Resolve into factors 


12 

t3 + 7* 2 +14* + 8 

13 

*3+10* 3 + 29*+20 

14. 

*3+9*3 + 6* -16 

15 

*3+* 2 -17* + 15 

10 

*3 + 4* 2 + llv + 8 

17 

** — 3a,- 3 — 10* + 24 

18 

*3+4*" — 17* — 60 

19 

2*3 — 4t 2 - 8* + 16 

20 

a 3 — 3a +2 

21 

*3-3* 2 + 4 

22 

*3-31*-30. 

23 

4o 3 + a6 2 -6 s 

24 

4* 3 +13* 2 -9 

25 

8*3-16* 2 -9 


20 a 3 — a s 6— 186 s 27j>. n 3 +9a 2 6 - 86 s 

.28 a 3 -28ay 2 +48y 3 &D a s -2a s 6-9b 3 

30 Go 3 — 7a 2 6 4-6 s . 31 25 -e3-19*+6. 

[The following Examples may be omitted on a fit si 
32. **+10*3 + 35a; 2 +50* + 24 33 * 4 +2*3~13* 2 - 


34. 

sc* + 5* s + 11a; 2 + 13*+ 6 

35 

* 4 + 3* B — 24 ir — 28* + 48 

30 

* 4 — 7* 3 + 10* 2 + 11* — 15. 

.37 

* 4 + 2* s -17*3+ 36* -36 

38 

* 4 — 13* — 42 

39 

**+40*— 96 

‘40 

12* 4 +*3-l 

41 

* 4 +20* — 21 

.42 

a. 4 — 6* 3 + 54. 

‘43 

8* 4 + 5*— 3 

•44 

* 4 — 14* 2 +1 

45 

Sx'-St?-*, 

40 

7* 4 + 20*3—27 

47 

5* 3 +7* s -*-3 

48 

Omitted 

49 

* 4 — 25 * 2 — 4* + 20 

60 

3*3 — ll*3y + xy° + 15y 3 

51 

8* 3 — 2 * 2 y — 6.ry 3 - y\ 

62 

a 1 —2*3 y + 3*"y 2 — 2*y3 +y 4 

53 

a* — 2 o 3 6 + 2a 2 6 2 — 2o6 8 + 6 4 

54 

24*3 -22*3 + 17* -5 

66 

2* 4 +7* 3 — 14* 2 — 46* + 16 


*I$S Some Useful Results The following Examples are- 
very useful, and the results should be committed to memory as 
Pormulee, 

Ex 1 Resolve a\l) — c) + 6 5 (c— «) + c s (re - 6) into factors 

"We have alreadj shewn how to resolve this expression into 
" factors 117 ] We shall lieie give another method to resolve it, 
which will be found useful 
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Since (6 - c) + (c - a) = b - a = - (a - b), we have 

a-(b — c) + b a (o - a) — c 3 { (6 — c) + (c - a) } 

= a\b -c)- c\b -c) + i 2 (c-«)- c\c - a) 
s= (6 - c)(a s — c® ) + (Z> 3 — c 2 )(c - a) 

= (& 8 - c 5 )(c -«)-(&- c)(c 2 - o 2 ) 

=■(& — c)(c — a) { (6 + c) — (o + a ) } 

= (6-c)(c- «)(6 - a) - - (6 - c)(o - «)(« - 6). 


Note We have seen [§ 117] that -(b-c)(c-a){a-b) is equal to 
three other expressions 

Ex. 2. Resolve a\b — e) 4- J 8 (c — ») + c s (b - 6) into factors 
As m the last example) -we have 

o s (6 — c) + b s (c - a) - c s { (b — c) + (c — a ) } 

= a\b -e) — c\b —c} + b s (c—(t) — c?(c —a) 
r=(b~ e)(a 3 - c * ) +(fc 8 - c 8 )(c- a) 

= (6 — c)(c-o){(6 2 + bc+c 2 )- (c 2 + ca+a 2 )} 
=(6-c)(e-a){(6 3 -a s ) + c(6-a)} ] 

«=» (6 - c)(c - o)(6 - a)( b + a + c) 

— -(b- e)(o — a)(a — 6)(a + 6 + c). 



Othermse thus • — Arrange the given expression according to 
powers of a, which is thus 

=a 8 (6 — c) - «(6 S - c 3 ) + bc[b 2 - c 2 ) 

= (6 - c){ a 8 - a(6 2 + 6c + c ! ) + 6c(6 + c) } 


Arrange the second factor according to powers of 6 ; thus 
the given expression = (6 - c){ b\o - a) + &c(c - a) - a(c 2 - a 2 )} 
l =(6-c)(c-a){6 3 +6c-a(c + o)} 

Arrange the third factor according to powers of c ; thus 
the given expression = (&-c)(c- «){c(6 - a) + (6 s - a -) } 

=(b -c)(c-a)(b — a)(c + b + a) 

— - (b - c)(c - a)(a -b)(a+b+ c). 

Note. It is easy to see that 

a 5 6-ab 3 + 6 s c &c 3 +c 3 a-at 3 
=a 3 (5-c) + & 3 (c-a)H c 3 (a-&) 

= bc{b- - c-) + ca(c a - a* ) + a&(a 3 - b - ) 

' = -{«(&" -c 3 )+&(c 3 -a 3 ) +c(a 3 -& 3 )} , ' 

hence each= ~{b-c)(c-a)(a-b)[ti+l+c) . 4i .(i) 
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Ex 3 Resolve a 8 (6 2 - c 2 ) + 6 8 (c 2 - « ! ) + c^a 5 - 6 s ) into factors 
We may easily put the given expression m the form 
6 8 c 2 (6 — c) + c 2 a 2 (e —a)+ a ! 6 2 (a - 6) 

=6 2 c 2 (6 — c)+c 2 a 2 (c — a)— a 2 b 2 {(b— c)+(c-a)} [Ex 1] 

= (6 - c)(b 2 c- - a 2 6 2 ) + (c 2 a 2 - a 2 6 2 )(c - a) 

=6 5 (b- e)(c 2 - a-) - a 2 ( 6 2 - c 2 )(c - a) 

= (6 - e)(c - a){ 6 2 (c 4- a) - a 2 (6 4- e) } 

=(6 — c)(c — a){ c(b 2 — a 2 ) + ab(b— a)} 
t ■=(6-c)(c-a)(6-a){e(6+a)+a6} 

= — (6 — c)(c — a)(a — 6)( 6c + ca + ab) 

As an exercise the student is asked to work this example by 
arranging the given expression m powers of a, b and c successively 
as we have done in Ex 2 
Note It is easy to sec that 
1 o s 6 2 -tt s 6 1 + 6 3 c s — 6 s e J +c 3 a s ~c a a 3 

=a 3 (6 2 -c ! ) +6 3 (c a -a a ) + c 3 (et 3 -b-) 
t ~b 1 c s (b~c) + c s a-(e—a)+a s 3 s (a — b) 

1 = -{a a (& 3 -c 3 )+6 a (fl 3 -a 3 )+c a (a 3 -6 3 )} , 

(therefore each =*-(&- c)(c - a)(a - b)(lc - rca+ab ) 

Ex 4 Resolve(6-c) B + (c-a) 8 + fa-6) s into factors [§130, Ex 6] 
Given expn = (6 — c) B +(e-a) B — {(6-c)+(c-o)} 8 [ see Ex 1] 

«= (6 — c, 8 + (c — a) 3 

- {(& - c) 3 + (c - a) 3 + 3(6 - c)(c - a)(6 - a ) } [§ 103] 

= — 3 (6 - c){c - a)(6 — a) = 3(6 — c)(c — a)(a - 6) 

Hence (6-c) 3 + (c-a) 8 + (a-6) B = 3(6-c)(c-c0(a-6) . ..(ill) 

J Ex. 6. Resolve (6 - c) fi + (c - a) 6 + (a - 6) 6 into factors [Punj. 893] 
Given expn =(6-c) 5 +(o-a) B -{(6-c) + (c-os)} s [see Ex 1] 

= (6 — c) B + (c - af - { (6 - e) 5 + 5(6 - c) 4 (c - a) +• 1 0(6 - c)\c — a) 2 

+ 10(6 - c) s (c - a ) 8 + 5(6 - c)(c - a) 4 + (c - a) 5 } 
[ (# + 1 // 6 = a -8 + 5.i; 4 y + 1 0i% 2 + 1 Offfy 8 + 6ag? 4 +«/ B ] 

= — 6(6 — c) 4 (c — a) - 5(6 — c)(c — a) 4 

- 1 0(6 - c) B (c - a) 2 - 10(6 - c)\c - a) s 
= — 5(6 — c)(c — a){(6 — c) s +(c — a) 8 } 

- 1 0(6 - c)\c - a?{ (6 - c) + (c - a) } 
= — 5(6 - c)(c - a){ (6 - o) 8 - 3(6 - c)(c - a)(6 -a)} [fc 103, Gor 2] 

— 10(6 - c) ! (o - a) 2 (6 - a) 
= - 5(6 - c)(c - a)(6 - a){ (6 - a) 2 - 3(6 - c)(c -a)} 

— 10(6 - c) 2 (c — a)\b - a) 
■= - 5(6 - c)(c - a)(6 - a) { (6 — a} 2 - (6 — c)(e - a) } 

= 5(6 — c)(c - a)(a - 6)(a 2 + 5 2 + c 2 - 6c - ca - ab) 
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v ,( Ex, 0 . Prove tbit o s (?> + c) + l*(e+ or) + c*(n + &)+£«&# 

— {&+^( c +°)(< ? +i , )‘ 

£ Note It is easy to see tlmt 

aWH-ab* ~b"c-*-ltr -rc-a-i-ra* 


— a* ( 6 + c) + 5 * (c + o) 4 - c s (a + &) 

=lc[b~rc)'{-ca(c+<t) + (td>[a **■ &) 

=a(6* -rc*)+6(<*+a s )+e(a* +6 S ). 

We slwvll denote, for shortness, each of these equal expressions by S ] 


Arrange according to power* of c ; tluis left side 
*= o r ( 5 + e) + <r(b 2 4 - 2be J- e s ) + t*c + 6 c s 
*= a°(jb + c) + a[b c) s +?>'•(& + <*} 

„ ={& 4 *e){a s +rt'b+c)-h&c} 

=(&+«}(« + c)(« 107] 

£+ 2 abc« (b c)(c + «Xa + 6 ) (ill). 

'rove that ^^ s {b 4 •< , )+i ^ vC• 1 *ff) + c , (rt + b)+ 3 rtbc , 

*■ (o + b + c)(6c + ca + ab) , 

Xjeft sT 3 e +<xb * + IPc + hc‘ + c*o + ca a 3 abc 



=> (Z> s e J- be 8 +a be) + (c 5 « + ca~ A- abc) 4- (« s b + ab* + nbr) 
[rearranging and grouping the terms] 

= be[b + e + a) + c« (c + a -*• b) + a b(« + b + c) 

=(a + b + cyjio + ca 4- ab) 

Hence S+3abc«=»{a + b+<;)(bc +««+«?>) (iv) , 


Another form of tin* identity is 

(a+b+ c){bc+tu + ab) -abe=(b + c){c + «){a + b) 


For left Bido^S^Salc- abe^S -r2abe=i{h-i- c){c -i-b) [Rx, ]]. 

t 

,/ Ex. 8 Pro\ e tliat (a +b + c) s « a 3 + i 3 + c 3 +3(b + e)(c 4* «)(a +■ b) (V) 

(a+b+c?~a i +V s +c t +3a?bMab i +'i1/ i c+Zbc' i +'ic*a+5<'a s +G<tbc 

— a 3 + b* + o' + 3 S + Gabc = a 3 + b 8 + c 8 + 3(i$ + 2abe) 

- a* + b 3 + c 8 +3(b + c)(c + a)' a + 1) [Ex 1], 

Another form of this identity evidently is 

(a + b + <r) 8 - a s - b 3 - <? = 3(6 + <j)(c + «)(« + b). 


Example 1 Piovc that S(a + b -*■ c) B ~ (b + c ) 4 - (c •) o ) 3 - (« -l 6 }» 

s=3{2«+5 + c){a+2b+c)(a+/H 2c) 
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Since S(a+5+c) 3 =(2a+26+2c) 3 = {(6+c)+(c+a).*-(®+&)P, 
■we have (by putting «=6 + c, y=c + a, z=a+b) left side 
={x+y+z)‘ -x" -y 3 -s 3 
= 3(y + z)[z + sg)(x +y) 

= 3(2a + b + c)(n +26+ c)(a + b +2c) 


j Example 2 Resolve into factors 

(a+6+c) 3 -(6 + c-a) 3 -(c+a-6) 3 -(a+6-c) 3 . 
Put x=b+c-a, y=c+a-6, s =a+b-c , thus 

a+y+c=:(6+c- a)+(c J tf -6) + (a+6-c)=a+&+c 
Hence the given expn = ( x + y + s) 3 - s* - y 3 — c 3 
=3(y + s)(s + as)(a: + y) 

= 3{2a)(26)(2c) = 24a6r 


Ex 9 Prove that a-(b + e) + 6 2 (e + a) + c ! (a +6)+a 8 +65^ 

= (a + 5 + c) J 

Rearranging the terms, the left side 

=a s + « 2 (6 + c) + 6* + 6 2 (c + a) 4- c 3 + c 8 (| 

=a s (a + 6+c)+& 2 (6 + e+a) + c 2 (c+a+2 
=(a + 6 + c)(a 2 + 6 2 +c 2 ) 

Hence »S+a 8 +6 3 +c 3 =(a+6 + c)(a 2 +6 2 +c 2 ) (Vi) 



1 

. I Ex 10 Prove that a 5 (6 + c) + 6 s (c+«) + c 2 (a+6) 

— a* - 6 s - e 3 - 2a6c ■= (6 + c - a)(c + a — 6)(a+ b— c). 

Rearranging the terms, we have 
Left side«»a 2 (6+c) + o(6 8 — 26e + c s ) + J s c + 6c 8 — a s — 5 s — c 3 - 
*= a 2 (6 + c) — a 8 + o(6 2 — 26c + c 2 ) +• 6c(6 + c) — (6 8 +C 3 ) 

= a 2 (6 + c - a) + a(6 — c) 8 + 6c 6 + c) — (6 + c)(6 3 — 6c +c 2 ) 
=a 2 (6 + c — a)+a{6— c) 2 — (6 + c)(6 8 — 26c+c 2 ) 

= a 2 (5 + c — a) + o(6 - c; 2 — (6 + c)(6 — c) s 
= a 2 (6 + c — a) — (6 — c) 2 (6 + c — a) 

=» (6 + c - a){ a 2 - (6 - c)*} 

= (6 + c-a)(o-6 + c)(« + 6-c) 

Hence <$ — a 3 — b 8 — c 3 — 2a5c=(6+e— «)(c+-a — 6)(a+6 — c)„ (vix) 

J JBx 11. Prove that 2bV+2c 2 a 8 +2o 2 6 8 -a*- 6 4 -c* 

=(a+6+ c)(6 + c - o)(c + a - 6)(a •+ 6 - c). . (vui). 
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Arrange according to powers of « , thus 
Left side= -{tf* —2(5*+ b\+o l -26V} 

= -{««- 2(fc s + c t )a’ t +{b i 4- c-} 1 - (I s +c 5 ) 3 + (?> 5 - r s } 5 } . 

» -{(flS-'FT^ 5 - rt s c 5 H(2&c) s -(o*-t’“<J*) 5 
- {2ic - (a 8 - f* s - c 8 ) ) {{25e+ {«* -fi*- c 8 ]} 
«U6+c) 8 -a 8 H« 8 -(Z»-c) s } 

-(& + c +«)(6 + C - flX« + - e)(o - & + «) 

=» (a 4 - 1 + c) (6 + c - oX« + «-&)(« + b - c) . 

Resolve into factors 

12 bc[b - c) + ca(c - «) + ab{a - b). 

13 a{b°- - c s ) + b(c- - a 8 ) + c[a‘ - & 8 ). 

14 lc(Jb i -c t )+ca{t?-a t )+(tb(a i -b' ! ). 

IS^i^c 3 ) + b(c> - a-) + c(fl 8 - i 8 ) 

\ l^p^c 8 ) 4- W - a 8 ) 4- c'ja* - h 8 ) 

i if^PU 6 *)+ w- «*) +«v - *»*) 

j i^Pw- *h cvic 2 - « ? ) + - ^ ! ) 

19^ti'^^-c) s -a s -7> E -c 3 20 (& + c)(c + o)(«+fi)+o&(5 

21 a(Z> - c) : 4- &(c - a) 2 4-e(a -&)"+ 8abc 
22. a(5 4- c) s 4- b{o + «) ! + c,« + bf -Zabc 
23 a(b - c) s + b(c - a* + c(n ~ b)\ 

24. « 4 (6-c)+6 4 (c-a)+c 4 (a-?>). 

25. ic(l 3 - c s J 4- ca[<? — a 3 ) + «6(o s - b z ). 

26 a(6 4 - c 4 ) + 5(rf — « 4 ) + c(« 4 - Z> 4 ), 

27 . «(6 — <f)(6c - a 2 ) 4- i»(c — «)(ca - fr) 4- c(a - 2>)(a& — c 8 j. 

2B. lc(l - c)(l - o 2 )+ca(c -a){\ - fr>)4 a&(« - b)(l - c s ). 

29. (6 — c)(6 + c) 3 + (c - «)(c + a) s + (a — &)(a 4. &)», 

30. (6 + cj(6 - c) 3 4- (c + a)(c - a/> +(a + b)(a - b)\ 

* I3S Division by Resolution into Factors. The follow 
mg examples will sufficiently illustrate the method. 

• 

Examples. 

Ex 1 Divide a 3 - 3u+ 2 by a 4- 2. 

D widen d *= a 3 4- 8 - 3a - 0 « (a* 4-8) - (8a 4. G) 

=(«4-2)(a 5 -2«4-4) — 3(«+2) [§ 105] 

>=(« + 2)(a 8 - 2« 4- 4 — 3) e(o 4-2)(a ~ l) 2 • 
required quotient «=*(«-!)* or « 3 - 2a 4-1. 
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Ex 2 Divide a?+ab- — ct s 6 — 6 3 by a-b 

Dividend = o(o 2 + b-) - 6'n 2 + 6 2 j =(« — 6)(o 2 +■ b-) , 
. required quotient = a 2 + 6 2 . 


Ex. 3 Divide 8:r 8 +y 0 by 2t+y 2 [Ex 63 §96], 
Dividend =(2«) s +(i / 2 ) 8 

=(2x+y i ){(.2x) a -(2x)y i + (y i j i } i§ 105] 
=(2a , +y 2 )(4r ! -2.ry 2 +y 1 ) , 
required quotient = 4v i -2xy , +y i 


Ex 4 Divide ic s -3az 2 + 3a 2 *-a s + i s by *— o + 6 [Ex 48, § 95] 
Dividend =(a;-o) s + 6 8 104] 

*» (r - a + 6){(a: - a) 2 - (r - a)6 + 6 2 } 

= (x — o + 6)[j; 2 — (2a + 6)r+a 2 +a6 + 6 3 } 
required quotient =a; 2 — (2a+6)a: + a 8 +a6 + Zj| 

Ex 6 Divide (i^-ys^ + SyV bj v-+yz 

Dividend =(a: 2 -y2) s +-(2y2 / 8 [which is of the fornfl 
= { (* 2 -yz) + 2y«H (*“ ~T-? ~ {x--y*) 2 yz^ 

=(® 3 ~yz + ^yz)(x* - 2 x"yt +y 2 2 8 — 2« 2 yE+ 2y ! s 2 + 4yV) 
■=■ (x 1 +yz)(x* - 4x*yz + 7yV) , 
required quotient *=& 4 — 4T 2 ys+7y 2 s 2 



Ex 0 Divide a 6 - 1 - B( v - 1) by ( i - 1 ) 3 [Putt; , 1 893] 
Dividend = (x - l)(x* + a s + r 2 + x + 1) - 5(# - 1) 

«= (x - 1 )(x* + a? + x * + * - 4) 

=(v-l){(r 4 -l) + (a; 8 -l)+(a: 2 -l) + (a:-l)} 

= (x - 1 ) 2 { (s? + X* + V + 1) + ( X 1 + X + 1) + (x + 1) +1 } 
=(jr-l) 2 (£ 8 + 2;B 3 +3r + 4) , 
required quotient = r 2 +2a: 2j -3:s+4 


Divide 

7 o 2 (o - 26) — 6 2 (6 — 2a) by a — b 

8 (r-a)(s-6)-(y-a)(y-6) by (x-a)+(y-b) 

9. (a-6)(6-e)+(a-<f)(c— d) by 6 -d 

10 (l+a;) ! (l+y 3 )— (l + v 2 )(l+y) 2 by l—xy 

11 T(a?-l)(a:-2)+y'y-l)(y-2)-6a:y by v+y 

12 x i +y 4 — s 4 + 2» 2 y 2 — 2s* - 1 by jr 2 +y 2 -s 2 -l [Ex 57, § 95] 

13 a(6 2 +c s -a 2 )+6(c s +a 2 — 6 2 ) by (6+c-a)[e+o -6) 
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Divide 

14. a 3 +6 s -3a 8 +3a-l by a+6-1. 

15 b(i? + & s ) + ax(x 2 - a 2 ) + a s (x + a) by (a + 6)(x+o). 

16. (l + a) a +(l+o) s i:+(l+«)® 2 +« 8 by 1+a+tf. 

17 (a 2 +a6+6 8 ) 4 -(a 2 -a6+6 8 ) 4 by (a 2 +6 8 }(a 4 + 3a 2 6 2 + 6 4 ). 

18. (x+y) 3 + (l-;s-y)3;ty-l by x+y- 1. 

10 (x 9 -l) 4 -3(x 2 -l) 4 +lbyx 4 -3x 2 +l. 

20 (a+6) 8 +(c-a) 3 -(b4-c) 8 by ar + ff(6 — c) — 6c 

21 . , e s +8y s +6 , cy — 1 by x+2y~ 1 

22 (a - 6) 2 c 2 + (a - 6)c 8 - (c 8 - a*)6 8 + (c - a) 6 s by (a - 6)c 2 — (c - a)6 8 

[Cal, 1883] 


28 


a^x 4 + a 8 by x 2 - ax + a 2 
|l)(x+2)(x+3)-3 by x^Sx+S 

Ithat (x 2 + vy + y 2 ) 8 + (x 2 — vy + y 2 ) 8 is divisible by 2x 8 + 2y 8 . 
that (6x + cy + os) 8 — (cv+ay ^ 6z) 3 is divisible by 

- ( b-c)x+(c-a)y+{a-b)z . 

Shew that (x 2 — l)(y 2 — l)(z 9 - 1) + (x +ys)(y + zx)(z + ry) is divi- 
sible by ryz+l 

Divide x(l +y 8 )(l+z 2 )+y(l + z 2 )(l +» 8 ) + s(l +x 3 )(l +y 2 )+4xyz 
by 1+yz+zx+xy. [Ca?,1878] 



Miscellaneous Examples III 

1 Prove that (a + b)cd+(c+d)ab=(a+d)bc+{b+c)ad. 

2 Prove that x 2 (x-2y) — y 2 (y-2r) = (r-y)(x 8 -xy+y 2 ) 

3. Prove that o(o - 26) 8 - b'b - 2o) 8 » (o - b)(a z -7 ab + 6 2 ). 

4. Prove that o(o - 26) 8 - 6(6 - 2o) 8 =(o - 6)(a + 6) 8 

5 Prove that (o + 2) 8 - 4(o + 1) 8 + 6o 3 - 4(o - 1 ) 3 + (a - 2)* = 0 

6 Shew that (o + 6) 4 == 2(o 2 + 6 2 )(o + 6) 2 - (a 2 - 6 8 ) 8 

7 Shew that (o 2 + o64-6 8 ) 8 - 4a6(o ! + 6 2 )=(a 2 ~a6+6 8 ) 2 . 

8 Shew that (av+ ?/)(6x + y) - (x+ ay)(x+ by) = (a6 — l)(.x 8 — y 2 ). 

9. Shew that (ox+6y) 2 +(oy-6x) 8 =(o 2 +6 8 )(x 2 +y 2 ). 

10 Shew that (x 2 -oy 2 ; 8 =(x s + 3oay 8 ) 8 — a(3x 8 y+ay 8 i 2 

11 Shew that (x- ay) 8 — (y-ax) 8 

=(o+l) 8 (x-y) 3 +3(a+l)(x-y)(x-ay)(y-ax). 

12. Divide (a + l) 2 x 8 +(a + l)x 2 + a\a - l)x - a 6 by (a + 1 )x - a 2 


162 


Ai.ai.BnA 


13 


14. 


15 


16. 

17 


18. 


10 

20 

21 

22 

23 

24 


25. 


26 

27 


28. 


29. 


30 . 


• 0 , 

= 0 


If a+J+c=0, shew that 

(l) a 3 (b + e) + b 3 (e 4- a) 4- c 3 (a 4 b) 4 3 aba = 

(n) a(b 4 c) 3 + b(c 4 a) 3 4 c(a + 6) s - 3 abo * 

Prove that a\b—e)+V‘(e -a)+c 3 (a-b) 

4 (6 - c)(c - a)(a - b)(a 4 b 4 e) =0 
Prove that (a + 1) 3 (6 - c) + (6 4 1 ) 3 (e - a) 4 (c 4 l) 3 (a — b) 

+ (5 - c)(e - a)(a - b ) =0 

Simplify (a 3 - bc)(lc 4-mi6) +(b- - ca)(la+mc) 4 (c 3 — a&)(H> 4»ni) 
Prove that (x - a) 3 4 (y - b) 3 4 ( a 3 4 5 3 - l)(a? 4-y 3 — 1) 

= (a x 4 by - 1 ) 3 + ( ay - br) 3 
Divide a 2 (b - c) 3 4 Wc - a) 3 4 c*(a - b)' 

by (&-e) 3 4(c-a) 9 4(a— j 

If a + 6 + c = 0, shew that 

a(b — cl 3 + 6(c — a) 3 4 c(a — 6) 3 + 9abc ** 0 
Simplify (a + b - l)(3a - &) - 2(a 4 6 - l)(a - & 4 2) 

Shew that (be 4 ea 4 ab) 3 - 4abr(a 4 e) is a complete slj 
Si mpl lfy (a 4 5)(a 4 c) 4- (5 4 c)(& 4 a) 4 (c 4 a)(c 4 5) — (« 4 6 4 r) 3 
Prove that (ar-y)(r+l)fy4-l)- r(y4-l) 3 4-y(r4-l) 3 

*=(x-y)(x+y+ 2.ry) [Ifni, 1B87] 
Prove that ( a 4- d)\b 4- c) 3 — (b — c) 3 (a — d' 3 
= Aad(b 3 4- c ! ) 4- 4bc(a 3 4- dr) 

Simplify 7 (a — b)(b — 2b) — (2n - b)(b -7a)— 66 s 
[V (a - 5)(6 - 2a) = - (6 - a) x - (2a - b) - (b - a)(2a - b), 
given expression = (2a - b'flb - 7a - b 4- 7a) - 66 s 
= (2a - 6)66 - 66 3 = 1 26(a - b) ] 

Prove that 

(ax - by)(ax - by 4 ! ) s - ax 4- by = (ax - by) 3 (ax - by 4- 2) 

Divide a 4 6 3 — a 3 b % 4- b*c 3 — J 3 c 4 4- e 4 a 3 — e’a* 
by a 3 6-a6 3 4-6 3 e — 5o 3 4-c 3 a— ca s 



If a4- b + c + d=0, shew that 

a* 4- b* 4- e 8 4- d? 4- 3(5 4 e)(a 4- a)(a 4 6) = 0 
Resolve into factors 

(!) f{f9 - (« ~g)h) - eh 3 ( 2 ) p* +p 3 - 2 p 

"Find the coefficient of t 3 m the product of 
5a?— 4a: 3 4 3® -2 and 6a? 4 8a; 4 3. 
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[The terms that involve s? may he obtained, first, bv multiplying 
the terms of the third degiee by those that do not involve x t and 
next, the terms of the record degree by those of the fir it degree 
Therefore the terms involving x? in the product, are + lox 5 3 — 
and +13x?. The algebraic rum of these terms 

=15« 3 -32x s + lS^ 5 =x 3 , .* coefficient required =1] 

3L Find the coefficient of in the above example. 


32 Find the coefficient of x? m the product of 


. 3^2* 7 . . , 2r* x 5 

^"X J '3 + !2 S ” d 3r + — -2 + 6 


Find the coefficient of r 3 in the above example. 
Find the coefficient of v l in the product of 

a^-ar s 4-6.T 2 -cr+<iand aP+px-i-q. 
the coefficient of x* in the product of 



3 A , , x J* 3? x l 
Tfi andU 2 I + 8 + 16‘ 


38 


39. 


I JIjX. £ 

2 ‘ 4 8 

*the coefficient of x* in (x-l)(r-—x— ljfr 3 — 2r — 2). 
Resolve (1) lm(xx-y)\x—y)—xy(l~mYJ-m) 

(2) (l+*tfl -«**>- 0 * «*)(! + V Y. 

She^T that (ax +lj)-x- (bz - ay'? + (cx-^dy) 2 -i-(dv- cy ) s 

-(rf+P+<*+c P)(**+y s ) 

If 2r=a d-6+c, prove that 

t - + (« - «) 2 + (* - 6) 2 x ( v , _ e )s = a s + yi + c i 

[When we find an expression imolvmg an abridged symbol, as * 
here, it is generally advisable to effect reduction m terms, of it, and 
-when thus simplified, to substitute its value 

The given expression 

“ * 2 -{- (** - 2» + a 2 } j. (*? - 2* b -t- F) + (s z - 2xc + c 1 ) 

= if — 2*(a + b -*-c) a 2 + b- ■*- c- 
= 4s 2 — 3t 2*J-a* + ?r + C', ’ 2s=a^-b-rc, 

»*a s -*-&*+ c s 3 

If 2i=a-J-6+c, shew that **+(*-a)(*-&)+(*-5)(i»— <•) 

j * + (*— c)(s-a)= bc + ca -i-ab 

If 2i = a 6 + c, shew that 

{(r-a)-b(r-b)Y=(r-a?+( s ~h?-b 3(s - a)(s - b)c 
If 23=<n-h + c s shew that 2{i-a)(s-b)($-c) + a(s- b)(r- c) 

+ b(t - c} 1 * - a) - a)(ir - b) = abc 


40. 


4L 


42 
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43 If x=6e+ea+G6, stew thar 

(* - d) [t - oYj - «) + c(f -b\t-c)-l[!~ c){t - o) J- e(s - c)' v e - 6} =2a6c 
44. If #=tj-*-6+c, prove that 

<?-26){s-2c)-.«C# - £'')> - 2fl) -«(* ~2a)(# - 26) 

. =(*— 2a)(s— 26}(s— 2r)+Sa5c. 

{The given expression 

=s{x-S(6-«-e)s-«-26 2c-* 1 - 2(e J-a)* + 2c "a + ** - 2*a + b)t + 2c 25} 
*»j,j3j*_4;c~6-rc>-r(2a 26 -^o 2c *-2eiLa)} 

=s {**-*-2#* - 2^o - 6 c)s - 2(a + 6 + e)t - (2a Sb -i- 26 2c+ 2c 2a)} 
=f{s s +2j s -2i s -(2c j -£5+£cV«+( 23 26-^25 2c+2c.2a)} 

={j?— (2a— 25+2c)j ? +\2r 26 + 26 2c-r2c“aJj— 2a “5 2e}-*-2a.26J!i 
*=(»— 2a) v #— 26}(s— 2.) -*-Satc (§ 112)1 
45 If a J-6^1, prove tbit (n a — 6 ! ) I =a s -*-t 3 — a5 

48 Prove rhat (a — 6)(I -i-c 5 ) (6 — cj{l — o ! ) -r(c— a)'l 

= -(6 

47 Express as the difference of two square 

(1) — 2^a 6}x— ak(a — 2}{6 -r 2) {See §131, Ex 

(2) (r-oXx-2a)(jsJ-3o}(r-*-4o) 

4S Prove that a(a~rd (a —2d)(c—3d)—d t =(a-—'3ad-*-d 1 ) s . 

[The given expression 

=(a+d)(a +2d) xaCa-s-Sdj+d* 

=(a , +3a£'— £i ! Xo , -*-3ed)— a 1 (§ 107) 

= (c 5 — 3adf + 2d" va* + 3 ad; + d* 

=(a*— Sod+a 1 ) 1 (| 99, Co-.] 

Note- If a, 6, c, d he four consecutive* numbers, then it follows 
from this example that cb^f— l=(cj— 1)* that is, the jprcduct rfi- 
coassir aV ■us.vfr'rs s’- cress .d S s l tso square iu.rrt-tr. 

49 Prove that x v x— l)(x — 2^x — 3} + 1 = (x* — 3x— I) 3 . 

[See no*-e to Ex. 4S.] 

50. Divide (ax-t-qi^+Cox — hyf -(ay— bvf— (ai>-rix) s 

V by (a lo^cr - 3n5{~ - t- s ) [Cc?-, 1SSS] 
5L If 6r— c$ =c, cx— «:r«*/3, op— 6x=^ shew that ac+b£}-*-c-j—Q. 
52. If X s — tr=a s , t 1 — rx=*5 ! , c 1 — xp^c 3 , shew that 
(o ; + 6 s + c^'x -*-<? -r-c) = a s x — 6^ + c s r 

^Consecutive numbers are those which differ bv unitv. The 1, 2, 3, 
&c- are consecutive numbers. 
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35. 

She— ibs- 

i*--S . ,£ I_C| -fjJS— 

f"' J / 4 V 4 * 


54. 

Profe that 

{cr 4- 63 /-r 'ad — &"/ = — 

hd/— 2 




«(a 2 -r-Sf/^c-}. 

55. 

Prove tbs* 

i (cro - cd> A (c'J~l r]y } - -t- { 

fee - fera-i- hrlx} 2 



- 


53. 

If r =c—o 

y=b—e, :=<■—£. prove that 



Slor^bi -^:}=~-r 

-r 5 . 

57. 

Shevr that 



(' 

s-^X/h— x>- 


• 1) - (c — x/6 — x* =0. 

58. 

If (a— 5— i 

5— dyr—cd— tab, si e*r that 




{<5 — ”/.5 -X} = ;« •*■ r/a -S-x) 


[We 

bars 

(c — 5}x — (« — o.x= cf - c & 3 




(c-t-5}x— c&=(c-i-«t}r -*-«£. bj trass? : 
asd jr so bora sides asd applv § 107.} 
tbas (or-j-ot -tcCy— (cy— ex/— (cx-cr/ 

=(e* -S* -rC : X-~-r 5 s) [Ses'JDp.]. 
60. X?£de (4;*- 2e^-(4y-2c\//- c'by j^yt-a^en^gSi] 
6L If A—zr—bv, sLe— teat 

a--ab^b z ={gZ 

62. S53-B't£3tc^-cXo ; -r«*-c*.-s-&/*-!-o J 'c 5 Ta 1 -y; #• 

-rfa-fi ^a 1 — 5 1 — e s j=£cS<:'G-*-o-fe} 
63 She— ii3ta\5 s — «s/ A £ s 'i?--a5, s -|-c r ’<t s — ds/ 

=3flc s5P-«X«* - c£fe*- 6c) 
Decompose into efenenrsiy factors 
64. {aZ-Y/JP-H^tab. 65. a-{Z~ - cy. 

66. ■i'r-c, z -27a s z. 67. er-So^-Soo*. 

68 . (aS-S-Sar/J-^i-^^Sarlia^. 

69. fa*^3arr-(-~4-2crX3 -s$+2[i - c s j. 

70- £ojt— I— a-. 71. {</- e^^Z-f-T 

72 s s -(a-b>r s T-{c s 5 J-alr;.''-c I £^. 

73 (c 2 -5-p_{£=_c 3 f. 

74. m* - s* J-2<rf j-b*} - (rs-Mi /(si - „)* 

c% 0 — ty—zr\c — a/-r (?(a - &/. 

77. 16r*T- 4ar'r— ijr-s-ey— 1}* 

&l's J-»_./- 'a T-b}>~ - v';— .>—■ pp. 


Vo 


1G6 


ALGEBRA 


79 Shew that 


80. Shew that 


377 X 375- 025 x 025 


= 4. 


3(5 - 025 
384 x 384 x 384 - 383 x 3S3 x 383 


= 1 


384 x *84+384 X 583 + 383x383 

81. Shew that — a - ,=:}£ 

% x e + t x v 

82, Find the value of o J + 6 2 -c 2 +2a6, when a= 03, 6= 07, e^’lO 

83 Find the value of x a +y 3 +3ry — 1, when &*= 15, y= 85 

84 If x = b+c-2a, y*=c+a-2b, z=a + b-2c, find the value of 

y 3 + z 3 —x i +2yz. 

85. If A=‘X t +y 2 + J i , B=yz-\rzx+xy i thew that 

A 3 = 3 AB S + 2 j3 s = ( j: 3 +y 3 + a 3 - 3ays) s 
Factorise 6r 2 - (a - l)ry - (a - l)(a + 2 )y s 
Factorise xy + 2a 2 - 3?/ 2 + 3as + 2 yz + a 2 
Prove that 

■k 8 +y 8 + (x + y ) B - 2(a J + xy + y 2 ) 4 + 8x 3 y 2 (x + y) : (s 2 + 'n| 

Simplify (a + 6 + c) 2 +(6 + c-a) 3 +(c+a-6) 2 +(a + 6- 
Sim plify (a + 6 + c) 2 — (6 + o — a) 1 + (c + a - 6; 3 - (o + 6 — e) 2 
Simplify (a + 6 + c) 2 -a(6 + c-a)-6(c + «-6) -c(a + 6-c) 

Shew that (x+y+z^y + z — x) + (x +y - z)(x-y + z) 

+ (y + s - »)(£ + y - z) + (a +y + z){v - y + z) ~ 4(a; + y)z 
Find the value of 

(a + 6+c + d) J +(a + 6 — c — d) 1 +{a — b + c — cf) 2 +(« — 6 — c + d) 3 
Find the value of 

(a+b+c+d)* — (a+6-c-d) 2 +(«-6 + c— df — (« — 6— e+d) 2 . 
Prove that u(6 + c - a) 2 + 6(c + a - 6) 2 + c(a + b - c) 2 
+ (6 + c-aXc+c-6)(a + 6 - c) = 4a6c 
If A— or — be, B = b-—ca , G—c 1 — ab, prove that 


86 

87 

88 

89 

90 

91 
92. 

93 

94. 

95 

96. 



A l -BC B 3 -CA G 3 —AD 


= {A + B+ C)(a + b+c) 


97 

98 

99. 

100 . 




a b c 

Factorise a 3 +2a 2 2 — vy 3 — xz 3 •\-yz-+2xys — 2z 3 
Shew that a 3 + 6 s + c s + Gabo -a(a- b)(a - 0 ) - 6(6 - c)(6 - a) 

-c(c-a\c-b)={a+b+c)(jbo + ca+ab) 
Shew that (a* - 6c)(5 3 - c s ) + (6 2 - ca)(c 8 - « s ) + (c 3 - o6)(« s - 6 s ) 

—(6 - c)(c - «)(a-6)(a + 6 + c) 3 * 
Shew that (« + 1 ) 3 t 6 - c} 2 + (6 + l) 3 (c - + (c + l) s (a - 6) 3 

=3(n + 1/6 + l),c + 1)(6 - c)(o - a)(a - b) 
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CHAPTER X. 

Simple Equations 

Section I. 

137 Equation and Identity When an expression is equal 
to another expression, we may view the equality to hold m two 
difterent "vrays * (1) it may hold for some particulcif value or values 
of any of the letteis involved m them and (2) it may hold for 
all values of that letter In the fir*t case, the equality constitutes 
wbat is termed an Equation, and m the second, what is termed 
.in Identi'y for example, £-1 = 3 is an equation, for the value 
4 only of £ makes £ — 1 equal to 3 ; £ a — 5£+6=0 is an equation, for 
the values 2 and 3 only, and no other values, of £ make £ s — 5£+6 
equal to zero , and so on An Equation thns expresses an equality 
under a condition and is defined to he the statement of equality of 
(wM/a^ssions for some particular value or idlues of one or more of 
tijKK^inrolved m them 

is easily seen that 

15=10 + 5=6x2 + 3, 

(» + ])£=«£+ r, 

(a 2 — 1)— (a — l) = a + l, 

£ 2 -(a + 6;£+c6=(£-o)(i- 6) 



• «• • 


These examples shew that the fir«t aide of each of the expressions 
is the same as the second side, only that the latter is put into 
another form It is clear, therefore, that if any value whatever be 
given to any of the involved letters m each of the above expressions, 
the resulting values of the two sides will be the same An Identity 
is thus defined to he the statement of equality of two different forms 
of the same expression , and therefore expresses that the equality holds 
for all 'values of the letters involved xn them 


ISS Signs. Two different symbols are likewise used to 
express these two forms of equality. Thns the symbol, =, is used 
to denote a conditional equality , or is the sign of an Equation ; 
and the symbols*, to denote an identical equality or is the sign 
of an Identity We shall, however, continue to use the first 
sy rabol to denote an identity as being more common 

139. Side or Member of Equation, In an Equation, the 
two expressions, connected by the sign of equality, are called the 

* 1 irst used by the German Mathematician Gauss 
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"Sides oi Members of the equation The left-hand expression is 
called the FirH Side, and the right hand expression the Second 
Side of the equation These terms are also applicable in the case 
of Identities 

140 Variable, Root, Solution The symbol, ■whose value 
we seek, is called the Unknown Quantity, oi more briefly the 
Variable The last letters of the alphabet, X, y, z, «, &c, are 
usually employed to denote Vai tables 

An equation is said to be satisfied by a value of the variable’ 
when that value makes the two sides the same Thus 4 satisfies 
the equation Stx+ 1 = 13 — x, because 4 standing for x, makes 2#+l 
equal to 9, also 13 — ® equal to 9 

A Root of an equation is that value of the variable which satisfies 
the equation Thus 2 is a root of the equation 

a; 2 -5r + 6*=0, as also is 3 

To Solve an equation is to find its root or roots The 
mg noun is Solution Sometimes this word is used 
the root of ail equation Thus the equation x 1 - 5® 4- 6 
to have two roots or solutions, 2 and 3. 

141 Simple Equation When the first power only, and no 
higher power, of the vai lable occurs in an equation, it is said to be 
a Simple Equation It is also called an Equation of the "First 
Degree or a Linear Equatioj. * Thus ax + b=*0, ax+by^c, are 
Simple or Linear Equations, m one and two variables respectively 
[For a more complete definition, see 221] 

143 Certain necessary Axioms The following Axioms 
are necessary for the Solution of Equations 

T If the same quantity, or equal quantities, be added to, or 
subtracted from, equal quantities, the results are equal Thus 

If a=b, then (1) a+x*=b+x, (2) a-x*=b-x 

If a «=& and x=y, then (1) a+x=b+y, (2) a— ®=h— y 

II If equal quantities be multiplied, or divided, by the same 
quantity or equal quantities, the results are equal Thus 

If a=b, then (1) ax=bx , (2) a— ®. 

If a = b and x-y, then (1) ax=by, (2) a-x—b-r-y 

III If equal quantities be raised to the same power, the results 
are equal Thus 

if x=y, then ® 2 =«/ s and generally x*'=y m 
* A term adapted from Analytical Geometry 
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IY. If tl»e same root of equal quantities be extracted, the results 
are equal. Thus 

if x £ =y s or generally x m =y m , then x—y. 

143 Transposition of Terms Suppose x-a—y', 
add a to both sides, thus 


x-a+a^y+a (Ax I) , oi ^=y+ct , 

that is, —cms changed into +a, when it is taken from the first side 
and placed in the second Again if we subtract y from both sides 
(Ax I), we have 


x-y=y+a-y t or x-y=a ; 

which shews that +y is changed into -y, when it is taken fiom the 
second side and put m the first 

These two examples are sufficient to shew that — Any term may he 
from one side of an equation to the other side, if its siqn be 

\e may write all the terms of an equation on one side of 
* equality and zero on the other side 

Cor 1 Hence if the some term with the same sign occurs on both 
sides of an equation, it may be removed without the equality being 
affected. "For then we subtract that term from both sides 



Cor 2 If the sign of every term on both sides of an equation be 
changed , the equality still holds For this is practically transposing 
all the terms on either side to the other side 


144 ; 145 [Omitted] 

146. Solution of Simple Equations Rule — Transpose 
all the terms involving the variable to the first side and all the others 
t o the second side of the given equation , simplify the two sides j and 
divide by the co efficient {if any) of the variable , thus the required 
root is found 


Examples. 

Ex. I Solve 2* + 1=9 
Transpose, thus 2* = 9 - 1 = 8, 

divide by! 2, thus ®=4 [Ax II] 

Ex. 2. Solve 3r-2=2a; + 7. 

Transpose, thus 3#~2a:=-7 + 2 , 

, <s=9. 


/ 


170 


AXGFBH&. 


Ex 3 Solve 5*+21=20r — 24 
Transpose, thus 6* - 20* = — 24 - 21 , 

or — 15*= — 45 , 

change the signs, thus l r >*=46 , 

divide by 15 [Ax II], thus v=3 

Ex 4 Solve 8t-5+2* = 13+2*-7* 

Remove 2* from both sides, thus 

8*- 5 = 13-7* , 
transpose, thus 8* +7* = 13 + 5 , 

or 15*= 18 , 

divide by 15, thus * = }§■=■ | 

Ex 6. Solve 4* -3 = 4(2* -!) + 13 

4t — 3 = 8* — 4 + 13 = 8r+9 , 
transpose, thus 4* — 8r=9 + 3 , 

or — 4* =12 , 

change the signs, thus 4*= -12 , 

divide by 4, thus * = — 3 

Ex 6. Solve 3*- 10(2a — 3) + 21 = 0, 

Remove the bracket, thus 

3* — 20*+30 + 2l =0 , 
oi -17* + 61=0, 

by transposition, - 17*= - 51 , 

changing signs, 17* =51 , 

dividing by 17, * = 3 

Ex 7 Solve ax-b=cv+d 
Transpose, thus ax-cx=b + d , 

or (a- c)x=b+d , 

divide by a-c, thus 

a — c 


Ex 8 Solve (*— 5) 2 + (2*-3)*=5 (t— 2) a 
Simplify, thus 

s 2 — 10*+25 + 4* ! — 12*+9=5(* 2 — 4* + 4) , 
or 5'B a -22* + 34=5* s — 20*+20 , 
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remove 5z? from both ssdes, thus 

— 22x+34= — £0r+20 ; 
transpose, thus — 22a; + 20a: =20—34 ! 

or ” -2r= -14 ; 

, , .* 2r=14; 

r=7. 


divide by 2, thns 


Solve the following equations 


9 

12 

14- 

10 

18 


10 3ar-5 = 10 


11 ar=4- lor. 

13. 53 + 30r=3-20r 
Id lOr - %x — 1) + 3 =90. 
6r+2(ll— x)=3(19— a:). 
(3* - 5)20 - (4r- 3)12 = 0* 


17 

19 



r- 3 -7=15 
5r-8=16-3r 
3 -*-r- 15r=10r - 102 - 3r. 

5— 3(4 — r) -f 4{3 — 2 ?) = G 
52 rq-4(3r — 2)=376 
20. 13r-21(a;— 3) = 10 — 2l k 3 — r) 

-8)+13(4r-l) = l5(2r-l) + 13 
1 - 2(3x - 2) 3'4 x - 3) - 4{5x - 4) 
j3(3z - 18J -f 3jc : = 4r ! - 3r 
x - 3) + x^x - 4) = x(3x - 2) - 80 
15(1* - 3) + 20x = v(15r +17) 

28. (r-3X«-2)=(x-4) k r+o) 

27 (x — 2)(2r — 1) = 2(x + l)(ar-*- 3) 

28. (S — 3x)(5 — x)=(3x — 4Xr — 6) — 13 

29. (x- 1)2- (r- 2)2= 5 30 (2r+7) s +3r(r- lO)=7{r 2 +8). 

(3r— 4) 2 t (2x - 5/= 13(r - 6) 2 . 

(20r+ 3) 2 -(15r-8) s = 5(2 - 5r)[3 - 7r)+30 

33. ax+ 13=0 34 2mx-c=x 35. 3 j px-2=o-l. 

36. cx-i-d*=a— Zx 37 ax+bx— c=x+&x— d. 

38. (2m — l)x — &r=6x+jn(2a? — a) 39 (a — b)x—mx=c—mx 

40 2bx+(2+x)(o- 3)J-4=0 4L 2:a-«-l)r-5=(2a-3)r+20. 

42 (m+n)(m-r)= m(n - x) 43 (ax + 3) 2 - (ax - 3j- =12. 


31 

32 


CHAPTER XI. 

PROBLEMS LEAKING TO SIMPLE EQUATIONS. 

Section I. 

Translation into Algebraical language The stud- 
ent, who is supposed to bave mastered the previous Chapters, can 
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now very easily put down in symbols and signs of operation, anj 
Algebraical question, expressed in ordmaiy language If lie hab 
carefully studied the examples given in the several Examination 
Paper s at the end of some of the foregoing Chapters, hfi will have 
no difficulty in seeing that the manner of dealing with any ques- 
tion m Algebra is precisely the same as that m Arithmetic, onlj 
that general symbols are here used for Arithmetical numbers 
Thus for instance, he knows how to solve the following Arith- 
metical question — A can wall 3 miles an hour , he has walled for 
4 hours , what distance has he walked * The required distance 
= (3x4) miles = 12 miles If instead of the numbers 3 and 4 we 
had the general sj mbols a and b, the same Arithmetical question 
would be trausfoimed into the following Algebraical question — A 
can wall a miles an hour , he has walled for b hours , what distance 
has lie walled * Representing the required distance by x, we have 
x=(axb) miles =a& miles The symbolical expression, x<=ab, is 
therefore equivalent to the proposed question, expressed m 
Again, let us put into the language of Algebra the folloi^ ” 
ment — 18 years hence A’s aqe will be 8 times his present 
represent his present age and y what it will be after 1 
may translate the given statement m two wayB, 

(1) y=3x, 

(2) y =*+18 


} 


d lnwords 
\t * 

sflMJwe 


(a). 


And so on for any other verbal statement We thus see that 
Arithmetical and Algebraical questions aie exactly similar m 
natuie, only that the operation foi resolving the latter is different 
fiom Arithmetical operation 

We may now lead the student to the most interesting and at the 
same time, the most amusing portion of Algebra, viz , that which 
treats of the solution of Algebraical questions, commonly called 
problems The whole difficulty m resolving a question of this 
class lies in translating the ordinary verbal statements into the 
symbolical language of Algebra We shall theiefore give some 
more examples of such translation for exercise 


Examples 

1 Find the number which is 3 times x, diminished by a 

2 Twenty is divided into 2 parts one of which is x , find the 
other. 

3 The product of two numbers is 63 and one of them is x , 
what is the other ? 

4: A father is 35 years older than his son whose age is (x — 1) 
j ears , what is the age of the father ? 

- 5 A walks 3 miles an hour to go to P, a distance 
find the distance between him and P at the end of x hours 
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8 A walks 1} miles an hour faster than B who walks (x I) 
miles an hour ; i if they start together, find the respective distances 
walked hy each at the end of 6 hours 

1 7. Tj’our persons equally contributed *to make up the sum 
£(#+4) , how many shillings did each give ? 

8. A post whose length is IZx has a third coloured red and a 
fourth coloured black, and the rest white , what is the length of this 
portion ? 

9. The age of a person is x years , how old was he 6 years back 
and what will be his age 6 years hence ? 

,10 If a person travels 84 miles a week, what distance will he 
travel in x days ? 

11 A performs a journey of 25 miles in x days , what is his rate 
of travelling per hour ? 

what time will a man walk 30 miles at the rate of x miles 

fgypflB 3, person travels x miles m a hours, what distance does he 
travel*!^! hours ? 

14 A person gives {x— 3)-rupees more to A than to B ; if A gets 
y rupees, wliat does B get 1 

'15 A picture and its frame together cost x rupees ; if the value of 
the picture be (20 -y) rupees, find that of the frame 

16 A’s age is x years and B's age is 5 times what A’b age will 
be 3 years hence , what is ZJ’s age ? 

17 A railway tram performed a distance of a miles in v hours , 
it had to stop a quartei of an hour at an intermediate station , at 
what late did itrun ? 

* 18 A and B have each x rupees , if A pays y rupees out of his' 
money to B, what has each then ? 

, 19 The amount m a bag is £wi , if it consist entirely of half 

sovereigns, find their number If there be 6 half-sovereigns and the 
rest half-crowns, what is the number of the latter ? 

30 Express 38 and 83 symbolically, when x stands for 3 and v 
for 8 a 


21 If x stands for 1, y for 2 and s foi 3, express 231 and 312 
symbolically 

• 22 The sum of a and 15 is x, expiess the statement symbolically. 

' 23 _ If the excess of 5 over x be denoted by y, express the state- 
ment m symbols < 

e i. If fc } e same number be less than « by 3 and greater than v 
Dy 4, how do you express the statement ? * 
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25 The puce of a Iiorse is repiesented by a certain number, 
find the price of the saddle, which is m rupees less than that of the 
horse. 

148 Solution of Problems Problems are statements m 
words, in which are given certain quantities, called Known Quan- 
tities and their relations to other quantities, which latter, it is the 
object of the problem to find, and which aie hence called Unknown 
Quantities These relations are called Conditions of the Problem 
There are no geneial rules for the Solution of Problems, for each , 
particular problem leqmres a separate reasoning We may, how 
ever descrtbe m general terms, the method to be pursued m the 
sblntion of problems Represent the variables by letters (x y, z„ &c ) 
and then express the conditions of the given problem in the language 
of Algebra , after the manner described in the preceding article This 
process of translation will lead to equation, on the solution ofvdiicli 
that of the problem depends Thus, if we want to know^MHkge 
[§ 147 (a) ] we have fioni (1) and (2) 

an equation, solving which we can find x the age of A [Eee Ex 30 
post ] 

We give below a collet tion of easy problems for exeicise The 
typical ones will be worked out m full, after which will be found 
othen. of a similar nature 

Examples of Problems 

Ex 1 If 20 be added to a number, the sum becomes 3 times 
the number , what is the number l 
Let v = the number, * 

then r+20=sum of x and 20 , 

also by the condition of the problem 

3a; = sura of x and 20 , 

3.r— a’+20 , 

we thus get an equation, solving which, v, or the number sought, 
is found 

By transposition 3v— r = 20, 

or 2# = 20, 

v=10 

* The symbol of quality, =, is here used to mean 'Denote’ 'Repiesent' 
or ‘Stand for ’ As it is convenient to use the sign of quality instead of 
these expressions, we shall always do so in the solution of problems, 
bearing in mind the above meaning 
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Ex 2 Find the number, the double of which diminished by 5 
gives that number increased by 5 
Let • a:=the niimbei , 

then 2r= double of the number, 

and 2a;-5=double of the number diminished by 5 , 

also # + 5 =the number increased by 5. c 

By the condition of the pioblem, the last two expiessions are 
eqnal ; 

2*-5 = r+5, 

an equation which gives 17=10, the number sought 

3. A certain number is equal to 570 diminished by four times 
the number ; what is the number ? 

V%^gmd the number, five times which exceeds the double by the vx* 
niuMkhich is the difference between 234 and the number 

Iw™ is that number, 3 times which taken fiom 120, will leave 
a remiuhper which is equal to that number increased by 8? 

6 If from 553 you subtract 8 times a certain number, the re- 
mainder will be 10 times that number , what is that numbei ? 

y/ 7 The sum of a certain number and 15, is multiplied by 12 , 
if you now subtract twice the number from the product, the remain- 
der will be 240 diminished by 6 times that number. Find the 
number 

8 If 25 be added to a number, the sum will be 3 times the 
number, minus 15 What is the number ? 

9 What is that numbei, to which if you add 3, the sum will be 
the same as if you take 93 from 5 times the number ? 

10 Find a number, such that if its double and treble together be 
subtracted from 75, there will be a leinamder 30 

Ex 11. Find the numbers, whose sum is 31 and difference 15 
Let #=the smaller number 
, then, the difference between the numbers is 15, 

«+15 = the grater number 

AncL by the first condition of the problem, then sum is 31, 

*. #+(®+15)=31, 
or _ 2a?+16 =31, 

whence ' a =8 , 

one of the numbers is 8, and the otliei is 84-15, or 23 
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12 Find two numbers, such that their sum may be 183, and their 
difference may be 13 

13 Find two numbers whose difference is 15, such that if 40 be 
taken from the greater, the remainder is 51 diminished by the less 

i 14 Find two numbers, whose sura is 26, such that 3 times the 
greater diminished by twice the less, will be equal to their difference 
increased by 22 

15 The product of two numbers, whose difference is 7, is equal 
to 84 increased by the square of the smaller What are the numbers ? 

16 The sum of two numbers is 64, and if 4 times the greater be 
added to 5 times the smaller, the sum will be 285 , wliat are the 
numbers 1 


* 17 The difference between two numbers ib 8, and that between 
their squares is 288 Find the numbers 


18 The difference of two numbers is 8, and if 4 times thj 
be subtracted from 5 times the greateri the remainder 
smaller , find the numbers 

10 The sum of two numbers is 40, and if 32 be take: 
greater, the remainder will be 3 times the smaller number 
the numbers 


s thjKjAller 

ls^^^Wie 

kemKomthe 
mber Find 


Sx 20 Divide 24 into two parts, such that the sum of the 
greater and 4 times the less is 33 

Let .r=tke greater part, 

24 -r= the smaller part. 

By the condition of the problem, 

greater part + 4 x smaller part = 33, / 

* + 4(24 — x) = 33, 

or 96-3#= 33, 

whence r=21, the greatei part , 

the smaller pai t = 24 - 21 = 3 

21 Divide 36 into two parts, such that the sum of 10 times the 
less and 16, may be equal to the excess of 8 times the greater 
over 3 

22 A horse and saddle cost Rs 1000, and the cost of the horse 
is 7 times that of the saddle , find the puce of each 

23. Divide Rs , 207 between two persons, so that 5 times the 
share of one, together with 6 times the share of the other, may be 
equal to 11 times the excess of the first share ovei the secoqd 

24 Divide Rs 1125, among A, B and C, so that A may have 
3 times as much as B , and B twice as much as O' 

[Represent the share of O by sc] 
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25. A and B together counted Rs 1265, and A counted Rs. 125 
more than B , what nurabei did each count ? 

* 26 At a municipal election 521 votes were given, and of the two 
candidates, the unsuccessful one had a minority of 31 , how many 
voted for each ? 

27 Two persons have between them Rs 72, and one of them 
' has Rs 15 more than twice the amount which the other has ; how 

much has each ? 

28 Divide 349 among three persons, so that the firet may have 
15 more than the second and 13 less thau the third 

20 Divide the number 765 into two parts, such that the excess 
of three times the greater ovei 163, may be equal to the sum of 4 
tubes the smaller and 840 


Ex. 30 Eighteen jeais hence A’s age will be 3 times liie pre- 
b pnf^rm : what is his present age ? [See § 147, (a)]. 

x—A * s present age, 

2x=A's age 18 years hence ; 
aj+18=A’s age 18 years hence 
By the condition of the problem, therefore 
, 3 a :— «+ 18 , 

whence v<=9 years, A’h present age. 



31 A father’s age is 35 years and his bon’s age 10 years , when* 
will the son’s age be half that of lm» father 1 

32 The ages of the father and son together amount to 52 years 
and the father is 30 years older than the son , what is the age of 
each ? 


33. A father’s age is 53 years j 8 years ago, it was 3 times the 
son’s age , what is the age of the son ? 

34 The ages of A, B and C are together 4 times what B’s age 
was 7 years ago , if A be 5 years older, and C 3 yearb younger 
than B, what is the age of each ? ' 


Ex 35 A and B play with equal suras of money ; A gains 
Rs. 17, and has then twice as much as B What sum did they 
begin with 1 « J 


Lot a;=reqnned sum of money, in rupees , 
then 55+17 =sum of money A has, when the game is over, 

and x - 17 =*sum of money B has, when the game is over. 

By the condition of the pioblem, A’n money is double of S’s ; 
*+17f=2(a?-l7) , 

whence x t= 5 i. 

\ 12— B. 1 
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36 A and B began to play with equal sums of money , A lost 
Rs 12 , then 15 times A’s money was equal to 9 tunes B’s , wliat , 
sum had they at first ? 

37. A and B have 860 and 1040 rupees respectively when they 
begin to play After the game is over A, who is the winner, finds 
that 3 times bis money together with 6 times B’s money, amount to , 
7 times the money which B had at first How much did A wm ? 

Ex 38 A labourer is engaged for 30 day s, on condition that , 
for every day he works, lie shall receive 8 annas, and foi every dav 
he is idle he must pay a fine of 3 annas He receives Rs 10 3 annas 
m all How many days does he work ? 

Let 3=numbei of days, he works, 

then 30 - 1 = , he is idle , 

therefoie he leceives, as wages, 8r annas, and pays, as fine, 3(30 - x) 
annas hence Ins net receipt will be 8r — 3(30 — v), which 
condition of the problem, equal to Es 10 3 annas oi 163 

8« — 3(30— »)= 163 , 

whence r=23 

39 A workman is engaged for 40 days, on condition that for 

every day he idles he has to pay a fine of 6d He is idle foi 10 days r 

and receives £3 10s in all "Wliat were his daily wages ? 

*40 A man is engaged to woik on condition that for every day he 
works, he shall get 2 rupees and, for every day he idles, shall forfeit 
Ee 1 2 annas If he works. 16 days and gets Es 25 4 ans _ v 

at the end of the stipulated time, foi how many dayB was he ’ 

engaged 1 

Ex 41 A bag contains Es 365, miupees and eight-anna bits , , 

if the amount of the latter be less than that of the former by Es 13, 
how many of each are there ? 

Let x amount of mpees in the bag, 

then also x=numbcr of rupees in it , 

and x- 13 = amount of eight-anna bits m rupees , 

. 2(s- 13) ^number of eigtat«anna bits required 

The totaljamount m the bag is Rs 3(55 , 
t+(.v— 13) = 365 , 

whence 3 = 189, the required number of rupees , 

*. 2(t — 13) =>352= required number of eigbt-anna bits 

1 4,2. A certain sum consisting of soi ereigns, shillings and six- “ 
pences amounts to^ £5 2s The number of the shillings is 4 times 
that of the sovereigns and the nnmber of the sixpences is 5 tiroes 
that of the shillings. Find the numbei of each. ' 
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Ex 43 P and Q set out at the same time from A and B res- 
pectively to meet each othei, P walking 4 miles and Q 5 miles an. 
hour , if the distance between A and B be 27 miles, when and wheie 
will they meet ? 

Suppose A a lepresents 4 miles and B& 5 miles , then it is cleai 

A a O b B 

that at the end of one hour P will be at a and Q at b, and the dis- 
tance they will have jointly walked, will be Acs + B& =4 + 5, or 9 
miles Hence if a = number of hours after which they meet, and 
O the point of meeting, we have 



4-c— distance P walks = AO, 
5 a = distance Q walks = BO 

But 

AO+BO — AB = 27 miles , 


. 4a+5a=27 ; 


L * = 3 , 

i tnpllrejl 

prneet after 3 hours 

And 

AO=4a’=I 2 miles, 


BO=6a— 15 miles , 

*.e., they meet at a place 12 miles from A oi 15 miles from B. 

44 Two pcisons set out from two places 26 miles apart and meet 
after 4 horns , if one of them walks 3 miles an hour, find the rate of 
the othei 

45. Anew, which can row at the rate of. 5 mile3 an hour, finds 
that it takes 3 hoius to come 27 miles down a river j what is the 
rate of the rivei ? 

[Note— The crew is assisted by the current ] 

46 A boat takes 4 hours to come 16 miles up a river, which flows 
at the rate of 3 miles an honr , what is the rate of the boat ? 

t 

[Note —The boat goes, every hour, its own rate diminished by the rate 
of the river ] 

47 A cistern which can hold 28 raannds of water, has two supply 

pipes, one of which admits 3 maunds and the other 4 maunds per 
hour, respectively If the fiist he allowed to run for one honr when 
the second is opened, and the two are allowed to run together/ when 
will the cistern be filled ? ° ’ 

149 Examination upon Chapters XI and XII. 
them DeQUe Equaiwn and an Idc Mity , and distinguish between 
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2. Define the terms — Variable, Root anti Solution, 

8 When is an equation ‘.aid to lie ralufied In a number ? 

4 Define a Simple Equation What is a Linear Equation 1 If 
.c and y are iambics, is 2r— 5»/«=3 a simple equation ? If «o, u’hv ? 

6 Define a Problem What is ‘Condition of a Problem P’ 

Miscellaneous Examples IV 

1 Simplify <f-[6 + c-{rt + 6-(e + 26 + a-d)}] 

2 If «»1, y — —2, s—3, find the \ alue of 

c - r-Tsy>3J 

3 Add together 

(o + b) v + (a + c)y, (6 -e)i + (6-a)y, and (c - n)x + (e - b)y. 

4 Multiply a 5 +(i — y) s -y' b\ a- — (r +y) 3 +y 3 
6 Resoheinto factors a\a \ e} 3 — e s (o — c) 3 

6 . Dnidc (a + b)(a +c) — (d+b)(d+e) b\ a-d) 

7 Shew that 30a6-(0ff-86}{iia + 26) — (46 — 3n)(15n+4&)=4n& 

8 Find the value of x‘— r 3 + 2x*-3 in terms of y, when r=y-2 

9 If ot6 + c«= 0, Bhew that o s -6e«6*-cn»=c 3 -a6. 

10 Divide a 8 — 6 8 + a 3 6 3 (a 4 — 6 4 ) by the product of 

a ! + 6 3 , a 3 — a6+6 3 , awl « s +«6+6 3 

11 Solve x+1 4 2(x+3) = 4(i + r >) 

18 A is twico as old ab B , l r > yean, ago he was 6 times as old 
What is A’s age 3 


13 Simplify o-[3« + c-{ J«-(36 — c)} +36) 

14 Find the \aliie of u' i +6' + r 3 + 3abe, when a=z 02, 6=08 and 

c= 10 ' 

15 Add together ai-hy, r+y and (a-l)x-(6 + l)v, and from 
the sum subtract (a + l)x -(26 - l)v 

16 Multiply together v-«, r-6, i-*-cand x-d, and from the 
product deduco the value of (x+2) 4 , 

17 RCsohe into elemental > factors 

(V ~ ~)(y + «) 2 + (s - r)( t + r ) 2 + (x -y)(* +y ) 3 

18 Divide aS + a^+x 8 by a ! +nv+x 3 

19 Pro\e that 

v 8 +y ! + s’* - 3 ry c = ( i +y + s )s _ 3 ( r + y + s )(y j + 5 1 + 
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20. If c s =fl 2 +& 2 , find the value of 

(o+ &+ c)(ef - S + <?)(«+ 6 - c)(6 + c - o) 

21 Shew that the difference between 

(s?+2x+Z)(3i?+2x+1) and (.r 2 — 2x+3 (3x z —2x+l) 
is the same as that between (ar +4.r+l) 5 and (#* — 4x+l) 8 . 

22 Solve 5(®+l)-2«=>3(a;-5) 

23 ‘What is that number, which being diminished by 10 and the 
remainder multiplied by 10, produces the same result, as if it were 
diminished by 8 and the remainder multiplied by 8 ? 


24. Simplify 2{ Ax - [2y 4- [2x - y) - (x +y )] } . 

26. Express x* — 2a(a — b)x s + (a* + 6 2 )(a -6);e~a 2 6 a with numeri- 
cal coefficients, when a =4, 6=8 

26 Erom (ar+2)(j?+3) take (*4-l)(v+4), and to the result add 

2(-e— lX«+l)-a: s . 

Multiply o s -a 3 6+2a6 ? by a 1 +«6 + 26 5 
)ivide (ajc 2 — ay 3 + 2bxy) z + (by- — 6 v-+ 2axy) 3 by {x s +y t ) z 
Shew that 

(ax+ by - czf — 2{6 7 y-~(ct - ax) 1 } + (6y + cs- «^) s =4(fl* — ct)°. 

If «=6+c-2a,y==c+a-26, 8«*a + 6-2c, find the value of 
i{a+b+c)(ax-*-by+cz) 
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31. Prove that 

(«+6) ! — (c+d/ a +(a+c) 2 — (6+ d) 8 =2(« — d)(a+b+c+d) 

32 If axArby^a and bx-ay—b t shew that x°+y-=\. 

33. Solve Z[x— 1) +2(x - 2) ■=# - 3 

34. At a municipal election 394 men voted, and the candidate 
chosen had a majority of 56. How many voted for each ? 


bracketing 


36, Arrange a z (x+y-z)-ab(z+r-y)+b\s +y-x), 

the coefficients of x, y and z ' 

36 Simplify 5a;-[e-{a:+2a -(3v- 7a)}] 

37. Add together 4a? + Zs?y -y\ Ax'-y-Zr* and 7zy z +9 v *-<lz*i/ 
and find what must be subtracted from the sum to leave the remain- 
der 2ir — 3 r?y +y® 

38 Emd the continued product of a+x, a+hy and a -is, and 
from the result deduce the value of (o+6) s . * 

30. Multiply «(a— 6) + 6(6 — c)+c(c— «) by «+6+c. 

40 Resolve x(y 4- s; 2 +y(s +x)-+z(,x+ yf - Axyz 
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41 Divide (a 8 + 6 8 ) 2 + 2a 8 6(a s - a*6 - 6 s ) by a s +& 2 , and find the 
value of the quotient when 5=o+ 3 

42 Prove that 

{ (v -y ? + (y - s) 2 + (® “ ^) s } 2 = 2 { (a -y) 4 + (y - e) 4 + (a - *)• } U?f>0 

43 If a 2 4- 5 2 = 1 = o- + d 2 , shew that 
(ac + bd)(ac — bd) => (re + d){a — d) 

44 If 2s = a + 6 + tf, 6hew that 
2 (s -«)(*- 6) + 2(s - b)(s - c) + 2(« - c){s - a) + a 2 + 6* + c 8 = 2s 2 

45. Solve (.-e - l)(r - 2) = (a: - 3)(* - 4) 

46 Bought 12 yards of cloth for £10 14s For part of it I gave 
19s a yard, and for the rest 17s a yard How many yards of each 
were bought ? 

47 Simplify 

2a-{c-(a-6+2c)}-[46-{3c + a-(4cs + c-5&)}] 

48 If and r+y=a;+y+3=0, find the value of 

(y s - #) {y 2 + « s - y(n - a) } 

49 Subtract 2(v — X)(y —I) from (.r — X) 2 + (y — X ) 2 , and Bhew that 
whatevei value be given to X, this difference will always be the same 

50 Find the product of v- a, v — b and x — c, and factonse the 
result when — a? = be + ca + ab. 

51 Resolve {«&- 1 -(a - 6) v} 2 -{«-&-(«& — l)#} 3 

52. Divide n 4 — ry s — i^y+y 4 by v 2 + ry+y 2 , and find the value of 
the quotient, when v~a 2 +ab+b s , y = o 8 — ab+b 2 

63 If v=a+d, y=*b+d, s = c + d, shew that 

a 2 +y 2 + c 2 -ys - ex - xy = a 2 + b 2 + c 2 — be - ca — ab 

54 If ax+by — 1, then will 

a&(a; 2 +y s ) +(a 2 + b 2 )xy +(o- b)(x -y ) — 1 

66 Find the value of 

(a - af + (a - &) s + (x - c) s - 3(a: - a)( v - b)(x — c), when 3 x—a+b+c 

66 Solve (a: + l)(a; — 2) + (r+3)(£ + 4)=2(j* — 4)(.r+2) 

67 A courier who travels 60 miles a day, had been despatched 5 
days, when a second, who travels 75 miles a day, was sent to over- 
take him. When will he overtake the first ? 


58 Simplify a — {6 — (25 + c)} + {6 — (c— 2&)}, and find its value 
when 6= — |a 

59 Shew that J(ir 2 +y 2 ) + 8 8 — ^xy+xs— ye and (y-z)- become 
identical when -x=y=a 
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60 From the sum of a{v-y ) + b(y -z)+ c(t - *) and ax + +«, 

subtract («-6)a.-K6-%+(c~«)s, » tlie remainder biachet the 

coefficients of r, y and s 

61 Multiply 7r-3#+5s by 3y-5r+lls 

62. Beaolve into factors it(r+1 )-xy{x-y)(a — b)+yHb+l). 

63 What numbei must be added to 3s 9 -13r ! +C.r-5. that it 
may be divisible bj 3'c—4 ? 

64 Prove that n(»-l)(« — 2)-p(p — l)(p— 2) 

=(rt-p){(»+p-l)( n +p-2)-np}. 


65 If 2g=a+b+c, shew that 

s 3 + (s — «)(* — 6)(s — <0 = i t ( fl + b){J) + c)(c + a ) — abc } . 

66. Solve ('S-a)(;r+6)-ir=3a6. 

67 Divide the number 6S into two such parts that the difference 
between the greater and 84 may be equal to 3 times that between the 



68 Find the value of 

{a-(6-c)} 3 +{6-(c-a)} 2 +{c-(a-6)} E , 

•when a— l, 6=3, c=5 

69 If a-b—x—3 and o+6+»=2, find the value of 

(a — 6){ -c 3 — 2a® 2 - 1 - a 3 v — (a + 6)6 E 

70 Find the sum of 3(a;-2^+3?), A(y — 2z + Zz) and 5(c-2x+3y), 
and its value m terms of v, when x=lOy and t/= 1002, 

71. Find the difference between c(6 + c) 2 +6(c+c) 3 +c(o+6) 2 and 
(a + 6)(ct - c)(6 - o) + (a - b)[a - c)(5 -4 c) - (a - 6)(a + c)(6 - c). 

72. Multiply a" 2 + 2ub+b” - c" by a 3 -2a6 + 6 s +c ! ; and shew that 
the lesult may be expressed under the form (a 2 - 6 s ) 2 — c 2 (c 2 -4ab). 

73 Find the coefficient of x m the product of v- a, * - 26 and x - 3c 

74. Factorise (a — b)x ~ + (u - a)b % ~(v- b)a z 

75. If (et+6+c + c£)(« — 6 — c+c?) = (a — 6 + c— d)(o+6 — e-d), then 

ad=6c. 


76. If 2*=a+6 + c, prove that [App ] 

a(s - 6)(* - c) + 6(s - c)(s - a) + c(s - a)(s -6) = a(s-u) 2 + b(s - 6) 3 + c(« - c ) 3 

77. Shew that 


(a+6) 2 (.r-^) 3 +4a^(ffi« + 6 2 ) -4a6(ar ! +;/ 3 )=(a- b?(x+y)\ 

78. Solve (*-2a) 3 -(®+3c) 2 =0 

- 2 6, A pers ? n bought two casks of beer, one of which held exactly 
3 times as much as the other Prom each of these he drew 4 gallons, 
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and then fonnd that there were 4 times as many gallons remaining 
in the first as in the other How many gallons were there in each 
at first 1 


80 Simplify 5a-3{a-6-2(a-6)}, and find its value when 
o=l, and 6=§ 

81 Add together 16a 2 — *1ab — 86*+3c, 66 s — 8c+a6 and 
12a6— 8a s +5c, and divide the sum by a+b 

82 From (1 + x)* + (1 + xfy +(\+x)y i -y*, 

take 4(l+a) 2 y-2(l+a;)y s + l, and find the expression by which this 
remainder must be divided that the quotient may be x—y 

83 Multiply 3+ Olx by l-x, and find the value of the product 
when a= 1. 

84 Write down the coefficients of a 3 and X s in the product of 

3** — bsP+lx* — 9a + ll and a i +6a^ + 12a?- 12a 2 — 

8 6 Besol ve into factors a6e(a 8 + 6 s + c 8 ) — ( J^c 8 + t?a ? + 

80 Find the 5th term in the quotient of 1 - a divided 
( by 2— 3a+5x*. 

‘^87 If a 2 +6 2 =l=c 2 + d 2 , shew that (ae — 6d) 2 +(ad+6e) s =l 
l (88 Prove that (o — 6)* + (6 - c)* + (c - a) 1 

=2{(a— 6) 2 (6-e) s +(6-c) 2 (c-a) 2 +(c— a) s (a-6) 2 } [See App] 

89 If a=6+c,y=c+a, «=a + 6, prove that 

a? +y 2 + s * — yt — aa — xy =o 2 + 6 8 + c 2 — 6c - co — ab. 

90 If a?—y + z, b 2 =z+x, c s =a+y, and 2s=o + 6 + c, shew that 

i(s - o)(* - 6(s - c) - \{yt + tx+xy) 

91 If (6y-ca) 2 =(6*-ac)(y 8 -cs), prove that 

(6a - ay? = (6 2 - ac){x i — as) [See App ] 

92 Solve (a + a) 2 + (a + 6) 2 = 2(a + c) 2 

93 A man at a party at cards, betted 3s to two upon every deal, 
after 20 deals he won 5s How man} deals did he win 1 


CHAPTER XIII 

Highest Common Divisor. 

150 Definitions When one quantity divides another with* 
out remainder, it is said to be a Measure of the latter Thus 2, 4 
and 8 are the measures of 16 [ 5, a, 6, 5a, 56 and a6 are the measures 
of 5a6 ' 
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For reasons given below, we shall use the word “divisor 15 for ' mea- 
sure,” meaning thereby an “exact divisor ” 

A Common Measure or Common Divisor of two or more ex- 
pressions is one which divides each of the tatter without remainder. 
Thus a is a common divisor of 2a 2 , 3 n 3 6 and n-b~. 

The Highest Common Divisor of two or more expressions is the 
expression of the highest dimensions which divides each of the given 
expressions without remainder Thns ar is the Highest Common 
Divisor of 2« 2 , Za s b and a?b- 

The Highest Common Divisor is termed by some writers Greatest 
Common Measure, and by others Highest Common Factor. The 
corresponding abbreviations are n c D , o c. M and H C. f 

Note 1. H A and B be two expressions whose H c. d is D ; then 
trery divisor of D is a common dtrtaor of A and B ; and conversely, 
ecert/gommon dmsor of A and B is a dmsor of D. For let A —ainnp 
audjH^Sfenuip, where a and b have no common dmsor Thus the 
corrUpi ''divisors of A and B are m, n and p, and by definition the 
ir a i» of A and B is mnp, that is, D—mnp Hence each of m t n and p, 
divides A and B, and also divides D 

Note 2 If A, B, O, D, ..he any number of expressions where- 
of A divides each of B, C, D, without remainder, then A is cwdcntly 
then, c D of A, B, G, D, .. , for no expressions higher than A can 
divide A. 

Remark. __ The Arithmetical term Greatest Common Measure as not 
appropriate in Algabra Here we have to see whether the expression, 
found as the g c m. is of highest possible degree , without any Tefer 
ence to its numerical value Indeed we cannot ascertain this value, unless 
we know the numerical \ alues of the letters contained in the g c m 
Hence the Algebraic c c s will not always be the Arithmetical <». c M. 
Thns x+a, which is the Algebraical G cm of x- —a 3 , and (x-ra) 3 [as the 
student will presently see], is not their Arithmetical G e m when x=12, 
a=4 In this case x" - a 2 , or its value 128, is the required G CM I 
has been thns thought safer to use the term u c d m Algebra 


1«pI H. C. D of Monomials Since the required n c. d 
must be that factor of highest dimensions which is common to all the 
proposed expressions [Definition], we have the following 

Rule .—Tahe dll the factors common to the given expressions and 
raise each to the lowest power in which it occurs ; the product of these 
powers will be the required n c D 

If there he numerical coefficients, find their g. c. m. as in Arith- 
metic, and put it before the n. c d 
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Examples 

Ex 1. Find the a c D of a-Wc and a°ld 

Here the common factors are a and b, and the lowest power of a is 
a 2 and that of b is b , 

a c d required =a i y.b=a 2 b 
Ex 2 Find the nr o d of 2 a 2 4?y 2 and 

Here the common factor are a and x , and the lowest powers of 
these which occur m the given expressions are a 3 and r 2 respectively 

hod ieqmred = o 2 x.'S s =a 2 # 2 ' 

Ex 3 Find the a c D of Zav and 6xy 

Here the only common factor is r, and its lowest power is x , also 
the g o. m of 3 and 6 is 3 , 

n c D reqmied=3x;r=3# 

Ex 4 Find the a c D of 60a 4 5 8 a;, 72a s 5?/ 2 and 84a s 5 2 s 

The common factors here are a and 6 , the lowest powers of these 
occiuruig in the proposed expressions are a 3 and b respectively , also 
12 is the g c m of the numerical co-efflcients 60, 72, 84 , 

a c D =12xu 3 x 6 = 12o 3 6 
Find the Highest Common Divisor of 
6 a”b and ab\ 6 2 a s v and abx % 7 2n 3 5 and 3a 2 o 

8 a b bS aud « 2 a 6 9 a 2 6 3 c 4 and a&V 10 75nc 2 and 30tt 2 r 

11 105a& 3 T and Max 1 2 at 8 , a 2 bx and a 3 b s . 

15 8xi/, 12rs and 20ys 14. 16m 2 m s , 4Sm s w and 80 m s p 

15. 35a 2 6 s '»;y and 49a , b i x i i/ 3 

16 IZsPyz, 18xyh 2 , 27x s y 2 z 3 and ZZiPyz* 

17 5a 4 b 3 c 3 y\ 15a s c 3 d 3 i», lO« 6 6 4 cfy and 18a s 6 3 e 4 r 3 

18 12i n 3 p 3 qsfi, 16 a 3 m i x 3 y, 40 cPm 3 q 3 x 3 , 326 s wi 6 r 4 ^ s and 20m 4 pr 3 y 2 

Note In a similar way, we can find the H c d of a Monomial 
and a Binomial or a Polynomial 

Ex 19 Find the a c i of 2 a 3 x and ax 1 — axy. 

Now 2a 2 s=2a ax and ax 2 — axy — axtx — y ) , and the common factors 
are a and x 

/.a c. a iequired=oX.r=o.« 

Find the Highest Common Divisor of 

20. 6m 3 n 3 p 3 and 8 mn 3 p 3 - 12 m s p* 

21. 2ab 3 x and Za 3 x+Zab 3 v 
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Find the Highest Common Divisor of 

22. 72j7i s r.V and - 36 mrn*y\ 

23. 103a-m-x-and12a i n 2 v-54a 2 nx i ±90a t m s x 

153 (4 C D of expressions readily resolved into Fac- 
tors The method being precisely the same as that of the last 
article 3 we here follow the tame rnle 

Examples. 

Ex. L Find then. CD of ar-al and ab — b 2 
Now dr— ab~a{a—b), and ab—b-*=l{a—b). 

The only common factor is (a -6) and its lowest power which 
occurs in the given expressions is (a - 6 ) ; 

n c. D required = o — 6 

Ex-u.2 Find then c D of Go 2 — I2ax and 8cr— 16^ 

Heifltia 2 — 12a#=6«(a — 2x) and Sax — 16-r 2 =8^(a — 2x). 

Thus the highest common factor is (a-2x) f also the G c M. of 
6 and 8 is 2 ; 

. h c D required =2(a-2jr) 

Find the Highest Common Divisor of 
3 a 2 +ax and ax-\-3? 4 a- — ax and e 3 — ax-. 

5 2a 2 z—2abx and 2a~x—Aabx 6 x 2 -r2cx and 3a^+6ao. 

7 cw+a^and 5ax±-2xy 8 o s -landa6— 6 

9 Sr 2 — lOiy and %xz-4yz 10. xxy -t-ry- — xyz and y 2 z —y£+xyz. 

Ex. 11 Find the n. c. d. of 12a 3 (a:+l) ! (a;— 2)® 

and l5a 2 6C»+l) , {*--2). 

The common factors, each raised to the lowest power in which it 
occni3 in the given expressions, are a-, (z+ l) 2 and (ar-2) , and the 
g. c M of the numerical co-efficients is 3 , 

H. c D. required =3 xa 5 x(jc+l) 2 x(a:-2) 
=3o 2 (r+l) 2 (ar-2) 

Find the Highest Common Divisor of 
12. (a+6) s a: 3 and (a+6)V. 13 4a 2 (a-b) 2 and 5a(a,-6)* 

14 o z (p+g)*z and 2a6(p+g}£ 4 

15 4(<z— l'/(z-a) 2 and 8(o— l) 2 (:r— a) s . 

16. 38a 2 6 2 (ar- a)% 3 ? -tf), 24&V(s - a)\y? -y 2 )\ 

' and 42arbc{z — o) c (zr —y 2 )*. 


188' 


ALGEBRA. 


flC2 


Ex. 17 Find then o T) of a 2 a? + 2a s a; 2 and n 2 a? — 4a 4 a; s 
First expn =a s x l (x+ 2a), 

Second expn «=a 2 a; 2 (a: 2 — 4a 2 )=a 2 a?( , c+2a)(a; — 2a) 

Hence a 2 , a: 2 and (a:+2a) are the common factors , 

n o D required = a a x a? X (a: + 2a) = a*x 2 (x+ 2a) 

Ex 18 Find the n c D of 8a; 4 -8a; and 12a; 4 — 24a?+12ar 
First expn «= 8 r(a: 8 - 1 ) = 8x(x — 1 )(* 2 + x + 1 ), 

Second expn = 12a?(a, a — 2a; + l) = 12a?(a:— l) 2 

The common factors taken to lowest powers are a; and (x— 1), and 
the g c H of 8 and 12 is 4 , 

non required = 4xa;x(aa— l)“«4a;(a;— 1). 

Find the Highest Common Divisor of 


19 

a?— y 2 and a?— y 8 

20 

a? - xy" 1 and a: 2 — 2 xy ±« 2 . 
a?-4 and a? + 6a?+lEr+8. 

21 

X s +y 8 and a? + 2 a?y + xy 2 

22 

23 

a 4 a? —a 2 a* and a 4 a?+a s « 4 

24 

aW-cfix and a*a: 4 -a 8 a: 2 

25 

1 — 16a: 2 and (1 +4a:) 2 

26 

a 4 - a. 4 and a 4 +2a s a?+a: 4 

27. 

16(a +as) 2 and 40(a 2 - V s ) 

28 

D(a s +6 s ) and 6(a 2 — 6 s ) 


29 12(a 2 r 2 -4) and 16(a 2 a?+4aaH-4) 

30 (2a? - 8aa;) 2 and 16(a; 4 — 16a 2 v 2 ) 

31 I6(a?— a?+a: 2 ) and 56(a, 4 +a? + l) 

32. 15a6(a 2 - 6 2 ) 2 and 27 a®(a - 6)( a + 6) 2 

33. 10(aJ+l) 2 (a: 2 — 4) and I5(a; a -l)(a: + 2) s 

34 8 a 2 (a-a;) 2 , 12aar(a 2 - a; 2 ) and 16a 3 a?(a 8 ~ a?) 

35 6(a 3 +6 8 )(a — 6) s , 9(a 4 -6 4 ;(a-6) 2 and 12(a 2 -6 2 ) 3 . 

38 8(a;+l)(a?+8) and 4(aj + l)(a? — 5a;— 14) 

Ex 37 Find then c D of 9a?+3r-2 and 15i?-14i: 2 + 3a? 

First expn =»(3.v - l)(3a:+ 2) , 

Second ex[ n = a?(15a? - 14a; + 3) ~ a;(3a: - l)(5a; - 3) , 

. n o d required =3.r-l 

Ex 38 Find then c d of 6ac+96c-2ad-26d 

and 10o/+16ay+166/+246p 
First expn = (6ae+9bc)-(2ad+3bd) 

= 3c(2a + 36) - d(2a + 36) = (2a + 36)(3c - d) ; 
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£‘ < Second expn. =(10a/+l66/)+(l6a</+24&<jr) ' 

‘ ' = 6/(2a+3&) + 8g(2a+3&)=(2a + 3&)(5/+80) , f 

l n c. D required —Za+3b 

u 

' Ex. 39 Find then c D of 2a 4 a , -5a a 'C 2 -3a 2 a? 

and 4a 8 n: 2 +14a 2 i?+6a'C 4 » 

5 * 

First expn, = at a ^?(2ct 2 — 5 ax— 3a; 2 ) = a 2 v(Za + $){a - 3 v) , 

Second expn = 2 «a?( 2 a 2 + 7 re , c + 3a; 2 ) =2aa: 2 (2a+a;)(a-i-3a;) , 

' * n c D required = aa;(2a + 'c). 


! Ex 40 Find the n c d of a 2 -at, ay -vy and ax-x 2 
'*■ * Now a 2 -ax=a(a-v), ay- vy=y(a-x), av-v 2 -x{a-x) ; 

; n c. d required « a - x 

‘ Find the Highest Common Divisor of 
* 41 a? + 5a: +6 and a: 2 -2a; — 8 42 2r 2 + , e— 1 and 6* 2 +.'»— 2 

"| i 43 '4fcK s +3a!+2 and a: 8 +2a? + 3*+6. 

*'■ 44 a? + l and'a?+«^ 2 +ma:+l 45 a 4 — r K and a i +a 2 x+aa?— r 4 . 

•\ 46 3a: 8 — 2a: 2 -a;and 6a?-*— 1. 47 a 8 -3a+2 and a 8 +3a 8 — 4. 

f"' 48. be -Zb 2 - ac+2a& and 26 s -2«6 + 36c-3ac 

& 1 19. 2a 2 +5a— 4a& — 106 and 4a 2 — 6ac+10a — 15c 

l SO 2a: 9 — ax+ab — Zbv and 4a: 2 — 2ca: + ac — 2a* 

5 X 2a: 2 +3ay+6a;+9y and 3a; 2 -Zxy+9x-6y 
62, 9a; 2 — 3a:y— 6*+2y and 8 c 3 — 4a; 2 - 3 vy 2 + Zy 2 . 

’ 63. 3a: 2 — 5«+2 and 4a; 8 — x— 4a? + l 

64 a?-8a;+3 and a: 0 +3a?+aj+3 
55 2a 1 — lla 2 5 8 +12b 4 and 3a 6 — 48ao 4 
58 8a 2 6 2 - lOafc 3 + 2& 4 and 9« 4 6 - 9 a*b 2 + 3a W - 3 ab\ 

67 2+2a;, 1 -x 2 and 1 + *+?/ +xy > , • 

«. 58. a: 2 - 9, (a: + 3} 2 and a? + * - 6 . ^ 

^ '59. a 2 — c 2 , a 2 — 2ac + c 2 and cfl + ab — ac — be 
60^ 1 — a: 2 , as s +l and 1-a,— 2a; 2 
01 a?-*-2, a; 2 + .*-6 and * 2 — 3a:+2 
82 2a: 2 — ga;+2, 3a 2 — 2x — 8 and 4* 8 — 6*— 6 

63. n* 2 -(p + i)a: 4 -l and qv 2 — (g — ])»- 1. 

64 2a: 8 + vy — 3 y 2 and 3a? — x 2 y — an/ 2 — y z 

85. x G +v 2 y— x 4 y 2 - y z and * 4 — a?y — x 2 y 2 + y z 
66 20.r 4 + T 8 — i and 25a: 4 +5* 8 — #— l. 
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Find the Highest Common Divisor of 
Q7 tf 4 -(Mi + l)^+(fli + l)a;-l and ^ 4 -(^J + l)r s ^-(^I + l).v-l 
08 ay{ct? +b i )+ hx(by 2 + rt 5 r) and ax{y z + 6 3 ) + by(bax -f a-y) 

00 1 — aii?+(b-a-)v s and l+acs?-(c—a°)3?-2ax 

70 «6 + 2a 2 — 36 2 — 46c — ac — c* and 9ac+2« 2 — 5a& + 4e 2 +86c — 126 5 

The method of this aiticle may be employed only m the case 
of expressions whose factors are readily found It is necessary 
therefore to lay down a general rule for finding the n c n ol 
Polynomials The investigation of this lule depends on two Zemmai 
which we establish m the next two articles 

153 Theorem If one expression divide two other*, it will divide 
the sum or difference of any integral multiples whatever of them 

Let D divide A and B, then by hypothesis A=mD, B=nD , 
therefore pA*=mpD, qB = ngB , therefore pA±qB=(mp±ng)D 
Thus JD divides^ ±qB, i e, the sum or difference of any integral 
multiples of A and B * 

From the above result, it is easily seen that 

Corollary 1 B divides A+B or A —B, . heiep— g=l , 

Corollary 2 D divides A A qB or A —qB, . Iiere^> = l , 

Corollary 3 D divides pA +B- or pA - B, here q- 1 

154 Theorem If an expression B divide an expression A 
leaving a remainder R, then the n o d of B and R will he the it c d 
of A and B 

Let Q be the quotient when A is divided by B , thns we have 

[$96J 

A = BQ + R (l) 

How every' common divisor of B and R, will divide BQ+R 

153, Cor 3] or A , that is, every common divisor of B and R 
will divide A and B 

Again from (i), we have by T transposition 

R=A-BQ (it)* 

Hence every common divisoi of A and B will divide A-BQ 
[S? 153, Cor 2] or R , that is, every common divisor of A and B will 
divide B and R 

Thus B and R have exactly the same divisors as A and B , that 
is, the H c n of B and R is the n c D of A and B 

155 H C D of two Polynomials Let A and B be two 
expressions, say , m v, arranged according to the descending powers 
of x , aud let A be not of lower dimensions than B 
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Divide A bv B and let p be the quotient and 
C the remainder ; divide B by C and let q be the 
quotient and D the remainder ; and so on 


B)A(p 

pB 

G)B(q 

, 

D)G{r 

rD 

0 


Nov since A and B are arranged in descending 
powers of x, it is clear that each successive remain- 
der shall be of a lower degree than the corre- 
sponding dmsoi [Def § 06], and consequently we 
must at last arrive at a stage of division where there shall be either 
no remainder, or if there be am it -hall be a constant ( J e > a quantity 
not involving x) In the latter case, of course, A and B have no 
H c D 


Suppose, then, for the sake of simplicity, there if no remainder at 
the next stage of the process 
Divide C by D, and let r be the quotient 

Thus from § 154, the n c D of B and G will be the Ti.cn of A 
and B , and the u c D of C and D will be the n c D of B and G , 
therefore the ilc D of C and D will he the n c d of A and B , 
hut the h c d of G and D is D itself, for no expression higher than 
P can divide P , thus P is the n c n required 


Hence we have the following rnle for finding the n c n. of tv. o 
pol) normals — 


B-Ulf - — Arrange the polynomial* according to the De^cendi^g 
power* of tome common letter divide the one of a higher degree by 
the other , tale the remainder , if any, after this division for a new 
divisor and the preceding divisor for dividend , and so on, until there 
is no remainder ; the last divisor will be the hod required 

If there be no remainder after the first division, then one of the 
proposed expressions, viz , that of a lower degree, will be the n c D 
required 150, Note 2] 

Note I If the chain of division for finding the H c D. termi- 
nates with a zero remainder, the last devisor will be the it c D required ; 
hut if it terminates with a constant as remainder, the polynomials hate 
boh c D 


Note 2 In the chain of division for finding the H o, D , the it c d 
of any divisor and the corresponding dividend, mil aheays be the B. c d 
required- 

Note 3 If G, D, be the successive remainders in the process 
for Imamgthe n au of two expressions A and B, no have 

G=A -pB . . . (i), 

D~B-qO . . . (n). 

,^ or ™ W» ' we see that every common divisor of A and B is a divisor 
of 0, that is, a common divisor of B and 0 , and from (h), that every 
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common divisor of B and <7 is a dmsor of D ; hence every common 
divisor of A and B is a dn isor of D 
Thus if j 0 be the n c D of A and B, it follows that every common 
divisor of (m expressions is a divisor of their H c » 

This truth is of course very plain in the case of Monomials. 

Examples 

Ex 1 Find the n c. d of x* -3*4-2 and x?-4i?+6x-4. 
T*-3r+2 > a? -4x* + 6x-4 ( x-1 
r*-3x*+2x 
— i J +4x-4. 

- ** + 3x--2 

x-2 

Take tins remainder for divisor , thus 
r-2 ) v-— 3x+2 ( x- 1 
«*-2x 
-x+2 
-x+2 

n c t> required «=r-2 

Ex 2. Find the n c d of ** + 211-3 and 2x s +5t’-5x-6 
x*+2x-3 ) Za^+Sr 5 — 6x — 6 ( 2x+ 1 
2x 3 +4r* — 6r 

r*+ r-6 
r s +2x-3 
-x-3 

Change the siqn of the remainder, which then becomes x+3 ; 
t+ 3 ) x* + 2x~3 ( x-1 
** + 3x 
-x - 3 

-x-3 

'■ < 

.non required =x+ 3 

Find the Highest Common Divisor of 

3 x*-2x-3 and a^-Zx^-Zx-S 

4 x*+3x-4 and i ?+ 6 x*+ 3 x- 9 . 
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Find the Highest Common Divisor of 

5 3a£— 11«— 4 and 6a£— 25a?+Z 

8 2a; 8 +a; 9 -5a;-3 and 8a; 9 + 6a; 2 -21a; — IS. 

7 a?+6a£+2a;-15 and a^+Sa; 9 — 2a;-10 

8. e^-l^+lSaJ-S and 12^ - 32r a + 19a; - 2. 

9 ^ 4 +^s— a; 2 — 2a; — 2 and «* + 2» a — "B 2 — 2a:— 3. < 

10, x 4 -4a? -30^-283; +17 and 3t’ 4 -lLc 3 -86a! a -8LB+49. 

Ex 11 Find then o d of 2^ 3 ^-7a; 2 -|-2a; — 3 (i)j 

and 3a? + 8a; 2 -2a; +3 (u). 

The given expressions are of the same degree , hence it is imma- 
terial which of these is considered the dividend. If we take (n), it 
is evident that the first term m the quotient will be a fraction, mz., 
% to avoid which we multiply (ii) by 2, which is the coefficient of a; 8 
in (i) and which is not a factor of the divisoi (l) 

3a? + 8a: 8 — 2a; +3 
2 

2a? + 7a? + 2a; -3 ) 6a; 3 4- 16a? -4a; +6 ( 3 
63 s + 21a; 2 4- 6# — 9 
» -51-5^-10^4-15 

x i +Zx—i. 

The remainder has a factoi-5, winch is not a factor of (l) the 
divisor, and since the required n c D will be the n o D. of (i), and 
this remainder [Note 2], the factor — 5 cannot affect the required 
ii o d., and may therefore be rejected The required H. o D. will 
therefore be the h c d of (i) and v i +2x-Z 

a?4-2a;-3 ) 2a?4-7a? + 2t-3 ( 2®+3 
2a? 4- 4a? -6a; 

3a?4-8a;-3 
3a?4-6i;-9 
2 [2a; 4-6 
a; 4-3 

For the reason given above, reject the factor 2 
x+Z ) aP+Zv-l ( a-l 
a? 4- 3a; 

—x-Z 
-a; -3 

required n. o D =a?+3[NoTE 1 ] 

’ 13 — B. 1. 
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Eevatjv From this example it is aeon that we can introduce or reject 
with certain restrictions, a factor at any stage o£ our operation For as 
the li o d of two polynomials mil always bo tho H c.s of any divisor 
and the corresponding dividend [Notf 2], icc can multiply a dntdcml 
tchwntc> *sary, by a quantity which is not a factor of the divisor, and uce 
Similarly tee can i emote from a divisor, a factor which is not a factor 
of the dividend, and nee tersn In the latter case, ho\ie\er, if a factor he 
common to bo'h the dinsoi and dividend, irernay remote and reverie it, to 
he mfroduetd aflericards into the n e. d of the remaining factors [See 
Ex 34, below ]. 

Ex 12 Find the n c d of 2a,* -ot 3 — 2 x s +6a+3 (i), 

and 2t* — 7X 3 — 10t s +x+2 (ti) 

2x* — 3x* — 2x 3 +6x+3 ) 2a.*-7x'- 10x*+x+2 ( 1 
2x*-3.r 3 -2x 3 + Gj+3 
— lj — 4a 3 — 1 
4x s +8x a +5r+l 

4i*+8t ! + 6x + l ) 2x* — Sx^-Sj^ + Gx+S 


4t*-Gx' 3 -4x*+12x+G ( x % 
4x*+ 8x* -f r > x 3 + x 

-14r 1 -ax* + llx+G 
2 

- 28 r 3 — 1 8? + 22x + 1 2 ( - 7 

- 28x' — oG.r 3 — 35x — 7 

l'|38x s + 67x+19 
2r 5 + 3x+ 1 

2^+3r+l )4 x 3 +Sj s +5x+ 1 ( 2a +1 
U 3 d- Gr g 4-2r 
2x a +3r + 1 
2a 3 -f3x + l 

n. c, » required «=2x ? +3x+l. 

Find the Highest Common Divisoi of 

13 2r s — 13x+15 and Sx 3 — 13x — 10 

14 5x , + 3x-2 and 7x s + 4x-3 

15 2x a +x-l and 2x 3 + 5x , + 4r+l 

10 2r-f 5 x- 3 and 6 x' , + 31a*+31x-24 
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Find the Highest Common Divisor of 

17 3a?4-16x-12 and a?+7« 2 +4a — 12. 

18 x®-6x 2 4- 7x4-4 and a?-2x 5 ~7x-4. 

18 x 3 +4x s — 4x4-5 and x s 4-7x 8 4-9x-5. 

20 2x s 4-9x 8 4-7x-6 and x s 4-2x*-5x-6 

21. a? - 19s* 4- 119* - 245 and 3x s -38x4-119 
22 4a? 4-x— 1 and 2a?4-3x 8 — 1 

23. 2x®— 19x4-3 and 3s 3 -10 x 2 4-9 
24 2x*—l2x s — 15x4-7 and a? -9a? 4- 13x4- 7. 

25. 2x s 4-x s — 3x4-6 and 3x s 4-7x s -3x-10 

26. 3a? — 13a? 4- 23x— 21 and 6a? 4-x 2 -44x4- 21. 

27. 2x®— x 2 — x— 3 and x 6 -x s — 4x 2 -3x-2 

28. 7a?-6a?- 18x4-4 and 14a?-19x s - 32x4-28 

29. 4x*— 9 j?4-6x— 1 and 6x s — 7x 2 4-l 

30. 3x a 4-14x 2 4-12x4-16 and 2x 4 4-7x 8 — 4a 2 — x— 4. 

31 6x t -2x s 4-7x 2 — X4-2 and 6x* — l2x s 4-21x 2 — 6x4-9. 

32 2x*4-17x s 4- 30x24- 8x - 5 and x* 4- 4a? - 1 8X 2 - 29x - 10. 

33 x 6 — a?4-4x 2 — 3x4-2 and 5a?— 3a?4-8x-3 


Ex. 34 Find then c D of 2a?4-3a?-35x and 10x s -33x 2 -7x. 

Evidently x is a factor of the given expressions ; remove and re- 
serve it , we have thus the two remaining factors 2x s 4-3x— 35 and 
* 10x s -33x-7. Hence the required n c D will be the tt c D. of 
these two factors multiplied by the reserved factor x [See Remark, 
Ex 11 ] 

The student will easily find the n. c. D of these factors to be 2x-7. 

.'. h c d required =x(2x- 7) = 2a? -7x. 

Ex. 35. Find then c D of 8o B 6 2 -48x 4 Z?4-88a 2 6 t -48x 2 £ 6 
and 4a‘6 8 - 36a s 6 4 4- 104a l 6 6 -96a6°. 

First expression = 8 a?lfl(a 3 - 6a*&4- llab 3 - 66 s ). 

Second expression = 4a6 3 (a 2 - 9a 8 6 4- 26a6 2 - 246 s ) 
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Thus evidently 4 oh® is a factor of highest degree common to the 
proposed expressions Hence the requned hod will be 4at 2 
multiplied by then a d of a s - 6a s b + Haft 3 — 66 s and 

a s - 9a?b + 26ab 2 - 246 s [See Remark, Ex. 11] 

a 8 -6a 2 J+lla& 2 -66 8 ) g 8 -9a 3 & + 26a6 2 - 266 8 ( 1 
a 8 - 6a 2 Z> + 1 la& 2 - 6& 8 
— 3&| — 3a s 6 + 15a& 2 — 186 8 
a 2 -5a&+66 2 

a 2 -5a6+6& 3 ) o 8 -6a 3 5 + lla6 2 -66 8 ( a — 6 
g 8 -5a 2 5 + 6a& 8 
-a 3 b+5ab A -6b s 
-g 2 6 + 5aZ> 8 -66 8 

. the required n c d = 4a& 2 (a 2 -5as& + 6& 2 )«=4a 8 6 2 — 20a 2 6 8 +24a6* < 

Find the Highest Common Divisoi of 
36 18a?+45a? + 63a; + 54 and 24®*+ 24a; 2 + 6® +36 

37. 4*® — 8aa? — 20a 2 a; + 24a 8 and 6 a; 8 + 24ar 2 + 6a 2 x — 36a 8 . 

38. 3a:*-8a? + 8a; and 4t 4 -19a; 8 +6a; 

39 12a:*- 14a? + 2a; and 8a: 4 + 10a; 8 — 6a; 

40 3a?+5a?+2a?+8a? and a? - 13a? - 14a; 2 + 8a; 

41 8as 4 6 2 — 34a 8 6* + 24a6 B and 12g B 6 - 26a 4 6 s + 18a a Z> 4 


Ex 42. Find the p c D. of 6a? + a; 3 - 15a; (i), 

and 2a? + r 2 — 10a:+6 (n) 

Here a; is a factor of (1) but not of (n) , hence it will not be a factoi 
of the required n o. n , therefore lemoveit, [see Remark, Ex 11] 
We have thus the expressions 6v 3 +r- 15 and 2a?+a?-10a;+6 ) whose 
n c D will be found to be 2a; - 3 This therefore will be the re- 
quired n. c. d of (l) and (u) 


UL V — 


Ex. 43. Find then ^ ■„ -o^-i-ito- 2: 

and aa? - oV - 4a* [ Cal , 1873] x . 

First expression =r(a; 8 -9a 8 a;+ 10a 8 ) 

Second expression =a(a?-aa?-4a 8 ) 

Thus a: is a factor of (i) but not of (n) and a is a factor of (u) b 
not of (i). Hence x and a cannot entei the required n, o, D, and mu 


nionEST COMMON DIVISOR. 


155] 


197 


therefore be rejected fsee Rein ark, Ex. 11]. The required H, c. D* 
will thus he the ir. c d of « s -9a*j;+10a fi and .r s -ct® 8 -4a 8 . 
tf-ax i -4a t ) * 8 -9a 2 *+10a s (. 1 
a^-g* 8 — 4g 8 - 

aj ar*— 9a 2 x+14a s ( 

* 2 -9ax+14a 8 ( x s -a* 8 -4g 8 ( x+8a 

x* —§aa? +14a 7 x 

8ax 2 -14a 2 x— 4a B 
Saa^^a^+llSa 8 
58^1 :18^^- 116a 8 

x-2a 

*-2a ) .T s -9aa5+14a 8 ( *-7a 

* 2 — 2 ax 

—lax+lAa 1 
— 'lax + 14a” 

n c. D required =&—2a. 

Find the Highest Common Divisor of 

44 2s 8 -10**+ 20* -16 and 3* 3 -12* a +21*-18. 

45 8**— 10* +4 and 6** +21 a? -6. 

46 2* 4 +8x ! -7x 2 +15x and 3* 4 + 17* 8 +12* ! +13*+16. 

47. 6*^-21* 4 y+6**y 2 — Gary 5 — Zxy* 

and 5y*-l0xy*+20a?y s —l{}x i y , +10x i i/. 

48. a 5 — 4a 4 b+27ab 4 and a 4 5-4o& 4 +3& 6 . 

Ex. 49. Find the n c d of 

** - (2a + b)x- + (a 2 + ab + b 2 )* - (a + b)b s 
and a? - (« +2b) v > + (a* + ab + b-)x - a\a + b). 

-k 8 -(2o +b)x 3 + (a 8 +ab + 6*)* - (a + b)b 8 ) 

* 8 -(a+2b)x 2 +(a z +ab+b 2 )*-a 2 (ff+b)/ j 
x 3 - (2a + b)* z + (a 1 + ab + b z )x - (a + b)b 2 V 
(a - b)| (g - &)*-'- (a + 6)(q8 - b 8 ) 
x l -{a+b) s 

a?-(o+6) 8 \ x 3 - (2a + b)* 2 + (a 2 + ab + 6*)* - (a + 6)6® ( *~(2a + b) 

J &-{a +b) 8 * \ 

- (2a + b)* 8 + (2a' + 3ab + 2 b 2 )r - (a + b)b* 

- (2a + b)r z + (a + b) z (2g + b) 

(2« 8 +3qb+2b 2 )] (2a z + 3ab+2b 1! )x— (a+b)(2g z +3ab+2b 8 ) 

r— (a + b) 

x-(a + b) \ * 8 — (a + b) 2 / x+(a+b) 

/ r--(a + b)* \ 

(a+b)*— ( 0 +b ) 8 
(a + b)*-(g + b) 3 . 
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Find the Highest Common Dmsor of 

80. a?-6fl**-9a* and 2a?~10aa?+9a*®+9a*. 

81. 3a? - 15a?# + .vy* - 6#* and 6a? - 25®*#* - 9# 4 

52 7a* - 6(t*6 - 18a6* +46* and 14a* - 19a*6 - 32a6* + 286* 

88. 3a?— 22®-15 and &a?-17®*+18® 

64. a?— 9a?-30a;~25 and a?+® 4 -7®*+5® 

88. 4a?+8a?- 56a? - 12** and 6a? - 6a? - 36® 

86. 6a?# + a?#* — ®# 4 and 4 a? - 6®*# — 4a#* + 3#* 

67. 6a 4 a?- 10aV# -9a 3 * s #* + 15aa?# s 

and 10a 4 *#* - 15a*# 4 + 8a** s # s - 12aa# 6 . 
88. 27a 5 6* - 18a 4 6* - 9a*6* and 36a°6* - 1 8a 5 6 a - 27a 4 6*+9a*6*. 

69. 2a?-4* 4 +8a?-12**+6* and 3a?-3® 4 ~6a?+9a?-3® 

60. a? +4**# -21**#*+ 10a#*-# 4 and * 4 + 12a?# + 33* ! #* — 12a#*+# 4 , 

61 2a?+(2a-9)i?-(9a + 6)® + 27 and 2**-13*+18 

62. 3**-(4a+26)*+2a6+a* and a? -(2a + 6)®*+(2a6+a*)®-a*6. 

63 * 4 -p®*+(g~l)**+p®-g and ® 4 -g®*+(p-l)a?+g*-p 

64 a?+pa?-(a- l)**-ap®-a and a? -pa? - (a + 1)* 3 + op* + a. 

66 x* - 2 a(a - 6)** + (a* + 6*)(a — 6)* - a*6* 

and * 4 — (a - 6)a ? + (a - 6)6** — 5* 
66 a?+(p-a)®*-(ap+g + l)® 3 — (p-aq)x+q 

and * 4 + (g - a)a? - (aq + p + 1)** - (g - op)* +p. 
67. 6* 4 — a?#— 3a?#*+3a# a — y 4 and 9a? -3**# — 2*^y*+3a#*— # 4 * 

68 3®*— 10i?+15®+8 and a? -2a?- 6** + 4** + 13*+ 6 

69 ll* 4 - 9aa? — a*®* - a 4 and 13a? - 10a®* - 2a*® 3 — a 4 

70 2* 4 +a?+a?+3*-2 and 6® 4 -7®*+4® s -3*+l 

71. 6a?-4a? — ll® s -3s*-3®— 1 and 4* 4 + 2a? — 18**+3*-5 

72. a?+* 4 -8* , +12**-® — 21 and **— 3a? + 9**— 4*— 3 

73 2a? — 11®* — 9 and 4 t? + 11* 4 + 81. [See Ex. 4, § 157] 

74 q? - Za'b- - 86 B and a 5 - 5a*6* - 126 s 

156 H C D. of several Polynomials Let A, B, G, /),.... . 
be any number of Polynomials 

Let G be the n c n of A and B Now every common divisor of 
A and Bis a divisor of G [Note 3, § 155] , therefore every common 
dmsor of G and G is a common divisoi of A, B and G , thus the 
hod of G and G (say, H) will be the non of A, B and C. 
Similarly it may be proved that the u c d of E and D will be 
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the IT c d. of At B, C and D. And so on. We have thus the 
following 

Ruge — First find the n. c. d of any two of the polynomials ; then 
find the sue d of this result and the third polynomial , and so on. 
The last tr. c. D* will be then c D required. 


Examples. 

Ex. 1. Find the n. o d, of x i -x i — IOjs— 8, 3 s +62?+lla:+6 
and 11*— 30 

2? -**-102; -8 )* s +6jc 5 +11*+6{ 1 
j 8 — g a -IQjc-8 
72^+2125 + 14 : 

Reject the factor 7 ; thus we have a 5 +32; +2 

« 2 +3j:+ 2 )x*— 2 ^ — IOjt— 8 (x-4 
g s +3a s + 2x 
— 4ar—12x — 8 
-4x s -12x-8 


Thus a? +32; +2 is the n c D of the first two expressions. The 
required n c. d will therefore be the ii c. D of this and the third 
expression. 

T 3 +3.r+2 ) 2 ^ + 4x 2 -ll2:-30( i + l 

t 3 + 3 x 8 + 2 x 

2T+ 1?+ 2 

— 1 Ox - 32 

Changing the sign and rejecting the factor 16, we get x+2. 

-s+2 )2-*+32;+2( a'+l 

a ?+2 

2;+2 

.* required u c d=v+2 

41 

Find the Highest Common Divisor of 
2. 9 s — x~2, x^-i-x—Q and x 1 — 3r+2 1 

3 2« 2 — 25-3, 6 r 9 +A—l and 82^+1 

4 7 3 +32fy+3ry 8 +#*, aP+zhz+xy'+y* and 3?+x' ! y-zy' l -y t .\ 
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Pind the Highest Common Divisor of 
5 a® + b\ a 4 +a s fr+Z> 4 and o 4 -n , 6 + a6 3 -h 4 . 

0. ^-3«-70, * 8 -39* + 70 and * s -48*+7 

7 a 8 — 9a 2 + 26a — 24, a 8 -10a s + 31a-30 and a s -U« 2 +38a-40. 

8 a s +4a s 6-56 8 , a 8 -3a& 3 +2& 3 and a 3 +4a 3 &-8a& 2 +3&* 

9 a? - 2a 2 - ax, * 2 - 4 a 1 , * 2 - 6 a? + ax and * 8 - 8a 3 + 2a* 

10 1-16* 4 , l-5* ! + 4*S l + 2*-3a s -6* 4 and l+2*-4* 8 -8* 4 . 

1L 6* 3 — 23* s + 29* — 1 2, 10^-l9x 2 +9 and 15* s -26* J -*+12 
12 4*?~28* 2 +39*+27, 6* 8 - 47^ + 96* -27 

and 121 s — 52* a — 11* +9. 

We shall conclude this Chapter by giving an ingenious method 
of finding the Highest Common Divisor, depending on the Theorem 
of the next article 

*157 Theorem If A and B he any two expressions in x, then 
then c D o/lA+mB and pA + qB will be the same as then c D 
of A and B, where the quantities 1, m, p and q do not involve x, and 
are such that lq— mp is not=0 

Let the n c d of A and B be G and that of lA+mB and 
pA+qB be H 

We know that every common divisor of A and B which involves *, 
is a divisor of lA+mB and of pA + qB [§ 153] , therefore their 
highest common divisor G is a common divisor of lA+mB and 
pA+qB Therefore either G°=H, or <?, is a divisor of H [§155, 
Note 3] and consequently of a lower degree than H. ' 

Again every common divisor of l A + mB and pA + qB which in- 
volves *, is a divisor of 

q(lA +mB) - m(pA + qB) 

and of l{pA+qB)-p{lA+mB) [§153], 

and consequently their highest common divisor H is a common 

divisor of these expressions , 

D0W q'JA+mB)- m(pA +qB)=>(lq- mp)A, 

and KpA +qB ) -p{lA + mB)=(lq — mp)B , 

therefore His a common divisor of [lq-mp)A and (fq—mp)B , and 
since by* supposition Iq—mp is not = 0, and does not contain*, H 
cannot be a divisor ollq—mp, and must therefore be a common 
divisor of A and B Hence either H= <7, or H is a divisor of Q 
[§ 165, Note 3] , and theiefoie 0 is of a higher degree than 27. 

Thus O is at once higher and lowei than H, which is absurd! 
Therefore jZ= G 
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Note In applying the' above method to examples, we must so 
choose l, m and p, q that the highest and lowest terns shall disappear 
from IA +mB and pA +qB respectively 

The following examples will illustrate the method. 

Ex 1. Find the n o d of 2x 2 +x -1 and 6t 2 +a:-2. 

Let A=2x i +x— 1, and B=6v i +x—2 
Now 3 'A - 5= 3(2* 2 - 1) - (6a 2 + x - 2) «= 2x - 1, 

and j3-24»(6ar ! +*-2)-2(2:r 2 + a;-l) = 2a; 2 --a;=^{2a;-l). 

Hence the n c d of ZA-B and B-2A, which is evidently 
2x-l, is the h o D of A and B, and therefore the n a D required 


Ex 2 Find the n o t of 
, d=4* s +9a s + 3*-2, 

and B-4s? — Zx l — ) ox + 2 

We have A+B=8x?+6x i -2x*=*2x(4:a?+Zx-l ) ; 

and d-ZJ=12s 2 +8s-4 = 4(3a; 2 +2tf-.l). 

Reject 2x and 4 which do not form part of the required h. c. D. 
and put 

d 1 =4® 2 + J 3«— 1 and B l =3a?+2x- 1 . 

Thus then o d of 4, and 5, will be then o n. ot A + B and 
A-B, and therefore of A and B Now 

A j — B 1 =x 2 + x = x(jc + 1 ), 

and Sdj — 42? 1 =3(4.r 2 +3a — l) — 4(3# s + 2*— 1) *=■>#+ 1 

Therefore the n o d of A{>-B l and %A l -±B l which is x+1, is 
the n. c. D of A v and B v and therefore of A and B 


Ex. 3. Find the n c d of 

d=2a? + 7« 2 +2s-3, 

and 3a? + 8a; 2 -2* +3 [§ 155, Ex. 11 ) 

Now dL + J?=5a: 8 + 15a; 2 =5* 2 (r+3), 

and 3A-25=3(2*« + 7a? + 2a;-3)-2(3a?+8a?-2aj+3) 

==5(* 2 + 2aj-3) 


As 5a: 2 and 5 do not foim part of the required n. c. D we reject 
them , thus the n o d of A+B and ZA-2B will be the same as 
the n o D. of *+3 and v* + 2x-3 


Let A^x+Z and B l =x i +2x - 3 : 

thus ‘ A l +B l =**+ Zx*=x{x+Z) 


Hence then o d ofij and A t +B u which 
the n o. D of At and B Jt and therefore of 
Therefore a?+3 is the hod required 


is evidently x+d, 
A + B and 3 A — 2, 
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Ex. 4 Find the n. o d of 

4=2^- 11 a 8 -9, 

and i?=4a. ,5 +lliB t +81 [^ 165j Ex 73 3 

Now 24 - B = - 11a 4 - 22a? a -99= - ll(a 4 + 2s a + 9), 

and 94 + B = 22*° + 1 1 t* - 99 ,r a - 1 1^(2 *» + x * - 9). 

Hence the n a d of 24 -S and 94 + jB, that is, of r 4 +2a; a +9 
and 2^+a 3 — 9, will be the n c D of 4 and B Let 
4 1 =tf 1 +2® 3 +9, 
and 2?, = 2a?+«*— 9 , 

thus 4 1 + B t = x* + 2x * + 3 as* = x\x * + 2r + 3) 

Therefore the no D of B 1 and 4 1 +I?i, that is, of 2? t and a7 a +2a;+3 
[=4» say] will be the n c d of A 1 and B : and therefore of A and B. 

Now 343+^i =: 2a s +4a: a + 6ai=2a:(is a +2'B+3) , 

therefore the n o d of 4 S and "iA^+B^ which is obviously a 2 +2'C 
+3, 19 the n o d of A s and 5,, and therefore of 4 and B Thus 
i ,a +2a:+3 is the n. c D required 

[The student may try by this method other examples given, 
under § 156 ] 


CHAPTER XIII 

Lowest Common Multiple 

138 Definitions A Quantity is said to be a Multiple of 
another, when the latter is contained in the former an exact num* 
ber of times. Thus 16 is a multiple of 2, of 4, or of 8 6<t& is a 

multiple of 5, of a, or of b 

A Common Multiple of two or more quantities is that quantity 
which is divisible by each of the latter without remainder Thus 
16 is a Common Multiple of 2, 4 and 8 5aZ> is Common Multiple 
of 5, a and b 

The Lowest Common Multiple of two or more quantities is the 
quantity of lowest dimensions which is divisible by each of the latter 
without lemamder Thus bab is the Lowest Common Multiple of 5 
a and b, but not so are 5« 2 6, 10a s 6 a , 20cs 8 6 4 , &c 

The term Lowest Common Multiple is often shortened into l c m. 

159 L C M of Monomials Since the required l c. m 
must be that multiple of lowest dimensions, which is. common to all 
the given expressions, we lnve the following 
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Rule '—Tale the several factors occurring in the given expressions, j 
each raised to the highest power which it has vn any one of them ! the j 
product of these powers will be the l a n. required. 

If there be numerical co-efiicicnts, find their l o.* m. aa in 
Arithmetic, after "winch put the l o. m. of the literal factors. 

Examples. 

Ex 1 Find the l o m of a s x and ax 2 . 

Here the factors are a and x, of which the ^highest indices are 3 
and 2 respectively ; 

*. l. c M. required = a s x 2 

Ex 2 Find the l c m of 2a«, 4 by and 6 xy 

Here the factors are a, 6, x and y, each of the first degree , and 

the l c. M of co efficients is 12 ; 

L c M required =»12a6xy. 

Ex. 3. Find the l o m of St 2 y, \2y-z and 16xs s 

Here the factors are x, y and z of which the indices are 2, 2 and 3 

respectively, and l. c. m of co-efficients is 48 , 

l o M required = 4 8 T 2 y 2 2 s . 

Find the Lowest Common Multiple of 
4. 5a 2 6 and 10a J 2 6. 6xy 2 and 8 xy 6 12a 3 and 16a 3 6 

7. 9«x s and 21a-x 4 8 24r 3 y 4 and 28x 2 y 6 9. s y, yz and xz 

10 2 a 2 x 2 , at? and a?x. 11 a 6 s , 20 and 15 a-x”. 

12. 5m 8 , 10m 3 » and 25n s 13 38« 2 xy, fflasshf and 95 hxy\ 

14. 12, 3a 2 , 6 ax and 8r 2 15 2a* v, 3 a 2 x 3 , 4a% 3 and 5x* 

10, 32 a 2 xy 3 , 48 x 2 ys, 64 ayh and 80a 2 r 8 ® 2 . 

160 L. C M of expressions whose factors can be 
found by inspection The method is the same as given m the 
last article j wo therefore follow the same Rule 

Examples. 

Ex. L Find the l c m. of a 2 and ux—a v 

The second expression =«^— «) ; therefore the factors are a am 1 
’ — ® whose highest indices are 2 and 1 respectivelv , 

h. o. M required ~-a 2 (x-a)=»aH-« s ' 
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Ex. 2 Find the l c ji of ct+x and a 2 —* 2 

Here the second expression itself contains tlie first, foi it 

=(a+x)(a-x ) ; 

*. L. o M ieqtured = a 8 -a; 8 . 

Ex. 3 Find the L c m of 4 a 2 1 8 , 6(a 2 + ax) and 8(ax - x-). 
Second expression =6a(a+x) , third expression =8x(a—*) 

Thus the factors are a, x, a+x and a-x whose highest indices are 
2, 2, 1 and 1 , and l o u of coefficients is 24 , 

* l, o. M required = 24 aVfa +a;)(o - x) =24a ! ar(a ! - x 1 ) 

Ex 4 Find the l c m of 

(a — b)(a — c), ( b—o,(b — a ) and (c— o)(c — 6). 

First expression «= (o — b) x - (c - a) = - (o - 5)(c — a) 

Similarly second expression = - (a — b)(b — c ), 
and third expression = -(6-c)(c-o) 

The factors of the highest degree are a-b,b-e and o-a , 

L C W required *= — (a — b){b — c)[c — a) 

Find the Lowest Common Multiple of 
5 Sax- and 2x+x* 6 axy and a(xy-y*) 7 x?+xy andy 2 +vy. 
8. 2(ax+ay) and 3{ax— ay) 9 4(a£ + r) and 6(x ! — 1) 

10. 16y(« — r) and 20(a 8 ,r — r 8 ) 11 30(o ! -5 s ) and 42(a s -6 l ) 

12 4x 8 — 1 and 8a^+l. 13 2{x' —y 2 ) and 10(a; +y) 2 

14 o'* + a? and a 4 +a*j; 2 +a!* 15 14(®*-y 5 ) and 21(« s +.T^y+fl^ 2 ) 

16 2ax, a+x and a-x 17 x+y, x a — y 2 and iP+y* 

18. r+l, a?+l and a 8 +l 19 1 +er, 1 -a 2 and l-2«+«*. 

20. 2(a?— -fly), 3(ay 2 +y*) and A{x?y — xy z ) 

21 (v-y)(x— s) and (y-x)(y- 1 ) 22 ax 1 — a? and ax 2 — a* 

23 x 2 +x t (*+l)(r+2) and r s + 2a: 2 

24 G^+xy), 8(xy -y 1 ) and 10(a; 2 -y*) 

25 a?— A, x z +4* +4 and (x -2) 8 

26 3(*+y)(a;+ 2 y), 15(s+2y)(T+ 3y) and 2b(x+y){x+3y) 

27 G(x 7 y +xy-), 9(x 3 -.ry s ) and 4(y 3 +ay ! ) 

28 2x, 3 y, 1 + o and 4(1 — a 8 ) 29 a 2 x-, a 2 x z , ax—xy and re 2 +qy. 

30. #+1, x — 1, ® 2 +is+l and x -— * + 1 

31 ^-y 8 , 4(r+y) 2 G(x-y) 2 and 15(x s +y z ) 

32 x, x — 1, a: 8 — 1, i?— 1 and x i — 1 

33. x^x—y) 2 , y 2 (x +y) z , x* — xy z , xPy+x* and x?y t —y i . 
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161. 1 C 1 of two Polynomials Let A and B be any 
two expressions wbose n o n is M and whose l. o. m is M. 

Divide A and B respectively by 2, and let the quotients be a and 
6, so that j4=ol?and B=bH 

Then since 2 is the H o D of A and B , a and b cannot have a 
common factor, and therefore their l c. m must be ab. 

Hence the l c h. of A and B, that is, of aH and bH is abff 

Thus If—abff 

How M'=*abB=*aB l — Ab, or —a bS—aB (i) 

Also M=abR—aHbR—Il=AB—II (n). 

Thus from (i) and (n) 5 we have the following 

Bule — Divide either polynomial by the non .of the two, and 
multiply the quotient by the other or in other woids — Multiply the 
polynomials together and divide the product by their rr c, D 

Corollary. From (n), it is evident that 
Mxff*=AB—Hx.H=Ax.B 

Thus the product of two expressions is equal to the product of their 
l. c m. and non 


Examples 


Ex. 1 Find the l c.m of x 2 fr5i + 6 and x 2 -x-6 

First expression = (a+ 2)(a + >3} , second expression = (a + 2)(x - 3) j 
and their n c n is a+2 , 

\ L 0 M required ,<£±«!£±jW£±jfeJ) 

x+2 

= ( a + 2 )( x 2 - 9 ) = a? + 2x 2 — 2x — 1 8 . 


Ex 2 Find then c M of a 3 +2o s r-3A 3 and a s +a 2 v-3aA”-6'E s . 
First expression = a 3 - a 3 + 2a 2 x — 2 s? 


= (a 8 — x?) + 2 x(a i — x 2 ) 

= (a - x)(a 2 + ax + x 2 + 2 ax + 2x 2 ) 
t =(a — x)(a s + Zax+Zx 2 ) 

Second expression = a 3 - 8a 3 + a 2 x - Zaa? + 2®® 

= (a 8 - Sis 3 ) + x{a 2 -Zax+2x 2 ) 

={a- 2 x){ar + 2ax+ 4a 2 ) + x(a - 2 x){a - x) 


=(a - 2*)(a 2 + 3a x + 3a 2 ) 

f +Zax+Zx I' th , e n 0 D one of the ex- 

pressions which is the same as dividing it by the n c D , we have 

L o m required =(a-x)(a- 2a)(a 2 + Zax + 3a 2 ). 


I 
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Ex. 3. Find the l c. si of rfb+abx—ibx 1 
and a*b~ (2a 2 +ab)x+ 2a® 2 . 

First expression —b(a?+ax— 2x 2 ) =b(a ~x)(a+ 2x) 

Second expression e=a{ah—(2<M-&)®+2® 3 }<=a(a —x){b—2x) 
removing a — ®, the u g d , from one of the expressions, we have 
l. o m required —ab(a — x)(a + 2x)(b -2t) 

Find the Lowest Common Multiple of 
4. 3**- 10® +3 and 3®*-19®+6 

6 2® s - 13 a + 21 and 3x l - 23® + 42 

■6 s?— 3® 2 +3®-l and x s -v a -x+l 

7 x^Ca+tyx+ab and ® 2 - (a + c)x+ac 
S 3® 2 - 5 xy + 2y 3 and 4®* - 4® 5 y - ®y 2 +y* 

9 X s — 6® 2 + ll®-6 and ® s + 4® 2 + r-6 

10 ® s -6®*+8v and x i +v—6 

11 mx 2 — 6mx + 5m and «®*+5«®-6n 

12 2a 2 +ax~3x ! and 3a* -a 2 ® -a* 2 -a® 

13 (a* + « 2 6) ir + «(a 2 - b 2 ) iy ~(a 2 b + ab 2 )y 2 

and (a 3 b - ab 3 )a? — b(a 2 —b 2 )xy+(ab 2 — 6 s )y 2 . 
*14 x? + "ix i -4x—l2a.x>d'c s +2x s —x-2 

15. ii'+ffi^+aV+BV+a^+a 1 

and X s - ax* + a 3 ® 3 — a s x 2 +a i x~a B 

16. 2o 4 +3a s v-9a 2 a s and 6a 4 .e - 17 « s a 2 + 14b 2 ® 3 — 3a® 4 

17 x a +(5a~3)x s +(6a s —16a)x - 18a 3 

ana ^*+(0-3)®®— (2a 2 +3a)®+6tt ! 

18 ®*~4® , +2® 2 +4®-15 and x* -4x 3 + 3x 3 +2x-12 

19 2®*+4® s -97« 2 -2® + 48 and 6® , + 118® 3 -43® s -59®+20 

16S Theorem Every Common Multiple of two expressions 
as a multiple of their L 0 M 

Let si and B be two expressions whose l c Mia M, 

Let fi be any other multiple of A and B Then /i is divisible by 
if without remainder 

If not, if possible, let if be contained a times m ii with a remain* 
der R { then R=p-qM[§ 96]. 

Now i and 5 divide M and also fi, therefore they divide qM, 
and p-qM oi R [§1 53] 

But R is of a lower degiee than if, the divisor [§ 96], 
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Hence A and B divide an expression which is of lowef dimen- 
sions than aVj their l. c. m , which is absurd. 

Therefore there can be no remainder, i. o. t p is a multiple of M 


163. Is C IS. of Several Polynomials. Let A, B and C , 
be any three expiessious, and let M be the l c. m of A and B 

Now every multiple of M is a common multiple of A and B , 
•therefore eveiy common multiple of M and C is a common multiple ■ 
of A, B and C. 

Also every common multiple of d, B and 0 is a common multiple 
of M and £[§ 162] 

Therefore the l. c. m. of M and C is the l o. m. of A, B and G. 

Similarly the reasoning may be extended to the case of an} num- 
ber of polynomials 

We have thus the following 

Rule — Fmd the l c. w of any two ciprcwonx ; then find the 
L. c. m of thw l c M and a third expression ; next find the L c. M 
■of the second l o. m. and a fourth expression ; and so on; the last 
l. c. M. will he the l c. m. required 


Examples 

Ex 1 Find the l c st of 6a; 2 -|-5r-6, 12* ! +7 .t?- 10 and 
4a?+x — 5 

The l c m of 6a; 2 +5a;— 6 and 12^+7r— 10 will be found to bo 
(3a;— 2)l2a;+3)(4i+5) Therefore the L c M reqmrel will be the 
l. c. M of this expression and 4ar+a — 5, which will therefore be 

(3a; - 2)(2r + 3)(4 a; + 6)(a; - 1) 

=* 24a;* + 26a; 8 - 49 r 2 - 31a; + 30. 

Find the Lowest Common Multtple of 
2. 6a; 2 -t;-l, 3a: 2 + 7a, + 2 and 2x 2 4-3a;-2. 

3 2a?-7a;+3,4a; 2 -7i;-15 and 8a, 2 +6a;-5. 

4. 3a; 2 -14a:-80, 3r 2 + l7a;-90 and a; 2 -7a; 2 -80a; +576. 

6 l+4a,+8a; 2 +8 , c s , l+4a;+4a: 2 -18v 4 and l + 2a:-8ar ! — 16r 4 . 

6. 9a; 1 — 28a, 2 + 3, 27^• ^ - 12a; 2 +l, 27a; 4 + 6r ! -l and a,*-6a; 2 +9. 

164. Examination upon Chapters SII and XIII. 
*bma W iS,;i e r q "”" tity Ba ‘ d *° be aZ).,ftor o! another, and 
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2 What is a common divisor, and what a common multiple , ~ of 
two or moie expressions ? Shew by examples that the number of 
common divisors is limited, but that of common multiples is unlimited. 

3, Define the n. c u and the i e ii of two or more expressions, 
Shew that the x, o sr is a multiple of the sen 

4 State and prove the Rules for finding the n. o D and the 
l o ii of two polj nomials 

6 Shew that if a quantity divide two others, it will also divide 
the sum or difference of any multiples whatever of them. 

6 Prove that every Common Divisor of A and B is a divisor of 
their n c d 

7 Prove that every Common Multiple of two or more quantities 
is a multiple of their l c m 

8 If h be the n c D of two expressions a and b whose x. o ir. 
ib l, prove that hl=ab 

9 If m and n be any multiples of a and 6 whose l c ir is l, 
prove that l divides 

(1) mv+ny , (2) mx—ny, (3) m*+n 3 , (4) m 2 -n s 


•’‘163 Some Examples Worked out We shall conclude 
this Chapter by working out a few examples 

Ex 1. If x 2 -Zx+a and x 2 + 2x+6a have a common factor, find it 

Let F— their common factor , thus by § 153, Coe 1, F must be a 
factor of their difference 5z+5a = 5(a: + a), and as it is of the first de- 
gree and the given expressions are of the second degree, F must 
—x+a, for 5 cannot evidently be a factor 


Ex 2 Shew that the condition that x t +px + q and x 2 +p'x+q' 
may have a common divisor is 

(? - = (p -p’)(p'g -pg') 

The common divisor must be linear and of the form x+a 

Divide aP+pt+q by x+a The remainder after division will be 
seen to be a~—pa+q, which must vanish, that is, be=0, as x+a is a 
factor of x s +px + q Hence 

® J“0|M . ... ... .. . ... . . «...[l}. 

Similarly we see that 

a ’ p a+q — 0 .......... .... ... .... . ..,[u}. 

Subtract (i) from (n) ; thus 


whence 


(p-p’)a-(gr-<2') = 0 , 

a-g-9' 

p-p> 


.............. .... .[111} 
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Sasbtitute a in (i) , thus 



Transpose and multiply by (p-p'f ; thus 

(q-q')*=p(p-p')(q-q')-<l(p-p') s 

-(p -p’)\p(q- 2') -?(p-.p')}. 
=(j>-p')(p'g-P2 0 . 


Ex 3. Tor what value of m wilt 

ic 3 -(m-6)x 2 -2ms+24 awl ■e s -(m+3)a: 9 -(2}n— 45)at-30 
hav e a common factor, and wliat is that factor ? 

Let L and M denote the given expisssions and F their common 
factor, thus F is a factoi of L—2t or #*— 5»+6=(ar— 2)(ir— 3) , 
hence either F^sP—Sx + G (in which case x — 2 and x—3 are each 
factors of L and 21), or F=x—2 or *-3 First suppose F=x— 2 ; 
then by actual division, the remainder is found to be —(8m -32) +24 
which must =0, whence m— 7 Next suppose F*=t b— 3, tlniB the re- 
mainder is -(15m— 81)+24 which must=0, whence> as before, m«» 7. 

Thus when m— 7, both x-2 and r-3 are factors of L and 21, to., 
(x-2){x-S) ora?-Sv+G is the required factor. 


Ex 4 If x+f be a common factoi of x*+ax+b and #*+«'#+&' 
shew that 

/,\ * a'b-ab' 

w f~z=* s (n) t~v=r- 

If x+f be a factor of the first expression, the remainder after 
division must be 0 


x+f ) x i +ax+b (x+(a-f) 
x"+fx 
(a-f)x+b 
(n-f)v+(a-f)f 
-( a-f)f+b 


-{a-f)f+b= 0 (1), or/ 3 -a/ e +S=o (2). 

Similarly by dmding the second expression by x+f, we get 
-(o'— /)/+&' =0 (3), or j*-a'f+V =0 (4). 

Subtracting (2) from (4) and transposing, (a — a')f^p - b', 


a— a 


(0 
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Again from (1) and (3), we have («-/)/=& and (a* -/)/=&' , 
by division, « &'(« 

oi (5- 00- 

Ex, 6. If #+e be the n. o D of .t^+ajs+S and ®*+o'*+6', piove * 
.that their t, o. a will be 

v 5 + (a + a' - e)j? s 4- (oa* - c*)x + (a- o){a' - c)c (A) 

Dividing .r 2 +a.r+& by x+e, we get x+a — e for the quotient , also 
the remainder, when x^+a'x+b' is divided bj x+e, is i " — c(a' — c) , 
and since this must «=0, 

6'-c(o'-c) (1) 

By the Rule [§ 161], l c k of tho given expressions 
(yi+ax+bftsP+a'i +V) 
x+e 

«=■ (x + a — c)(x~ +a' t+ b r ) 

=(a;+a-c){-c*+a'3C+(a , -c)c} from (1) 

=r s +(a+a'- c)x* +{(a'-e)c+(a- c)a’ }x+{a~ c)(a' - e)c 
**it?+(a+a' - e)x ’ t + (aa' - c-)x + (a - c)(a’ - c)c 

Othenoise —Divide the given expressions by x+e , thus the 
quotients are v + a-c and a+ct'-c respectively. Hence, since 
M=-abH [§ 161], the required l c. a 

=* (x + c)[x + a - c)[x + o' - c) 
which when reduced gives (A) 

Miscellaneous Examples V. 

Find the n c D, of 

L 6a 4 — 5a*:e*— 6* 4 and 4a 5 -6a , r 2 -2a ! « s +3jc 5 . 

2. 2a s - 3a s J - 2a& 2 + 3fc s and 3a’ 1 + 2o s i - 2a 5 6 ! - 2a6 s - b\ 

3, 9x?-3ay-6r+2y and 6a 3 -4a ,a -3ay ! +2y s . 

4= x(Gx - - 8y s ) -y{Zi? - 4y ! ) and 2xy{2y - x) + 4a? - 2y s . 

5. a a -acx+(ac-6 s +6c)a, s -ficx s anda s +a&x+(ac— c l +bc)‘^+c i x i 
0 aP+axP-axy—y* and x* + 2x*y — a*** + x*y s — 2 axy 1 -y* 

7 (a s -6 s )x s +2iV- a(a - 26) 

and (a * + ab - 2 &*)a£ +Wx-{a i -ab- 2& 2 ). 
8. a 4 - 2ax? - 4aV + 16a*r +■ 16a 4 and x* - 6 «»* - 4aV + 16a 8 .r - 16a 4 
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Find the h. c d. 

9. S^-T^+ie^-lVr+lSand 3A 4 -7ar ! + 13« s -7*+8 

10. and 7a: 4 -16a? l -21a; 2 +9a;+27. 

11. a 6 + 11a? 8 - 54 and a: 6 + 11a? + 12 

12 20a 4 — 3a 8 b+b 4 and 64a 4 -3ab 8 + 5b 4 . 

Find the l c. m of 

13. * 4 +2a?+6a;-9 and a? 4 + 4a^ + 4a? a -9 

14 3a^-27«a? 2 +78a 3 a?-72a 8 and 2ar < ' + 10«a^-4a 3 a?-48a s . 

15 a? s - 6a? a - 37a; +210 and a? s + 4a?* - 47a? - 210 

18 «b 8 — (ab — b 2 )x + (a — b)a^ + x? and ab 2 + (ab + b 2 )x+j,a + 6)a?* +* s . 

17 3a^-2a^-a? and 4'5 S — 2a^-3a?+l. 

18 7a?-19a? a +17a?-5 and 2a; 4 - a; 8 - 9**+ 13a: -5 
Find the non. and the i. c si of 

19 al{x 2 + 1) + a?(« 2 + b 2 ) and ab(a? - 1) + *(a 2 - b 2 ) 

20 a? a +y a +2ay— 1 and a£ + «/ 8 +3ty — 1 

21 24(a?*+a; 2 y + vy 2 +# 3 ) and 16( r 3 - x?y + xy^—y 2 ). 

22 3a; 2 - 10aa?+7« a and a: 8 - 5a* 8 + 7a 2 a? - 3a s . 

23 6a s + a*a?— llaar - 6a£ and 6e 8 + lla a a? - ax 1 — 6a; 8 

24. 4a: 4 +2a: 3 -18a^+3'C— 5 and 6 t 6 -4® 4 — 11a: 8 — 3a? 2 -3a?~l 

26 (a 2 +a— 2)* a +(2a 2 +a+3)a?+a 2 — 1 

and (a 2 + 4a + 4)* 8 +(2a s + a — 6)i?+ a 2 — 3a+2 

28 2 ab + a 2 + b 8 — c 2 , 3abc - a 8 - b 8 - c 8 and (b + c)(c + a)(a + b) + abc. 

27 Find the n. c d of .r 8 — 7a: 2 -80a; +576 and 3a: 2 — 14a:— 80, and 
then c. M of these two expressions and 3a; 2 + 17a: -90 

28 Find the n. c D of 2** + x 2 y — xy 2 — 2y s and — a?y 2 — 2a^y 3 
+2xy\ and shew that its square is a factoi of the latter expression 

29 Find the ti, o d of 2a£ — 5r a +3 and 3a^ — 5i: 8 +2, and shew 
that if as ==1, each of these expressions vanishes 

30 Fmd the n. c D of a a -7a 2 a:+6a 8 and x t ~3ax 5 -2a 2 x 2 
+ 12a 8 *— 8a 4 , and shew that each of these expressions vanishes, when 
x—a or 2a 

31 Find then o D of 6a: 4 -2a?+9* 2 +9a;-4 and 9r 4 +80* 2 -9. 
What value of x makes these expressions vanish 1 

32 For what value of x will the expression 3a; 4 - 5 r 8 + 2^+ 48a: 
+7 be divisible by a; 8 +2* — 1 ? 

38 What value mnst be given to a m order that 

a?-aa 2 +l9a:-a-4 and a?-(a+l)* 2 +23a:-a-7 
may have a common divisor ? 
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34 If ;s+gr and 2 ?+qx+p have a common divisor, then 

p+^+l=0 

35 Shew that if r?+px+q and v i +p'x+q' have a common 

divisor, then (q‘ - qf + W -pWptf ~P'q)=° 

36 If x + a be a common divisor of ax^+hx+c and a’af+b'x + c', 
••hew that 


, . oc'— a’c . . 
(1) a ~aV-a'b’ (n) 


bc'-b'e 
ac'—a’c 1 


(ill) o*= 


bc’-b'e 

ab'—a'b 


37 If x 2 + ax+ b and x 1 -*-ax+fi have a common divisor of the 
foim x+c, prove that their L c v la 

, . ab-nfi _j . , bfi(a-a) 

**+ jqr* + -^Tab* + ~b^r 


CHAPTER XV 
Fractions 

166 Definitions We have seen [§ 2] that to ascertain any 
magnitude, we refer it to a known standard, called its Unit, and 
find how often this unit is contained m the magnitnde Bnt some- 
times a magnitude may be seen to contain its unit a certain number 
of times, together with a part remaminq over less than the unit , 
or the magnitude itself may be left than its unit Thus, when the 
unit is one foot, a stick 4 feet 5 inches long will be seen to contain 

4 units together with a part less than the unit , so a length of 7 inches 
will be seen to contain not even one unit In such cases, therefore, 
we have to divide the original unit into a number of equal parts, and 
take one of these parts as our nctc unit, to measure the length which 
is less than the original unit ^Thns in the above examples, the 
original unit is divided into 12 equal parts, one of which called an 
inch and represented by fx, is taken as our unit , which is contained 

5 and 7 times respectively” in the examples considered 

The original unit (in this case one foot) is termed the Primary 
Unit, or briefly, the Unit, and the new unit obtained by subdivid- 
ing the unit (in tins case foot), is termed the Sub-unit. The 
snb unit is thus related to the unit by means of the divisor, which 
we call the Denominator, because it “denominate*” or determines 
the sub-unit Thus, m the example given, -fa represents one sub 
unit, -fr represents 5 sub-units, or 5 times the sub unit, repre- 
sents 12 sub-units, and therefore the unit, \7 represents 17 sub- 
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units, and so on. Hence, generally, if b represent the Denominator, 
will represent the sab-nmt, and a of them will be represented by 

, and b of them by ^ or l , therefore b times g = a units, that is, 

a , 

rX0 = 8, 

, 0 

As a “numerates" or numbers what multiple of the sub-unit is to be 
taken, it is called the Numerator. 

Thus Fba.6txos (lit a brolcn part) denotes a part or parts of a * 
Unit, and is lepresented by writing the numerator over the deno- 
minator with a line between them The Denominator indicates 
into how man}' equal parts the unit is to be divided, and the 
Numerator indicates how many of such parts are to be taken The 
numerator and denominator are called the Terms of a fraction. 

A fraction is said to be Proper or Improper, according as the 
numerator is less or greater than the denommatoi 

Corollary 1 It is clear from this article that 

m . n m+n 

— +-■= — - — ; 
a a a 

for here the subunit is and — + - denotes that m of such sub- 

a a a 

units together with n of such bub units are taken, which is evidently 
the same thing as to take at once m -i-n of the sub-units. Seasoning 
similarly we see that 

=s m+n+p+ . . . 

a a a a ’ , , 

Hence we arrive at the following important conclusion . — If several 
fractions have the same denominator , their sum is a fraction , having 
for its denominator the common denominator, and for its numerator 
the sum of the numerators of the given fractions 

Corollary 2 By a reasoning exactly similar to the above, we 
may shew that 

" mi n_ m-n 

a a" a 

Coxollary-3. Hence we may easily see that 

**_!L_£ + £ .. _ m-n-p+q+, ... 

a a a a 


a 
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. .,2 a a 3a 

1 Shew that j-+g = 'j' 


Examples 
2 


3 Shew that “x+ —7-; = 1. 4 

€6 + 0 tt + 0 

_ ou 4.1 . 2a+6 a « + & 
5. Shew that -^-5 

6 Shew that ^ ' 


.. . 5a , 3a 6a 2a 

Shew that —4 — ■=— 

m m m m 

Shew that ~t“~ 
v— a x—a 


x+y x+y x+y 


7. Shew that 


: + r 7.T+: 


fl+ft+c b+6+c fl+6+c 
167 Fraction expresses a Quotient "We have seen from 
the definition of fraction that ^ x 6 == a [ § 166 ] Also by the 
definition of division [ § 69 1, we get a — & X b — a Thus 
~x5=a-j-5x6 , whence dividing both sides by 6, we get |=a— & 


Remark The line between the numerator and denominator is supposed, 
not without reason, to be the sign of division—, m the place of whose 

dots are written the terms of a fraction The fraction ^ is read “a by b ’* 


Corollary 1 From this article, we see that ~ expresses either 
1 3 

a times b sub units, or £ th part of a units Ex - is either 3 times 
0 5 

the fifth part of unity or £ of 3 units 

Corollary 2 An integer may be considered as & fraction whose 

3 d 

denominator is 1 Thus 3 = ^-, a = ~. 


Important Proposition If the numerator and denomi- 
nator of a fraction be both multiplied, or both divided, by the same 
number , value ts not altered 

Let g be a fraction , we shall prove that foi all values of m, 


j _ « Ct €6771 

0) g"S5 • and (2) 


a a—m 
b b—m 
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We Lave £-«•*•& [§ 167]«o-6x»n+J» 

0 

=av.m—b j rm [§ 73]*=(a»i)+&— m 
={ctjn)+(6m) [§ 70]=|^ [§ 167]. 

Again, as above, £=o+Jx7»— ?n **a—m—b xm [§ 73] 
=»(o— m)— (6— m) [§ 70 ]=j-t^. 

Otherwise thus . — Let L =» ^ ; thus lx6=jX5=a[§ 166] ; 
multiply by nt, thus lx6xm=ax«i or l x(bm)=-(ftm) [§65] ; 

whence X.=(o»i>+(6m) [S 69] [§ 167] ; 

. a am 
* b~bm 

Again, we have • l x 6=^ x 6=o, 

thus hy.b-~m=a— m or 1 x(6— >n)«*(o — m), 

whence l=(a— m)~ (6— [§ 167], 

g a— m 
b~b—m' 


1 


2 . 


3 

4 


Examples 


Shew that 


# a; 2 a^ + oar at+6s 

«— £=* — - as — — — — — . *3S t 

a ax ax + a* a 2 +a& 


Shew that 


1 4 n-b a+b 

o+6 4o + 46 o 2 — 6 s a*+2o6 + 6 3 ' 


Shew that 


oy_ y 2 -y o y + ry oy-ay 
o y-1 o + r o — a: 


Shew that- 



a:+l 

a; 2 


a 2 + r r 2 -l 
# s — a;* -o 2 


Corollary. Hence i/ the signs of both the numerator and deno- 
minator of a fraction be chanqcd, its value is not altered For this 
is equivalent to multiplying the numeratoi and denominator 
by -1 [§ 168] 
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Examples 

1 Shew that 1 — ^-=1 ZfL-=i + -iL.= 

a—b —a+b b—a 


■ 1 - 


— a 
b—a 


2 Shew that -7^ — 1- a 


x , —a x-a , 

- + — 7=7 — ~ = l. 


x-a a—x x—a x-a x—a 

95 Ur 

3 Shew that 4 =1) by changing the sign of — — . 

# — cl a—x x — o> 


169 Omitted. 

170 Reduction to a Mixed Quantity Since a fraction 
repreasnts the quotient in the division of the numerator by the 
denominator l§ 167], an Improper Fraction may be reduced either 
to an integer, or to an integer and a fraction, by the Rules of §§ 95 
and 96. 

Defixitiox When a quantity contains an integral part together 
with a fraction, it is teimed a Mixed Quantity , thus 

&c are mixed quantities 


Examples. 

Ex 1 Reduce — ^*- to a mixed quantity 


ab c 


By actual division (afc + e)— 6=0 + 7 [§ 96] , or«=-, + T =.a+-, 

0 0 0 0 

1 4* x 

Ex 2 Reduce = to a mixed quantity. 

1-js ) i+* ( 1 
1 - v 
2x 


Am, =1 + 


2x_ 

i—v 


Reduce to mixed quantities or whole numbers 


3 

8 . 


30 ab 
5a 

sP+x 
*— 1* 


. 51# _ 20a + 36 

4 — 6 — —■ 


0 


a* -a? 


9 


a 8 — 
{a-bf 


10 


ax+b 

x+a' 


7. 

11 


12 


2a 8 — aa^+Br 8 


a+x 
a—x ’ 
a s -x i 
a+x 


13. 


a 4 — x* — a 3 + x 2 - ax + 2 
a s +£*-l 


2 a i —x t 
14 Shew that 

eo^-naS -^+i 49 

5x s +9x—2 ~ lZx ~ 25+ x+2 
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iyi Reduction of a Mixed Quantity. Let a+- be a 
mixed qoantity Then Con 2]=“+j [ § H® ] 


_2£±*'ftl66,CoB 1] 

Hence the Rule : — Multiply the integral part, by the denominator 
•of the fractional part and add this product to the numerator. 


Examples. 

Reduce the mixed quantities to improper fractions 


, , 2* 
L <*-l — 

a 


6 . 1 + 


2 10 + 

a a — 6 2 — c 3 
26c * 


13* -V e, _ 'P-y* A ^ + & ) s _ 1 

3 a — * 4ab 

2 o 2 „ . a 2 + * 9 


Sv 
0. 2x+ 




7. <*+*- 


a-x 


8 a 2 - a + 1 ■ 


a+2 
a + 1* 


172. Reduction to Lowest Terms A fraction is said to be 
in its lowest terms when its nuraeratoi and denominator have no 
common factor A fraction is therefore reduced to its lowest terms 
by dividing its numerator and denominator by their Hen Hence 
to reduce a fiaction to its lowest terms, we strike out their u. c. i>. 
from the numerator and denominator. 


Ex. 1 


Examples. 

Reduce !? 4 "4 C - to its lowest terms 


36a6 3 c 
Given fraction 


18a6e '<a 2 3o s 


' 18u6c 26 a 26 s * 

Note When the factors of numerator and denominator are found by 
inspection as here, wo simply stike out the common factors 


_ 6ffi& 3 (ffi 2 +{t6) 

^ XLGUtlCC n -At / . Of i e. to its lowest terms. 


Given fraction 


8a 2 6(er 2 6 - 6 s ) 
6a 2 6 s (c + 6) 


6g 3 6 B (g+6) 


36 


8a*6V-6 B ) 8a*6*(a + b)(a- 6) = 4(a-6)‘ 


. . 0 

Ex, 3. Reduce 2z*-8x+4 to lts ^ owest terms 

Given fraction _fc|K|£±|) = 5£±i 
(#— 2)(3* — 2) 3x -2 
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Ex. 4 Beduce 


Jr 8 — 39-C + 70 


— - to its lowest terms 


a 3 + 1 4 i? + 39® — 70 
As in § 155, find the n c d of the numerator and denominator* 
which will be seen to he x +7 

And (a?— 39a+70)— (ad^^a 2 — 7«+10, 

(a?+14r a + 39;»-70)-(r+7)='s a +7*-10 , 

• j , , , a*-7« + 10 

* reduced fraction = -„- 


Ex. 6. Reduce 


® 2 + 7*-10 

2a 4 - 5 a*b + 3a 2 6 2 - 5a6 3 - 36 4 


to its lowest terms. 


3 a 4 - 7a 9 6 + a a 6 a - 3a6 s - 2 6 4 

Find the n o D of numerator and denominator as m $ 155 
which will thus he a 2 -2a6 - 6* 

N ow numerator — (a 3 - 2ab — 6 2 ) = 2 a 2 — ab + 36 s , 

denominator — (a 2 — 2a6 - 6 2 ) = 3a 2 — ab + 2 6 2 , 

, , , , 2a 2 — a6+36 2 

reduced fraction = 


3a 2 — a6+26 s 


Beduce to lowest terms 


12 a 2 6 
4a6 2 e 


10 


13 


18 


10 . 


22 


25 


28 


30. 


33 


-ax 


11 


14. 


Iflflsy* 8 

ZOaxhj 
8a 2 — 12ay 
16x 2 t/ 2 +20ai/ 8 
Zmp + Zmq 
pt-q» 


17. 


a 3 -ay 
y*-xy 


20 


a 2 +aa 
8m 2 — 2n 2 
8am+4a« 
cx+x 2 
a 2 e 8 — 

3a6 s (a s - 6 3 ) 

12a*6(a 8 +6 s ) 
a 2 -(a4-ft)a+a& 
a 5 -(a— c)x— ao’ 

4-r 2 — 12aa+9a 2 
8a 3 -27a 3 
a 3 + 6 3 +c 2 + 2a6 — 2ac — 26c 
a 2 +6 3 -c 2 +2a6 
a 2 +6 3 +c 2 — 6c — ca — a& 


28a 8 6 3 a 4 

42a6a*y 

12 

16 


63 m*n* 
405>7i°n a 


B 2 -ry 3 


23 


20 


4a 3 (a s — a 2 ) 
6aa 3 (a 4 + a 2 a 2 + a 1 ) 
1 -2a + a 2 -6 3 


l-a + a6-6 s 


18 


21 


24. 


a6(a 3 +ff 2 ) + ay(a 2 +6 2 ) 
a6(a 2 - y") + ay(a 2 - 6*) 


a“xy—axy z 
cPbc—alPc 
a 3 bd— ab 3 d 
1 54aV-16aa s 
24a 2 a*— 54a 4 * 
CT 8 a 2 4-w 2 a 2 
a(m ! +» s J-ma»' 
a 2 +6 2 -c 3 +2a6 
S5_js_ 0 s +2 6 c 

1 + a+a 2 


27. 


l+a 3 +a 4 * 


29 


a 3 +6 3 + c s -3a6c 


31. 


x 1 — 4a 4-3 
a* -2a— 3 


32 


a?->-2a — 3 
r^ + Sa+B 


34 


6a 3 +5aa- 6a 3 
6a*+13gr+6a 2 


35 


1 — a 3 6 + 6 — a" 

1 — a6 2 +a — 6 3 
a 3 -a -20 
c 2 — 9a+20 
6a 3 — 7aa— 3a 2 
6a 3 +llaa+3t 2 * 



173 ] 


L fractions. 


219 


36. 


30 


41. 


43. 


46. 


48. 


50. 


52. 


54. 


56 


58. 


60 


Eeduce to lowest terms 
4 + 12«4*9® 8 14-r— 12x 8 


ITlSTTSli' or , no 6ry 8 ®4*0y 4 * 12 

2 4- 13® +15 r 5 3-7®-G® 8 * ' 5 °' 10ay -8®4-lCy-12* 


® 8 4-2ary+(fl s — 5 8 )t/ 8 

-s 2 + 26xy - (a 8 — 6-)y 3 
(ft 4 <6]x 3 - (2a 4- 6)5® 4- «Z> S 
(a-&)® i -(2a-i)6t4 at 8 
a s + 2a 2 6 - a5 5 - 25 s 

rtS_ 3a6 3 + 2 6 s * 

t*4-2r 8 - 2r+3 


40 


42. 


40. 


44 

2 a- 3 — T S + X + 1 


a 8 ® 8 — 2 acyt - & 8 y 8 + o 8 s s ’ 
a 1 t* 4- 2 a hr?/ 4- Vy* - c'h r • 
'c 3 4-2a; 3 4-2t 
® B + 4® 

2i/ s +y 3 -8y + 5 
~7f/ 2 -l!fy+5 * 

® 4 + 3®* 4- a? 4- 3 


®>-8®4-3 
9a- 8 +0x8-2®- 4 
12®* - 5® 8 4- 4® - 4‘ 
a? 4- lla; 8 4- 30® 

9.r s 4- 53® 8 — 9® — i8 
3(v i -y*)~&ri/(x-v)+y' 
3(® s 4-y s ) +®y(®4-y) - 
a* 4-a*64-o5 s 4-6* 
a 4 4-3o*64-4o 8 S 5 +3^i*T5 i 
4 r 4 4-ll® 3 4- 25 
4®* — 9®* + 30® — 25 
3a 4 ~l4a 8 ®— 9a® , +2® 4 


47 


2r a +3:r- + 3®4- 1* ** r»-13®-12 

2® s — 13r4-15 


40. 


61. 


3®*4-9r a -B® - 15* 
18® s -llft 9 ®-2ri s 


53. 


.56 


57 


50 


2 a* - 9a 8 ® — 14a® 3 + 3® 4 * 

|6(t 3 ®° —26a 8 ® 5 + 43 a 4 ® 4 - 42a 8 ® 3 
18a»®"+ 3 a 4 ® 6 - 1 32a 6 ® 4 4- 03 a° t s * 


18« s — 6a®-12a 8 ‘ 
a s — no® 4- (ac — 6 8 4- 5c)a 3 — hex* 
d i +abt+{ac—c-+bc)r t +c t ^' 
3a 4 -« 5 & 8 -2&< 

10a 4 + 15n 8 & - lOaV-lBob*' 
® 4 — 2® 8 — 2 B ® 8 + 20 ® + 1 20 
x* - 4 t 8 - 19*8+40x4- 120* 

3 a 8 & - 27o 4 6 5 + 78«*£ 8 - 72« 8 i 4 


2a 4 & 3 + 10a s 6 3 -4a s 6 4 -48a6 8 * 


173 Reduction to Lowest Common 
Let it be required to l educe tlie fiactions 

ace 
b' rf’ f 

to a common denominator Bv $5 108, we have 
a ax (If (tdf 


Denominator 
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Hence to reduce fractions to a common denominator , ire multiply 
the terms of each fraction by the product of the denominators of all the 
others. 

If tlie denominators 6, d, f, have no common factors, it is clear 
that the reduced fractions are m their lowest terms If, however, 
'they have one or more factors m common, it is evident that a 
common denominator can be found of dimensions lower than bdf 
that is, that common denominator m this case is the l o u. of b, 
d and/ For let m be the l o m of 6, d, f, so that m~bx=dy=fs 
Then the quotients obtained from the division of m successively 
by b, d and /, are x, y and a Therefore the reduced fractions are 

ax cy ez ax cy ez 
bx ' dy' /a’ 0r m' m’ m‘ 

But m is the least number which is divisible by b, d, and / , tlierefoio 
these fractions must be m their lowest possible terms Hence we get 
the following 

Bole — Find the l c u , of denominators , divide it by the deno- 
minator of each fraction , and multiply its terms by the quotient thus 
obtained. 


Examples. 


Eeduce — . 
2a’ 


Ex. 1. 
minator. 

The l o u. of the denominators =6 a s b 

3 _ 3 X 3a5 9a& 

2a 2gx3g&~ _ 6g 2 6* 


5 4 

and ^ to the Lowest Common Deno* 


5 5 x 26 105 

3k 2 ~ 3a 2 x 26 = 0g 2 6* 


4 _ 4 x Da _ 24 a 
ah abx6a ~6g 2 6 


Ex. 2. Eeduce ~ — — and 

a a(x+a) 


3 a 


x 2 —a 2 

The l. c m of denominator3=a(^— a 2 ) 

aP-a^x 


to the lcd 


x_x^ x 2 — a 2 
a a* x 2 - a- ~ a(x^ -a 2 )' 


x-a 


X — Cl v —a 

cx 


_ sa (a-g ) 2 

a{x + a) a{x+a) x x—a^ a(x 2 —a 2 f 
3g 3a a 3g s 
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Ex. 3. Reduce a™* to the L G ' D * 

The t o it of the denominators of the first and second fractions 
tsa 2 -l, ^hich differs from 1-a 2 , the denominator of the third 
fraction, only in sign Changing therefore the sign of the third 
fraction [§ 168, Cor \ the given fractions become 
x ' 2-c 1 — ax m 

o—l' a+1* a 2 — 1 * « 

of which the equivalent forms are 

-sfcr + l) 2*{a - 1) 1 -ax 
a?-V a 1 - 1 1 a 2 — 1 


Reduce to .Lowest Common Denominator 


jt 

a 5 a 7 a 

g 

2* 3 y 52 


9’ 12’ 15* 


Y* T' 18 

6 

a 2 6 s c 2 
be’ ca' ab 

7 

5* iy 6z x 2 + 2y 2 
yz' zx' xy' xyz 


a + v a — x 

9 

4*-5 2* 7x + 6 

8 

9a 1 12* 

10 ’ 5’ 25 

10 

1+a 3— a a— 8 

1L 

x-—ab if — be 2 a -ac 

6 ’"B * 10 

ab ’ be 7 ac 

12 

a b c 

13 

X 5 a 1+x 

a+b ’ a-b' a + b 

3’ 4’ 2(1-*)' 

14 

1 1 1 

15 

2 3 4 

1-*’ 1+a:’ 1— ic 2 

*— 1* 2-*’ * 2 — 4 

16. 

x x y- 1 

17. 

a—x a+x x 1 

x-y'y*-xy 

a\a+x)' a?{a—x)' ax(d 

18 

ab be ca 

19. 

a b a+b 

a — b ’ b—d c—a 

ab—b v aP + ab 7 a 2 — & 2 ' 


2*— 1* 2*+r 4* 2 - 1* (2a; — l) 2 * 


174 Addition and Subtraction of Fractions. If two or 
more fractional expressions be connected by the signs + or — , or 
both, the whole may be reduced to a simple form by first reducing 
the given fractions to a common denominator [§ 173], and then 
finding the algebraic sum of the numerators of the reduced fractions 
[§ 166, Cor 3] We have thus the following 

Rule . — Reduce the fractions , if necessary, to a common deno- 
minator, then find the algebraic sum of the numerators 'and retain the’ 
common denominator. 
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Examples. 

. , , . ,, a 5a ,7 a 

Ex. X. Add together g, ^ and — 

The ii. c si. of denominators =-180 

_ , a 5o 7a 20 a , 75 a 84a 

Required sum = q + jg + lfl “ 180 + 180 + 180 

20a+7r)a+84a _179a 
= 18J “ 180* 

„ , .. , 6a 1 + 20 . , 10a’ - 81 

Ex 2 Emd the sum of — - — and — ^ — 

The l o M of denominators «» 18. 

_ , 5« + 20 , 10j - 81 3(Ga;+20) lOx-81 

Required sum = — — + — 7g — ^ +~Tr~ 


G ’ 18 18 

Ihr + GO + lOr— 81 25t-21 


18 


18 


_ , „ . < a a + b 

EX. 3 Find the value ot 

The i. C. W of denomtimtoi6«=b(a~b). 

_ . . a(a-6) . &(a + b) a s -ab+ab+b* a*+b s 

’ Beared ™lue~;g^ ) +g^ ) - - ~ b ~ b J -jjp®* 

Ex. 4 Subtract |f fl0ra [f 

The l. o m of denominators =126 

, , ~ 49a: 30t 49r-30a: 19a; 

Required difference = ^ G = 


126 


126’ 


_ _ „ 4a: + 2 2a: -3 

Ex. 6. From — take 

The L o M, of denominators =3* 

Required difference — 

3* 3x 

4i lS + 2x-2'r+3 4x®+3 

« ■ ” ■ n — 

3® 3# 

Ex. 6 Simplify — + — 

p J a-x^a+x a*-a? 

The ii. c it. of denominators® a 2 — v* 



174] , 


fractious 


223 


, , a(a + 1 ) . Sa(a-x) 2ax 

Required value =-^ 3 ^ + ■ ^ 

a 2 +o®+3o 2 — 3o®-2o® 


4a? — 4o® 4 a(a—x) 4a 

a 2 -X s ~ o 2 -® 2 a+x' 


, , v 5x ax — 1 

Bx 7. Simplify 5 ^+ e5TFl) + iiwj 1 

Changing the sign of the tlurd fiactton [§ 168) Cor ], we have 
® , *j® , 1-w 

3,o - 1) + 6 {o+Ij + 4(o 2 - 1) 

The L c ar. of denominators >=12(a s -l). 

„ , |4®(o + l) 10*(o-l), 3 ( 1 - 0 ®) 

•• ^ mreds ™-is5«-15 + il(S5rt) + -i2(?=T) 

llo®-6®+3 


12(a 2 — 1) * 


Ex 8 s,mpUEy 

The l c. ir. of donominators=(6 - c)(c -o)(o - 6) ; 

. r *. (o-6)+(6— c)+(c-o) 0 

. given fiaction — —rr — , — -=— =0. 

(6 — c)(c - o)(« - 6) Denominator 


Simplify the following expressions 


0. 

® 5® 7® 

10 

o® 2a® 

'lax 

11 

a+x 

2o 4® — 3o 


5 

12 20 

18“ 7 

+ 30- 

16 

5 25 * 

12. 

® 

% 

5® 3® 
6y + 8y* 

13. 

2o 36 
v y 2 "" 

db 

Vy 

14 

4®g 

y ~ 

3® 5 y 

8 12® 

16 

o 

5c 

5 c 

4 — 4 — r 
ca ab 




16. 

x — y 
vy 

y-s s-® 
ys e® 

17 

o+® a— v 
6o® 3o 2 

o 

10® 2 

o 2 + ® 2 
f 6o® 2 

18. 

*_y_ 

y ® 

19. 

°x by 

b + T * 

20 . 

® 

x+y 

21. 


1 


22 

1 2 

y' 

~ x-y 


l+® + 

1-®* 


1-® i-® 2 * 

23 

a 5 

94 

m 

m 


OR 

® o— ® 

o + 5 a — 5‘ 


p+q~ 

p^q 


<5 O. 

a 2 a(o+®)’ 

26 

0 

(od-5c)c 



27 

3o® 

135y 

2o®+96y 

c 

c(c+d®)* 



H I • 

7 + 

14 

21 * 
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Simplify the following expressions 

15* — 1 ' 5* — 3 5 Q x x—a . 1 _ ■ 1 

18 6 + 9 2a 2 (a + a) * 2®— 2 y 2y—2x 

Bi!-18 2a+7 --- -- 1 m-n 4a 2 2 . l+a l-x 


1 m-n . 4a 2 


+ 2 S 1 + 1 H 32 33 


a(a + x) x(3a-v) 
a—x x—a 

1 ■ 1 o 7 

a m -l a m +l 
a-fc a 
a + a-6‘ 


wt « 2mn 
m -n + m+n n 2 — m 2 ' 


a a + a a - ^ 


QO « + & 

a0, a-&“a+5 


3(3a + 2) 3a-2 3(3a-l)‘ 
r+y 2 ^ 
y x+y + y*-x'y 


x a-3 ^ a a + 3 
a-3 a a+3 x 

1 , 1 3 

6wi-2n 3m+2m 6m + 2n 

4 13 


1 1 “ 5+3 

40 a-l _ 2a+2 2a 2 +2* 

42 _1 ?_ 2(07-2) 

42 x-i a+i + ^nr* 

,, 1 . 1 , 1 
4 4(1 + a) ^4(1- x) * 2(1+4!*)' 

_J 4 9 

2(a— 1) a— 2 + 2(a— 3)' 

„ Q 3 , 1 l-x 

4 8(1 — a) + 8(l + a) 4(1 + a 2 )* 

1 1.1 


49 a(a-2) + a 2 -6a+6 _ i(£33j- 50 ' 8(a— 1) 4(a-3) + 8(a-6)* 


1 2.2 1 
a 2 — 2 a»-l ® a + l“a* + 2' Z 


a+a r-a ^-a 2 
a-a a+a + a 2 +a 2 


10a— 11 10a — 1 a 2 — 2a+5 

3(a 8 — 1) 3(a a +a + l) + (a s -l)(t + l) 

7 1 10a -1 „„ a (a 8 — 5*)a . a(a 2 -6 2 )a 8 

2(a+l) 6(a - 1) 3(a 2 +a+l) 6 & & 8 + &*(&+aa) * 


1— a l-2a l-3a 


l-a“(l-a) a (l-a) s- (l-a) 4 


1 1 a a* 

2(a-&) + 2(a + &) + a 2 + &*”a 4 -&* 

1 3 5 B 

(a+l) s 2(a+l)* + 4(a+l) 4(a+3) 

a + c b+c 

(a-6)(a-a) (a-6)(a— 6)' 

!+ 2 a 7 . x 

(3 — a)(l+a;) (2+a)(l-3a) + (l+aK2+a) 
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Simplify the following expressions 

1 1 

62 (a + ]X*+2> (*+l)C*+2)C*+3)* 

g* n x s,> 1 1 . 

a^+i’ 


63 


ITS Multiplication by an Integer. Let Z=|, 

thus Z=«— 6 [§ 167] ; 

*. Zx»t=*a— &xm=ax»i— 5 [§ 73]= am 4-5 ; 


■whence 


^xm=y, where m is any integer. 


Hence to multiply a fraction by an integer , we multiply the nu- 
merator by that integer 


1TG Multiplication of fractions Let Z x ^ ; 

/ Zxhx<f«=^x3x6xtf«=rx5x^x<f [§ 67] j 
b a b a 

Cl c 

bntby§166, ^xb=o and ^y.d~c ; therefore 

lybv.d‘=ay.c,i e , Zx(&cJ)=bc, 

whence l=ac±-bd[§ 69]=^ [1 167], 

. a c ac 
*• b y 'd~M 
Similarly it raaj he shewn that 

ace... 

* bd r..: 

Hence to multi plj several fractions together, we multiply all the 
numerator for the new numerator, and all the denominators for the 
new denominator. 

Examples 

_ _ ax cx acx * r 2 

Ex 1. 4x-7=~j=f-, 
cd ab abed bd 

It is always advisable, liefore we multiply out, according 
first s ?«» lie out any factor or factors common to both the nu- 
merator and denominator The product ti ill thus he found at once m 

1 15— B 1. 


ace 

fc x 5 x / x *’* 
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its lowest terms Thus striking out a and c from the numerator and 
denominator first, wo lin\ c 


xxx* 

d X b~Sd' 


8 mn 5 c+ 5 t? _ 8 >nn ;c 5 (c+c?) 8 (c+rf) ^ 8 c 4 - 8 tZ 

bed x vrn — mn- ~ 5 cd mn(m—n)~ ed(m — «) cdm — cdn' 

■n- o 3 (a*+**)„6c + cd w ( a-x) s 
■ B,X 3 a 2 -** a* - oa; 3b 2 - 3cP 


3j(g+j) c(6 + d) (a-x)(a-x) 


ex 


(o + a:)(o - a:) X o(o - x) X 3(6 + d)(b - d) a(b - d)‘ 

Ex. 4. (? + « + JV« + Ml 
Va b cj\x y z/ 

_« + ? + I') 5 + (f + J + i)£+( 5 + ? + !)£ 

Vo 6 c/a: 'o 6 e/y \a b els 

_ 1+ s + " + ^ +1+ Lv-J+?'+i 

br ex ay ey az bz 
bx ex ay cy os os 

Simplify 

_ Zax 3y* IQa’m 4ma- „2Is 2 

5by 4a: 2 7m 3 s Gas lCax* " 


ab a+x ax 
— X- — x r . 
a^ a —x by 


ax o J — x 2 
x- 


(O-T) 


ab 


10 


K-%)(S£)’ 


8 («-?)(M) 

„ o 3 -b 3 15o* 

11 — r? — x 


Si 12 (; + |)(:s + |i)- 


- (HXH) 

13 HX 1 -*^) 


13 (i + ! + ’y? + n 

\x y zj\y z/ 

/4o 3x\/2b 3x\ 

“■ (sJ+sijfe+Js) 

17 fo+J" Vo-— 18 **».. J ~V ! .. »«+»» 

\ o-T/v o+x/o' + r* 3by 2c 3 -2y* i^-ay 

19. ^±v x g^! x fc-v;-+ry >20 ( a < «V£f±£&£i\ 

(® r y) 3 i?+y* (x+yF-ry'* \ **/\ ax+1 jo*-b s 


21 


pr+feg + giQs+gV p»+(pt-q*)x-qtx* 


p—qx 


p+qv 
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Multiply 

22. 0 s +*+l by 23 by 1-s 9 . 

1 1 „ a 2 ab , 6 a , 3a 8 ab b * 

24. ax+l + -by o*-l + ". 25. ^- 2 ~ +^5 by "a 5 "5^ + ? 


177. Division by. an Integer 


Let h = 


tt 

r ; thus 
o 


l—a—b 167] j 


l—m—a-rb—m^a+ibm) [§ 70] =~ [§ 167] ; 

l 


whence 


~ w here ni is any integer. 
o brn 


' Hence to divide a fraction by an integer , we multiply the deno- 
minator by that integer. 


€t C 

178 Division of fractions Let ?=£— 

c tt 

then, since Divisor x Quotient =* Dividend, we have 

gx^xbxd=^xbxd ; or gx&x^X£f=~x&xd[§ 67], 

but %jXd=c and |x &=a [§ 166] ; theiefoie 

qxbxc^axd, le, gx(&xe) = (ctxtf)[§ 65] ; 

.hence *-$&«! •. ^-JxfaW «]. 

Hence to divide one fraction by another, we invert the divisor , ««c? 
proceed? as in multiplication. 


Examples. 

Ex 1 ~ 5a? * 5s 25r 3 12y 25xl2xa y y 5x 

2 % 2 12*/ 24y 2>< 6a? = ^24x5x^ 3 — 2y * 
or it may he worked thus — 

25a; 2 ^12?/_ 5i:x5a; /12y 5r , , , 

£4 */* x Tx = 12?/x^2y ^ = 2^ inking out the common 
factors ; Tide Remark, Ex 1, § 176). 
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Ex 2 


Ex. 3* 


4x 2 -9_2x 2 +3x (2x-t-3X2x-3) ;; 6y 
3 xy Gy 3 xy x(2x+ 


3 xy ''*(2* +3) 

2(2x-3) Ax -6 


(■i S^ 3 \ (■, 2z\_ y*-4x t . y+2 x _ y*-4x 2 y 
V \ + jj ® 2 +y 2 y J'+Jf 5 y+ 2* 

« 2 — 2 «/ 


y a - 2 ay 
~V +* )|4 

Ex. 4 Divide ^ + a 2 -a 3 + ----^j l)y ~ — 
i? a x a 2 J a? a 

Arrange according to powers of a 

5 -*Y£ + „.-?-«»+ 2 -:J(£+«»+< 

x a/a? x a g s \ X s a* 
a 2 _a 
X s x 


gS-x 2 
g 2 — a 2 
a_a ] 1 
a a 8 


6 . 


Simplify 
Baa 30a 2 


required quotient =- ? +ga+2j 
4 xv* 3ys 


6 


8x^y 12ay “ Ba 2 6 10ax 

« 2 \ aj-m " 2 + ai la* — b* 


7 

10 


S «.2 


mg 3 m*a- 
nbc nac" 

2ax- X s 2a— x 


ft a Sl±J 

V av a 2 * g-6 (a - 6) 2 ‘ w c 8 -** (c-^)* 

ac =* t - fl = 9 ±i u (l+ i ) _ ( ,.| ) _ (A y. 


11 




ls - s=r-( 1+ s4iMrO 


Divide 


14 


2.* by 2-5 

x 6 y a X 


16 1- 


2 ®y . a 5 -# 2 




, Q g+2x g , X ,a + x 

16. — ; — H — by 1 

a+x x g+x x 


x 2 +y* ' x-y 
2x® 


17. £ 

3T (#+#)* y x (x+y) 2 
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Divide 

G_ 

3T-*bX 


b- . . . 3*- 5 1 -2x4- ar s 1 -Sr+S^-x 3 

18 1+ *s-s* 1+ a?-GxJ-5* 1 ’ l-*° J l+a^+x 4 


20. y s +l-»-pby i-|+l. 


21 ^-M+^by s + l+t* 


22 i + sH? b > v + f 6 - 23 - ^ + M* + ;) ^ (HD 

24. ^-S-K^-i)- 1 


g 3 * 3 abv 1 ocx 3 5 3 x o g r a , t ar__ & 
Id M c 2 d ~ d? ccP + be d ^ e d 


179. Complex fractions A {fraction whose numerator or 
denominator, or both, are fractions, is called a Complex Fraction. 

a a 

(t X • 

Thus », «, are Complex Fractions. 

c a 

Hence in reducing complex fractions the Rules of the foregoing 
articles will apply. 

Examples 

a 

Ex. L I-f+*-2 x 2-£ 

y_ x a x y >ry 
a , 

Ex . 2 

=Xj JZz - ”*0 +*). 

, ab 

a + — — 

En 3. 

R _£ \ a — bJ \a — b a) 
a-b~a 

a(,a-b)+ab . o 3 -l>(o-& ) «s os-ajxjs 
a(a-b) a -b a(a-b) 

a-{a—b) a 8 


a-b 


a * v <a-b) 


a-b a*-a&+5 3 {a-6X«'-«6+6 , )“'5 5 ^o&+T 2 * 



230 


.ALGEBRA 


[179 


T5T + T=~ 1 + - 

Bx .4 Redop ^^ —. 

1-a: 1 + * 


(1) Fnsfc fraction = •fr~+r~~\ — -fir— rr“T 

v ' \l+« 1-arJ [l-a: 1 + xJ 


l-X+T+X 3 1 +X-X + X 3 1 + 1 ? t 14- ar 
1-a,- 2 1-a 8 ~1— xr 1 -x- 

l+a? 

'1-a: 2 l+x J 


(2) Second fraction =>^1 + 2^ _ {l+.e)=^22 — (1+#) 


l+x a;(a:+l) x 


Beqmred fraction=l +2=:Lt£!. 

xx 


Ex 5 


a+ _L . a+— -L- 
5+2 t±l 


1 &C + I 

a6c+g+ c abc+a + e 
bc+l 


Simplify 

fl x ~^ 
6 2aT" 


q 

25a:-- 

x 


a b 
l~a x 


3# 2 

2 3a: 

2a.-e 

„ G 


S 1 ' 

a: 5 — 
x 

a+i+l 

x 


V 2 

»+y+5- 


, . 2mn 
L+ m’-+n* 

ox 

(g+ 6) 2 
. 4a& 

« 3 +n* „ 


22< <•-*>» 

t omn 

m+n 

1 1+ay 

4ab +1 





"t* IT" if I 


)£(y k)ir Cbil^C-] -- 

180] ' ' ^ FRACTIOKS. 



c r 


Simplify 


l+ar* 


23. 




a+x , a-# 

■ ■ 4 -* 


26 


29. 


31 


33 



2a;— 1 




TL80 Fractions with certain denominators. If^-J, 
b— c, c—a, where a, b t c, follow one another m cychc ordf? [jj 133], 
enter in pairs the denominators of fractions, it 18 often ^en that the 
nnmeiators are so arranged that the algebraic sum^f the new nn* 
merator assumes either entirely, or m part, one of Jnese forms t- 


>> )' ° 2 ( 6 ~ c ) + 6 ^ c - < 0 + c8 (« - &)>, ( 
t - fA bc(b -c)+ ca{c - a) + db{a —o) t 

■ I'M a(& a -— < 


I a(&l-c a )+&(c a -a a )+c(a a _j*) ; \ 

the first two of winch are each equal to - (b-c)(c-a)(a-b), andl 
the third to (b — c)(c-- -- b) § 117] Hence it is generally! 

advantageous, m simpln^JTg these fractions, to tiansform the de- 
nominators so as to gi v<?(& — e)(c — a){a — b), which we shall denote 
in this article by B*, for their l o. m 


^ , * 

We shall also represent the lowest common denominator by D. when 
any other letten stand for a\ b and c , for nvam p l" 

D=<y-z){z-x)[x] -y), or (/3 - 7 )(r/- a )(“ - &c. 

•/ / 1 


232 


ALGEBRA. 


[ISO 


Examples 

ES. 1 Simplify 

Change the signs of the fraetors a -c, b-a, e—b , thus the given 
fraction 

o* b- c 2 

~ (a-6)(c-o) ( b-c){a-b ) {c-a){b-o) 

~ = _/ 2! + *!_, + C 1 \ 

\(a - b){c -a) (a- b)(b-cy(b- c)(c- a) f 

Thus the l o m of the denominators now is (& — c)(c — a)(a-b)=D, 
and therefore the numerator of the reduced fraction within the 
bracket 

= a\b - o) + i 2 {c - fl) + c\a - b) 

= - (b-c)(c - a)(a - b) [§ 117] - - D , 

.*. value required ^ = 1. 

_ _ _ , « be ca ab 

- r J {a — b)(a — c) (b-c){b-a) {o-a){c-b) 


wiTh^^iven fraction 


^ f be ca ab 1 

? v r \\k? - t)(o -ay {b-c){a -by {o- a){d - c)J 

\ v "S Numerator of the reduced fraction within tl 

'*** + ca{c -a)+ab(a-V~-D 

' s. C„z/ . 

< * ‘-O vat. s required = 4. 1 

MV 


[see Ex 1] 
the biacket 


Ex 3. Simple, 


-j, t 


Wj-j 




x+y 


The l 
bracket 


the 


Kx-z) zxQ/~s<y-x) X7j{s-x){ 

~ \ , t < ^ ! 

The given fraction " < . x . 

, , /— *S V . ‘ 

\ys(«-«/Xs -S' v T-v*^ - /P t> 'Jjy-'W ' 
o d here is xyil-i. wV faic ^ fi numerator within 

i(y+s)(y- ?) +y(2 + i'-l J fe +,?'(* -y) 
x(v* — s 2 l+t/fs 2 — fl^l + sfa 12 —^/-; ' Z) f§^147l . 

^ pi 

xyzl) * jj r >i 


- x(y* - s 2 ) +y(s 2 - a ?) + sCa 2 - J yj 1 Z) [§ 147] , 

D ' r i ‘ "V** V 

value iequired= n ~ “ . , 


i V 
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6 8 4-ea + l , c*+n6+l 
+r- +■ 


: 8 +n6+l_\ 

~a)\b-c)f ’ 


„ , , <r s +6c+l b*+ca+\ . cHffS-fl 

Ex. 4. Simplify ( 0 _&)( a _ c j + (&-c)(6-a) + (e-«)(<J-&)' 

The given fraction 

f gi+be + l _ 

" \(a-b)(c-a)' i '(b-o)(a-b)' r (c 

reduced numerator of the expression within the bracket 
= (a* + 6c + 1)(5 - c) + (l» a + ca + 1 )(<? - o) + (c 8 + a 5 + l)(a - 6) 

=. {a 8 (6 - c) + 6 ! (c - a) 4- c J (a - b)} + { bc[b -c)+ea(c-a)+ «&(« ~ b)} 

+ {(b-c) + (c-a) + (a-b)} 

*= -B—D+0— -2D , 

- 2 D 

value required ~ 2 

Bemark. This fraction is in fact eqim ilenfc to three fractions, viz. 
Ex. 1 and 2 of this article, and Ex 8 of § 174 For 

6 s +6c+l a a be 


(a-6)(a-c) (a-6){a-c) (a-6)(a-e) (a-6)(a-c)’ 

6 9 4-ca+l ra 1 

(6 - c)(6 - a) ~ (6 - e)(6 - a) + (6 - <*)(& - a) + ( 6 - c)(6 - a) ’ 
tf-t-ab+l _ c g a& 1 

(c - a)(c - b) (c- a)[c - b) " r (c - a)[c - b) + (c - a)(c - b) ’ 

thus the given fraction = — , + - — r . 

(a-b)[a-e) (6-c)(6-a) (t-a)[c-b) 


+ 

4* 


be 


ca 


ab 


W VW. UV 

(a -0){a-c) * (b-c){b-a) (c - a)(c - b) 

1 1 , 1 

(a - 6)(a - c) T (6 - c)(6 - o) + (c - a){c - 6)* 


Simplify 

6 «(6+c) b(o+a) c[a + b) 

J (c-«)(a*-6) (o-6)l6-c) + (6-c)(c--a) 

a a+b-c b+c—g c+ a -b 

(6 -c)(c-a) + (c~ a){a -by {a- b)[b~c)' 

ct-al • 


(c-«)(« - by {a- b)(b -c) + {b- c)(c - af 

8. 1 i ‘ 1 ■ I 

^ -!/){?' -2) y(y- T)(?/ - 2) ^ s(2 - a)(i -y) 

9 1. i i « I±£ , V**# 1 . s 9 +^ 

v & ; y)(*- 2 ) <y - 2 )(y-*) (s- 
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Simplify ,\ 

fl s +a+l y +6 + 1 v c 3 Vc+l 

(a — b)(a-c) ( b-o)(b-a ) J.c^-a){c—b) 
bc[x - a'? ca(r-6) 8 flfr(r-c) 8 

(a - 6;(n - c ) + (6 - e)[b -a>(^r- a)(c -M) 

a-h 1 V + ^ s+fe 

(«-»)(* - + <y + (s - *)(e- y)*y 


{x-yKx-s) 


•1 w l +y + l , ** + & + ! 

~) y,,Jr (y-£)Qi’-v) “ T {t-v){e -yfV 


(r-a )(r - 6) (y - a)(v - 6) fs-aKs-ft ) 
(-c-i/Kt-s) ry-i)(y- :) (s-*Xs-y) 
(l+fl6)(l+6c) (1 + 6c'(l •*~ ca ) (I + cft)(l+g6) 
(n-6)(6-e) + (6-c)(e— aj (e-a)(a-b) * 
- (‘K-ftX'K-c) -c)( g-«y ( «-g)(r-6) 

(a - 6)' k a - c) i (6 - cj(6 - a) + (c - n)(c - b) ’ 


a s 4- ah -j- hV V s + bh + h s c* + c&+/t 8 
(o —.&)(« ^ c) + ~(6^a)(5 - c) (c - a)(c - b) 

J.1 


S* + iP + l . . y- ±V j* j f f . c^+c + 1 . a 

(a + ^Xtt+cl (6 + c)f6+a) (c + g)(c + 6) 

(a — 6)(a-c) + (6-c)(&-a) (c-a)[c-fc) 

(a - 6)(a -cKr+n) (6 - c)(b - a)[x + b j (c — g)(c — 6)(r + c)* 

g _ b , c 

(a — 6)(o — c)(*-n) (6 — c)(6 - a)(r - 6) (c — a)[c—b)[x—c)' 

a^_ ?r c 8 

(a - 6)(a - c)(, v + a) + l& - c)(b -a)(v+b) + {c- a)(c - 6)(r+ c)’ 

„ x a 8 +a + l . 6*+6+l 

Prove tl at r- r + -r ^ 

(a-6Xa-c)(r-o) (b-c)(b-a)(v-b) 

c 3 +c+l ^ a 8 + t + l 

+ (0 - «X C - b)(x - <s) ” (v— a)(#- 6)(«— c)' 


1S1 Fractions with Symmetrical Denominators The 
student 1ms perhaps noticed that in working out the examples of 
the last article, much unnecessary trouble has been saved by the 
method of that article We may now lemark that this method will 
be advantageous generally, when the denominators has a certain 
symmetry m their formation 
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Examples 

Simplify 

6+c t c+n L_ 

L {^b)(a^7) + (b-a)(b--e) *(c-a)(c -&)’ 




2 (T-y)(ar-s) + (y-t)(t/~^) (a-i)(*-y)* 

„ «+a , t+ 6 -g+c 

3 (a^iQ-Vib-cW-a) + {c-a)(c-l)' 

a-b b — c c-(C 

^ (6 + c)(c+ a) + (c + o)(a + i) (« + &)(6+c)* 


5. 


x+c 


(t:-fc)(a;-C/ + (‘r - c)(a:-«)" r (* - n )( ;C *' 


X + & 


x + e 


y ! (s -x) 


«*(»-;/) 


s*(y- s ) , 

(x+yX*+®y (y+*)(y+*) (=+x)(s+y)‘ 


x--y® 


y*-zx 


*S. 


•n/ 


(x+y)(x+s) (y + ®)(y+x) (4 + x)(c+y) 


8 . 

i'"' 


x 2 -ws 


?/ 2 +SX 


-5 


+xy 


(x-y){x-£) (y+=)(y-*) (i-*X s +V)* 


_ x+ y y-4-c s+x 

* (x 3 2 -y «Xy * - «0 (y 5 - * «X«*’ - ay) + (s s - ayXx® -y s)' 


10 


(a+£)(&-c) (b+cXc-a) (c+a)(a-b) 

11 , gey 

(ax—by)[ux — ez) { iy - ux){by -cz) \Ct- ax)(cc — by)‘ 


12. Prove that 


x- 


V‘ 


(v+y)(x + s) (y+«Xy+x) (®+xX®+y) 

y g — * r .. ^ «y _ 


(x+y)(r + :) (y + s)(y+x) (£+x)(s+y) 

_ 1 2 xy z 

(x+y)(y+o)(s+ r)* 

182 Examination upon Chapter XV. 

' 1 Define a fraction, and from the definition, prove that |x6==a. 

2 What are the tcrmx of a fraction ? Define the terma numerator 
and denominator of a fraction. , 

3. What are Mixed Quantities? How can a Mixed Quantity he 

reduced to an Improper Fraction, and vice vcrta 1 
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4 Shew that whatever m maj be 

b bm firm 

6. When is a fraction said to be m its ?otces< terms ? 

6 Wliat is the use of reducing fractions to others having a com- 
mon denominator 7 Shew that the common denominator will be the 
loweit when it is the l c si. of the denominators 


7 


Prove that - 
a 


+g-*±t a „df-*-z=z 

a a a a a 


8 . 


0 


Prove that 

a am a , . a a 

T xm«T=i j and that E — m=-T- = 

6 b o~m o bm 

.. .o o o,6 j .a c ad 

Shew that and that 5-3-^ 


a—m 


*183 Some examples worked out 

chapter by working a few examples 


We shall conclude this 


__ , -o j . . i c 2+'<t . x+2b . 4b6 

Ex. I Find the value of — - — V when x= = 

x- 2 a z-26 o+6 


Given expression 


(a+2a)(g— 26)+(j-2g)(j+26) 

(x- 2a)lx— 26) 

x?+2(a-b)x—4ab+x s —2(a—b)x—4ab 
a? —2(a+b)x+4ab 
2(x* — 4ab) 

-x* - 2(a + bye + 4ab 
2{'s 2 — (o + 6)z} 

" x 2 - 2(a + b)x+ (a + b)x’ 

2{z s — fa + 6)z} „ 

= r 3 -(a+b)x 55=2 


V (a+b)v=4ab, 


Ex. 2. If y=z+i, shew that x?+^—y s -3y. 

We have ^ + i=^z+j)*-3 z^a?+^ [| 103, (7or 2]=^-3t/. 


Ex 3 


Simplify 


o 2 -(£-c) 2 6* — (c— a) 2 , c*-(a-b) n - 
(« + of- 6 s (a + bf -e 2+ (6+ c) s - a 2 


Given expression 

__ (g+6— c)(a-6-4-c ) (6 + c-o)(6 — c+a) (c+q — bXc-o+fr) 
(o + 6+cXo-6+c) (a+6+c)(o+6-c) (q+6+c)(6+c— q) 


g+6-c ^ 6+c-g c+g-6 q+fr+o 
o+6+c o+6+c a+6+c a+6+c 
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/>2 + 5S_ c ^ s 

Ex. 4 Shew that 1 - | — ^ — j 

( a 4 -b+c)(b+c-a) [c + a-l)(a + b-c) 

~ 4 n"b s 

,f 2,=«+S+c. 

o*J) s 

r. r, « ! +& s -«n 

Given expression - ^ + ~ — ) j 1 §06 J 

2ff&+c 3 +& s — c 8 2ni> — a 8 -- i>* +c 8 
2a& ~ X 2o6 

(a+bf-c* c 3 -(a-b) s _ (a+b+e )( a+b-t:) x (c4-c-ftXc— g-hft) 
~ 2a& * 2ab ~ 2ab 2ab 

(a+b + cXb+c-tt)(c+a-b)(a+b-c) 

4aW ~ ~ * 

Again 2s=»c + &+o, 2*— 2c=a+i+c — 2c, or 2(s-c)=£+e — a j 

similarly 2 [g-b)—c+a-b and 2(* - c) >= a +b — e , 

. - ■ 2j 2(* — a) 2(# - 6) 2(* — c) 4s(*-c)(* -&)(*-<;) 

.. given e\pn.= ^ ^ * 

Ex 6. Find the value of 

~ <6 2 +C*-« 2 ) +~~W« S - 62) + ^( 0 2 + 65- C S) 


ab 


Given expression 

= (^+i) ( 6 i + C 2 -a 2 ; + (4ly c 2 + « 2 -^ + (^+^)(n 3 +& 3 - C ; ) 

= + c 2 — c s + o 2 + 6 5 — c ! l + ^(Z» 5 + c 8 — o s + c 5 + a 5 — it 9 ) 

+;;(c 8 +a 2 -& 9 +a 2 + S'-C 8 ), bracketing the coefficients of ~ 

0 o’ b c’ 

111 

=^x26 8 +-x2c 8 +-x2fl 5 =2i+2c+2a=2(c+J+tf>. 


Ex.8 

Bight side =(—^ t +~ _ + 

+2 / 2 , 1 , 1 ] 

U* -h)(b-c) • (6- c)(« - o) + ( C - «)(c -&)j 

“ (c - 6; 2 + (1) - c ) 2 + (c - o) 2 ’ *•’ fclie expression within 

the braces =0 [see § 174, Ex 8] 
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Ex 7 Seduce to its simplest form, the expression 
(a-b)* (b-cY (c-o) a 

(6 - c)(c -a) (c - a)(a — by (a — b)(b - c)' 

The l o. M of denominators =(b- c)(o — a)(a — b) , thus reduced 
numerator =(a-6) s + (6-c) 8 +(c-a) s =3(5-c)(c-a)(a — 6) [& 130 
Ex. 5] , 

value required *= 3 

Ex. 8 Seduce to its simplest form 

1 1 1 (a-Z»)*+(6-c)*+(c-g)* 

a-b + b-c + o-a + 2 (a — b){b-c){c-a) 

Then o n —2 (a-b)(b-c)(e-a) , thus reduced numerator 
= 2(6 - c)(<j - a) + 2(c - a)(a - b) + 2(a - &)(6 - c) + (a - b)* + (6 - c) s 
+(c-a) s *={(a-5)+(6-e)+(c-a)P[k 116]=0 , &c 


Ex. 9. Prove that 


- 4+ (; + s) !+ > + ' , ' + “ , (? + y 

.,(b c\ a Jc/6 s + r s \ a*/bc bc\ 

=4 H; + b) ) + ^b + p) 

. ,/&e\ 3 bcfb c\ , a 3 /6 c\ , 
+ 'c + &) + anc + -*)- ± iic(^ + &'^ } 

-^♦sG+i^+a 

= 4+ (; + s){(S+rIMI^)} 

'-‘♦(i+DG+JX;**) 


Ex 10 If to n terms, shew that 

*—a ,*-b t—c 

~ + — — r— — l* .... to n terms*»n— 1, 

O O S 
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Left side = (l -2) + (l -£) + (l - ;) + t0 * tenUS 

=(1+1+1+ to » terms) *"(~+^ + ; + ton fcerms ) 

1 1 _ 
=«--(q+b+c+.... to n terms) =n — - x*=»-i. 


Ex. 11 If#* 


ab—cd 


r , pro\ e that (#+a)(# — b) “ (x+c)(x— d) ; 


( a-b)-{c-d )' 

*#+ff (a-c){a + a) 

ana for this value of x, shew that & = (b + c)(b ~d )“ 


We have 
whence 
and thus 


Again 


x+a 
v— b 


P 

{( a-b)—(c-d)}x—db-cd , 

(a—b)x-ab—(c-d)x-cd, by transp. [§ 143), 
#*+(o — b)% - ab=# 3 +(c - d)v - cd, 

(x+a)(x- b)~(x+c)(v-d) [§ 103) 
ab—cd 

(a — b)-(c— d) ° a , -ac+ad—cd _ (a—c)(a + d) 
ab—cd ~b s + bc-bc£-ctf ( b+c)(b — d )‘ 

(a-b)~{c-d)~° 


Ex. 12 Prove that 

a* £_ 

(a - b)(a — c)(b + c) + (b-c){b-a)' c + «) + (c - a)(o - b)(a +b) 

(q+b + c, 8 

” ( b + c)( c + o)(a + b)* 

Change the sign of each term ; thus 

o. 0 11 = -» (b 5 — c‘ l {c t — a a )(a s - b ? ) s and therefore reduced numerator 
=a 2 (6 - c)(c + o)(« + 6) + b 8 (c — q)(a + b)(b +c)+ e 8 (a - b)'b + c)(c + q) 
=a 5 (b-c){q 2 +o(b+c)+bc}+b ? (c— «){b 8 +b{e+a) + ea} . 

+c ! (a — b){c 2 +c(«+b) + ah)} 

= a\b — c) { a 2 + a(b + c)} + a 8 be(b — c) + b , (c — a){ b s + b(c + «) } 

+ ab 2 c(c - 0) + c 2 (q — b) { e 2 + e(a + b ) } + abc-(« — b) 

= o 8 (b - c)(o + b J- c) + b^c - a)(a + b + c) + c*(a ~ i){q + b + c) 

+abc{ a(b - c)+ b(c — «) + c(a — b) ) 

==(a+b + c){o 3 (b-c)+b s {c-a)+c ,l ia-b)}+«bcxO [§ 116] 
=(«+b+c)x -(q+b + cXb-c)(c-«)(a-b)[§ 132, Ex 2] 

= -(a+b+c) 8 (b-c)(c-a)(a-b) , 

(fl + b+c) 8 

- (b 8 - c«,(c* - a-Xa* - b 8 ) (b + c)(c + a)(a + b)* 
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Ex 13 Prove that 

X . •** , * 4 . x a _lfx+l 

a s -l + a«-l + a 5 ^l + T M -l 2U-I 


We have 


x 1 Zx 1 (*+l) s -(ar+l) 
?^T' = 2 X ^-l' = 2 X t* — 1 


*“+l\ 


similarly 


1 f(*+l) s **+11 
“21^-1 x*-lj 
l/v+l i ! +l\ 

~~ 2\* — 1 ~ xr-l) ’ 

a 3 l/* 3 + l * 4 + l\ 
^-l = 2\r I -l _ s 4 -l/’ 
x 4 l/* 4 + l a^ + lN 

v s -l' = '2\r 4 — 1 ""i 8 -lj* 
x 8 l/ aft + l x'* + l \ 

-c 10 - 1 ~ 2'i:®"-T ~ r 10 — 1 / ’ 


therefore by addition, the left side of the proposed expression 

l/x + l * 10 + I\ 

*”2\* — 1 — ar 11 * — 1/ 


1 

* 

I 

" 2 


3 


1 



5 

6 
7 


Miscellaneous Examples VT 

Find the value of —■ when x =31 

^Tir + iar-s) 

ft* a* ft* a* 

Multiply a +6-1 h-r by a-6+— — =- 

„ ji 0 a 0 

„ fa i\ . 

ar+ \ft + oJ a ^ +v 

Reduce — — - — ■ — . to its lowest terms. 

^(r ;)*-»’ 

If *— b + c, y = e + a, s *= a + b, shew that 

X* +y» 

(i 8 + 6*+c s -3abo = 


Prove that 

tto \a b * be \b cJ ac \a ti 
Find the value of + ^l— ^x— 


Multiply 


3a 


2a« 


a+a 


» .■ 1 , V 

a+v a—x ** — 0* ^ 2(a — *) 
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o s + 5 a -c 3 

8. Eesolve into factors — — — 1 

1/3 3 « vy . 

0 Having given -^-p+z, ~j=e+x, -f-tf+y, 

shew that yz+zx+xp+2xpz=l 

10 . If o+6 + c= 0 , prove that 

„ 6 a +c a — g 9 . c 9 + g 9 - 5 2 . g a +6 9 — e 9 , 


O f , v 1 “ ~ I _ ■ " - 

26 c 2cg 


+ 2 ab ° 


11. Emd the value of ^-r— +— — - when x=-^— r . 

o a a + o 

1 . a-b ab-a 3 , a 

12 . Divide 0 + b + a ,_ a&+62 + a8 + 63 ty a*-ab + b v 

13 Reduce J b ^ c 2^ 2 ~ -b^ c 3 ) 1 to its lowe3t terms 

14 Shew that 

. _ T , a: 9 2g 2 2y 9 a 9 

16 If J”™ tta ‘ iTjy + „'5+p- 1 - 

18 Pro™ that («+ 6 )(;-j) + (i + 0 > (r 1 .) + ( ‘ , + “ ) G-^) 

^0(6 - a) 6(c - g) ^ c'a - 6) 

6o ca + ab 


17 . Frnd the of *£**-+£+* when ,=j 

( 5 i$r» + S 5 rp)(“* +i V . . . . 


2a 3 6 

^+6« 


18 Reduce 


10 . Simplify 


to its simplest form 


a+b + a-i 


H)('-!) + K)K)T ! M 


20. Rind the simplest form of 1 ~ g2 ~(^ + c) 2 

(g + 6+c)*’ 

21 . Prove that — =» - 1 i 1 

(g6-cd)*+(gd + 6c) a o i +c 9+ 6 a +d a * 


& a +d a 

16 — B. 1. 
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22 Ifs+*=1, «+-*=l, theny+-=l 

y x 2 

23 If £+^+8=0, prove that 

11,1- 
yt+zZ-tf+z'+aP-y- x'+yt-z* 

_ „ * («+6)(l -ab) a(l -&*)+&(! -« s ) 

24 Simplify (1 _ a6j2 _ ((Z + 6); " (1 _ ^ _ 4ab 


/' 


/ 


26 Reduce 


z+y+ 


?/* . 3/ s 

•— *+% 


,-,+c f*-w 




20 Divide o* - 6 * - c s — 2fic by - — ^ 

o + o-c 

27 Find the value of (r + y ) 5 ( - y<){ lx* +y 5 )* - a*,*- } 

27 Find the value of ^ -y° ) {(-c‘+,/-)--+2xt/(3?+f)Y 

« (2-|)|-(S-|)^(|-l)S- ?(H> 

20 If + y =£ T^ + -oT 6 > sW that 

(*-a)*-(y- 6 )*= 6 s 

30 Reduce > ■ 7 ——; — 7 — — rs , and find its value when x~ m ~- 

(i+axy—\fl+x)“ m+n 

, r , aj s -7ry+l2i/ s v Tr+xy-Sv* 

31 Multi pi j - . , . ‘V b) ”t 7 ' — 

.v*+5ay + Cy- ' ar--5;ry+y s 

„„ Tf „a'~b „ n -6 1.111 

32 If 0 ^= 0 ^^, then -+-=» ?+gr 

33 Resolve into factors 1 - /- ~ - r ° 7^ - V 

\ 2(a6 + cd) / 

34 If s+y+.-O, shew that &Z*l+j£=*> + *£=& 

y-z z-x x-y 

35 d.v.j« 

x-+(a + c)x+ac x — b 

36. Find the value of when v=^| andy=^±| 
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37 Simplify 


/£ +1 y £+£-i ^+£+i 

\os v ax ar a 

X — ; 


x a 
a~x 




, 6 — o c-a 

38. If x= , y = 

Cl 


a—b 


, shew that 


6 ’ c 
xys+x+y + 3 = 0 

oft -r* o+6-c a+6a^ (a-6+e) 2 +4a& 

!C ~a+b+c ' en fc+aa: 2 ~(£> + c-a) 2 +4a& 

40. amplify 

X 


ai deduce - 6 ** ~ 19 *fr + 18 ^ 

- 1 Keduce 2^-3 xy+y* 

42 Shew that — — ! — - — 1- + 


abc 


b-c c-a a-b (b-c)(c-a)(a—b) 

~ { 1+ 5^«} { 1+ ^} { I+ s^} 

43 ' If y-i+(r?sj5'f ro ' re * h “ t rF^-< 1 -»)>' 

44. Keduce to lowest terms . - a i +a*b + ab*+b i 

a* - 3a s & + 4a 2 6 2 - ZaV 1 + b* 

45 Divide aG+i + a 4 +i+a*+i +2 by a’+I+a+I. 


46. Find the value of 


b—c 


.c-a 


a — b 


)- » " . ™ — u 

b+c- 2a c+a-2b a+b— 2c 


47 If (x+aXx+b)=(a + b)*, shew that 

x—a x—b ’ 

48. Simplify a&3 ~( g &r & 2 ) g +( g - & ^+a s 

o6 2 + (ab + b-)x + (a + &)* 8 + #>* 

49 Prove that 

(a'-b*Y+(b*-c *)*+((?-a*y 
{a - Vf + (6 - c) 8 + (c - «) s --(a+6)(6+c)(c+a) 
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62. Beduce - 


60. If«+y+2=0. and -+-+-=0, shew that 

x y 2 

6a; s 4- (a + & - e)as/ + ay 9 = 0. 

3-.V V P~ Z 

61* Beduce ,. 1 + a y „ 1+y ? - to a simple form. 

, (3-y)(l/ -3) 

{ (nfl ! 4- &y) 3 4-(gy-&a) 8 }{(gg+ 5y) a — (ay + 6a:) a 1 
s 4 -#* 

a s JS gS 

63 Simplify (a _ 6)(a — ) + {b-c)(b-a) + (c-aj(c-b) 

, 3a?-(4a+26)a;+2a6 + a 2 

6 4 Beduce _ (2a + 6)a? + (2a6 + a*)x - a*b 

66. Shew that 

2gff+&3 1/g a\/5 «\ 1/g x\fb y\ 

26a; 2\a: + a/ \y + b) + 2\a; a/\y 6/ 

„ > (a+b^-e 5 (b + c)*-a s (e+a) 8 -b s 

68. Prove that - — —[ -1 — ?— + — j— 

0+5— c 5+c-o c+o— 6 

=2(a+b+c) a +a a +b a +c* 

__ _ .. a: s +l _ / 2a; 2 \ 

67. ampl,fy J rrT-l-( s - I - 5 - ; ) 

68 Find the value of - . — 


26a: - ay 
2 ay 


2a-36+- 


2o -36- 


2a — 36 

(1 — a6)* +(a + 6 — 2)(a + 6 — 2a6) 

(l + a6) 8 — (a + 6) 8 


69 Simplify • 

00 Add together ^± ^ ±^±2 an d ^±^ ±^±1. 

x-y — 1 x+y - 1 


01 Prove that 
1 


x{x—a){x— 6) abx^~ a(a — b)(x— a) ~ r 6(6 - a)(a; — 6) 
„(l+a 8 )(l + 6 8 )_(l+c a )(l+d a ) , .. . 

62 If (l+a6)» (F+cd) 2 '» shew th ^ 

M a+i . ^ b + c /,;n %-d ) 3 

w 1-arf l-6c ’ w (l+a s )i ~ 


*)(1 + 6*) (l + c=)(l+d*) 
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^ e x* — 2m3?+4m i x i —16m i x+16m* 

63, Simpllfy ^-6m^+47nV+16m B ^-16m* 

64. Find the value of the expression 

1 -a (!-*)(! -t 2 ) (l-vKl-^Kl-g 8 ) 
1 + s + (1 + «)(! + v *) + (1 + t )(1 +**)(! + i *)* 


65 Beduce -==■ 


e®*« 8 + e**— a 3 — 1 


^+2^ - c« -2c* +a? - 1* 


8e stew art 

(y - s) s + (s - *)*+ (#-y) s 


e7 - **** ;+£■ >4.;; 


oJ*6a;_j_6+2£ 

a-bx^b — ax , . \a 6/ 
IVl- 1. . * » 


a — bx b—ax 


x 

a — b 


oti Tt 2 ab+b* e 2 -i® it , , , . 

68 - If * = F + T bW »“?+ZS+I» l,,c ” *+»-»■+««• 


69. Shew that 


70. Prove that 

(a s +y®)(l +xY) - 2(1 -**)(! -y«)ay - 4**y 2 /l+w\ 2 ~ 
(**+y a Xl +«V) - 2(1 +x s )(l +t/ 2 jxy+4x s y I ‘ =: \l-xyj' 




71. Shew that (1 +x)(l +**)(1 + **)(1 +*»)= [See App.l 

1 “5? 

72. Prove that 

/ 6 s — c 8 \ T /c*— o*\ /o*-6 3 \ 

°VT^) +<5 (-^& ) =(«+6+«)(6c+«o+o&).- 


73. Simplify 


3gyc 


y«+s*+ay 


*-l y-1 g-1 

y * 


* 


w 

x y z 


74 If ~ o)(* ~ o) _ a(< - «)(« - a) g (g - a){s - 5) 


be 


ca 


ab 


then 


KH) + »*(H) + *’(H)“ o - 
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Beduce ~~ 
x-y 


x+y x—y 
x x-y~x+y 
x+y~ x+y x—y 
x-y + x+y 


78 Shew that ■ 


, + J_ *+i yto*+*+>) 

s+ l * 


= 1 


77* Pind. the value of 

aP+xy+y* (l . 1\ . y*+ys+a 8 /l 1\ _^+«+8j/l 1\ 
xY \x + y ) + yV \y a) a;*® 8 \x s) 

78 If 2*=«+6+c, shew that • 

1 I J 1 o5e 

*-<r a — 6 + « — c"”s "«(*— a)(*— b)(*— c)' 

76. n j. '-W+WrJfl i S , dscompose 

1— f g into simple factors 

80. Prove that 

la?+ma+ti ffi+mfr-t-n Zc 3 -hmc+n 

(a - 5)(a - c){x + a ) + (b - c)(6 - a)(ar + b) + (c - a)(c - b)(x +• e) 

bP-mx+n 

“(a+aX*+bMa:+e) 


81. Shew that 

pgi+qa+r ph*+qb+r pc*+qc+r 

(a - 6)(a - c)(,x - a ) + (6 - c){b -a)(x-b}(c-a)(c-b)(x—c) 

paP+qx+r 
(x-a)(x- b){z-c) 


88 Prove that 

y*+a g -a: g ^ a^ + a^-y* ^ x i +y i -z s „ (y+ z ~x)(zA-x-y)(x+y- 1) 
yz zx xy xyz 


83 If a*=y+a+u, by»=s+u+;s, ca=«+#+y, du=x+y+e, 


shew that 


1 

o + l 





1. 
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CHAPTER XV. 

Involution and Evolution 


V 184. Involution. Itjs.the_jcaetho^^ ; ^dine^^x^roj>ose^.| 
™ r of a giv.fln.- fliianti ty Hence this operation^ is ^nothing but^ 


power of a given._ flUEntitj u«uv» -i-- — , — ,, i- 

' Jjalfciplication where the multiplicand and the multiplier are the 

samt^ 


Visa 


l 


v i8» Powers of Quantities Any power of a power of a 
given quantity is obtained by multiplying together the indices of 

the two powers “For , . 

(a 8 ) 3 = r 2 x a? x * 3 = '® a 2+2 [!j 68] —x° j, j 

(.#) 2 =® 3 x^=a: s+s [§ 68]= x G , J 

a m+m+ to « toiroa _ jjmn . 5 

, (a&) n =a&xa&xa&x... . to n factors j 

= (b x a x a x to « factors) j 

x (5 x 6 x b x to n factors) j 

=a n x& u [& 20 ] , ' 

(a m b n c p ) T -a mr b nr c pr . .. 

j. Prom the first two examples, it is seen that f 
(«*) B =(a?)*. In a similar way, it can be generally proved that • 
(ai B, ) n ==(«“)”*, that is, the n th power of the m‘ h power of a quantity is < 
equal to the m th power of its n th power - U* 

\fs~' ' 7 

y/lSG Sign of powers. Bulb — If the quantity to be involved \ ' 


and generally 
Corollary. 


positive ana m at or th read po.wersjyijl De negative 
'~~1 FoFX^X - «) = « a i [§ 64, Cor] , (— a)( —a)( -a) =» - a 3 ; 

' (-a)( — a)(-a)(-a)=a 4 ; ( - a)( - a)( - a) to m factors =(~a) w 

= ±a**, according as m is even or odd Again since —a~— lx(f, 
(—«)"*==( — lx <*)”*==(— l) w £i ni 185] 


1ST. Involution of Monomials 

depend on the two preceding articles 


The examples here given 


Ex. 1 . 

Ex. 2. 


Ex. 3 


Examples 

( - a 2 ) 3 = — o°, the sign is for the index is odd 

( — a 3 a) 4 =o 8 ® 4 , the sign is +, the index being even. 
(*\*_aa aa a* r 2aW - 

\bl ~b X b bb^b* Ex 4 (“»] = 


^S^ 0 £ SO 

. Bemaek The last two examplesshew that when the quantity involved 
is KjractioUy Doth of its terms are raised to the proposed power 
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Ex 5 (-l) 2m =l, for 2m is always even -whatever m maybe, 

since 2m is always divisible by 2 [see foot-note p 45] 


be. 


V 


Ex 6 (-l) So,+1 = -1, for 2m + l is always odd whatever m may 

Find the value of 
7 (-a) 8 ; (a 8 ) 7 ; (t 2 /) 8 , (-3aV) E , 

„ fx\* l 3a\ s ( a 2 6 8 e\ 5 ( x*y* \ 8 

8 * \y') • \ H) ’ V 2 ~ ) ’ I'dWJ 
9. (a 2 ) 6 ( — b)\ — Zac)* ; (r ! 'y n s p ) p , (-av m yv) n 

Sm-l / «\ 2m+2 

"j) > ("j) 

.<188 Square of Polynomials We know [§ 99] that 
(i a + 6) 3 — a* + 2a6 + 6 s 
(a+6 + e) 8 = a 2 +2a(5 + e) + (6 + c) 2 

=a 2 +2a(6 + c) + 6 a +26e-f-c 2 (a) 

or=a 2 +6 2 + c 2 +2«6 + 2ac+26e (/3) 

4 + 6+c+d) 2 =a 2 +2a(6 + c+c?) + 6 B +25(c+d) + c 2 +2ciZ+<i 2 (a) 

or = a 2 + 6 2 + c* + d 2 +2a6 + 2ac + Zad + 26c + 2bd+2cd (/3). 


We have thus two forms (a) and (ft), of the results, which enable us 
to Btate the Rule in two ways — 

(i) The square of any polynomial is equal to the sum of the squares 
of all the terms together with twice the product of each term into the 
sum of all the others which follow it That is 

(a+6+c+d+. ... +f) 2 =a 2 +2ci(6 + c +d+ +f) 

+ 6 a +26(e+d+.... ,+f) 

+ e 2 + 2c(d+ +f)+ 

| (u) The square of any polynomial is equal to the sum of the 

■ squares of all the terms together with twice the product of every two 
; of them [See § 99, Ex 6] 8 

Remark Any one or more of the quantities a, b, c, .may be nega- 
hie, and then the sign of each term of the result will be determined by 
the Law of Signs [§ 64] 




Pind the value of 



Examples. 


(a 56, 2 
\b~a ) * 


3 - G-») • 
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Find the value of 

H-?)- 



6 



25* 3c s \* 

T + 1 r 


7. (a*-2&y+3«) 8 +(a*+2&y-3e«) 8 . 

8 (a m +b n )\ 9. (a"-2& n + e) s . 10 (c^+er'+l) 2 . 

11. {(a+5)*-(a-%} s . 12 (“s + g-j" 1 ) • 13 

14. (**-2* ! +*-2) 2 15 (a + 6*+e* 8 +<f* s + .... ) 8 


189 Cube of Polynomials The method of finding the cube 
of a polynomial has aheady been explained [see §|} 103 and 104] 
We shall add only a few more examples 




Examples. 



Find the value of 





>• (f ->)• 

2 

( 4 -?y 

\* y) 

3. 

(a 8 - 26 s + 3c 8 ) 8 . 

4 (1-2X+3X 3 ) 8 

6 

(a+ftx+tfx 2 ) 8 . 

e 

($+$->)• 

/3** 2y»\ s 
' \2y* 3 *V 

8. 

\a n + b m ) 

9 

/ . 2a* 2 a 8 

(** +-» 

c c 2 


190 Other Powers of Polynomials. The other powers of 
polynomials may be found either by direct multiplication, or by 
the method explained m the Cohollapy to § 185, Foi example, 
« 4 =(a ! l 2 > a°=(a s ) B «=(a s ) 8 , o a *=(o 8 ^, c 8 «{(« 2 ; s }*, &c 


JEX. 1. 
J Ex. 2. 


Ex. 8 


Examples 

(3*+l)*={(3*+l) 2 p=(9* 8 + 6*+l) 2 
=81** + 1 08* 3 + 54x s + 12*+ 1. 

j7«_* > j 8 I s /0 s 3a ,3* a?\* 
\* a) \\* a' J ** l* 3 * a a?) * 


a° , 9a 5 , 9x > . *° 6a* 6a 8 


G* s 


i 1 . * VI*- uw . Off* 

+ ^ + ^ + ««-5- + ^r- so +^ 


a c 6a* , 15a* „ 

3 55“^ + "F"“ 20+ 


15* 8 6 c* *' 
a _ 


* " a* * a e ‘ 


(a + b — <?)* *= { (a + b — <j) 8 } 9 

_ - (a 2 + 6* + c 8 + 2a6 - 2ao - 2&c) 8 
= a* + 6* + e* + 4 a s 6 8 +4a 8 c 2 + &c 


6j£ 

a* 
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Find tlie value of 




>■ (?-)' 


J. (-+-Y. 

\a x! 


7. (i-*V 8 <«-*)« 

V x] 

Rule for Expanding a Power of a Binomial The 
method of the last aiticle is tedious We shall therefore give a 
rule for expanding a Binomial raised to a proposed power, which is 
practically very useful This rule is derived from the Bikomxal. 
Theorem and consequently no proof can at present be given 

The value of an expression raised to a certain power is called its 
development or expansion Thus the development or expansion of 
(«+&) 2 is a i +2ab + b 2 The general Buie by which such expan- 
sions are obtained without multiplication is as follows — 

In the expansion of A + B raised to any power — 

The first and last terms are A and B each raised to that power and 
in each successive term the wider of A is less by 1 and that of B greater 
by 1, than those of A and B in the next preceding term 

The coefficient of the first term is unity and that of each successive 
term is obtained by multiplying the coefficient of the next preceding 
term by the index of A m that term and then dividing the product by 
the number of terms preceding the term whose coefficient is sought 

The same theorem also furnishes us with the following tests to 
examine the accuracy of our work — 

1 (1) The number of terms m a binomial expansion is one greater . 

5 than the index of its power 

' (2) The coefficients of terms equidistant from the beginning and the 

* t end are equal 

' Ex. 1 Expand (a +h) 4 

The expansion will contain 4 + 1 or 5 terms, of which the first and 
last are a 4 and b* respectively 

m the second term, the index of a is 4 — 1 or 3, and that of b is 1, 

. ... third ... 3-1 or 2 1+1 or 2, 

•• • fourth 2 —1 or 1, 2+lor3, 

The coefficient of second term ■=— j— =4, 


third , 


. .fourth 


_4X3 
2 ~ 6 * 
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The fifth or last term has already been found Thus 
(o4- 5) 4 =g* + 4g 3 &-f 6a 3 5 9 4-4g& s 4- S 4 __ 

The above worl may be more concisely shewn, thus : — 

{a +6)«=g*+i^g 1 -i6+i^a s - 1 6 s +^a 2 - 1 6 3 + & 4 

‘ «=a 4 +4a s b 4-6o 2 & 2 +4«6 S +b*, 

each term of the second line being put down in a simplified form to 
facilitate calculation as soon as the corresponding term has been 
put down in the first line according to the Rule 

Note Every term of the expansion of (a4-&) 4 must he homogeneous 
and of the fourth degree [§ 90] , hence we hare another test for the accu- 
racy of a binomial expansion See Exs 2, 3, 4 and 5 below 


Ex 2. Expand (a+b, s 

/ . 7 .M! K , 1x5 , 5x4 . . 10x3 . ... 10x2 „ „ 

(g+6) 6 =a B + -j — a 5 l b 4 — - — a* l 5* 4 — - — a B-1 Z» B 4 — — a 2_1 Z> 4 4- b h 


—a s +5a*b 


2 

4-10a*6 2 


4-10o 2 & 8 4-5a& 4 4-5 6 . 

“ '**'* "*'* <• *** ( K r . 


Ex 3 Develop (ax + by) 7 
(or 4- by) 1 = (ax) 1 4- — ^ — (.ax) 7 ~\by) + (azf~\by)- 

4-^W)s- 1 (ty)« 4- "—^(axfi^by)* + ^—-(axy-^by? 

of v 9 

+ ~ f M 2 - J (6y)°4-(5y)7 

=(ax) 1 +'I(ax)' s (by) +2l(azf(by) 1 4-35(ar) 4 (&y} 8 
4-35 (ax)*(byfi +2\{ax)\byf 4-7 (ax)(by)° +(byf 

= « r ® 7 + V a°ofiby 4- 21 ab*ty» 4- 35a V5y 4- ZbaWbhfi 

4- 21 a?z *b 6 y l 5 4- 7 axb e y° 4- V'y 1 . 


Ex 4. Develop (a- 5j 4 
Change the sign of b in Ex 1 j thuB 

(a - 6)* = a 4 4- 4a s ( - 5) 4- 6a s ( - 6) 2 4 - 4o( - &) 2 4 - ( - &)* 
= a 4 -4a 5 5 4- 6a 2 & 2 -4ab s +b i . 


ing th?5fc 0 ,Sp m J^f Xam ^ le ’ lfc “ easi ^y seen that the terms involv- 

naSly TSFS altZ 
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Ex 5 Expand (2.r — 3y) c . 

(fix - 3y)° = (2u}° - G(2r)°" 1 (3y)+ (2x) fi ~ 1 (3^) a 

= 6 1 1® - 576ify + 2160 tty 8 - 4320.rV + 4860x^ 4 - 20 16 xif + 72%° 


Ex 6 Expand (3r— l) 7 
(3* -1) 7 = (3r) T - KfixV' 1 + XX«k 3x)« - 1 - a V fi(3x) 4 - 1 

+ aj*» <(3x) 4 - 8 - ^»( 3x )s-i + SJg-SCSx) 2 - 1 - 1 
-=2187a t — 5103X® + 8 103x* - 2S35x 4 +9 lfix* - ISO* 8 + 21* - 1. 


' «n 


[Expand example* 1 -S of § 100 by thi* Bulc ] 


192 Boot 
/ being raided to 


Tho Root* of a quantity is that quantity winch 
a certain power gives the proposed quantity It 
means of the j-gdical jign^ K f placed before the 


v> 


is expressed by 
quantity [§ 22] 

In $i 22, we lme defined the equate root and the euJ>te root of a 
quantity Similarly other roots inay be defined Thus generally, 
the tn 01 Hoot of a quantity is that quautity whose power gnefl 
the proposed quantity Thus a is an m tk root of o", 

rf,To express a gi\ en root of any quantity , we place before the 
quantity the radical sign with the number that denote * tho root 
Thus \Ja signifies a fourth loot of a , *Ju signifies a fifth root of a , 
V an m 01 root of a , Ac 

^ Another mode of expressing the root of a quantity is by means 
| of the fractional tndicct rrhieh are tho reciprocal e of the number * 
p denoting tho root Thus the aboi e roots are expressed respectively 
i i A 

by a z , a*, a m , &.c [See 207 pout ] 

^193 Evolution ( It is the method of finding any proposed 
root of a given quantity! -Involution and Evolution arc thus two 
inverse processes <'■* 


{ \.<f94 Extraction of Boots Any root of a given quantity is 
1 { obtained by dividing the index of the power of that quantity by 
* the number expressing tho required root For 

, (o") n “a”' n 185], an n a root of a mn must be a m 


* Tlio student should notice tho different senses In which tho word 
•Boot' has been nsed [see § 140] 
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Sign of Boots From § 186, it is seen that 
a*=aaa and — o 8 =(— a)(-a)(-a) ; 


fi B =aaaaa and —a 6 =( — a)( — a)(—a)(— «)(—«) ,* &c. 

Hence if* an odd root * of a quantity be extracted the sign of the root \ 
will be the same as the sign of the quantity itself. 


Again a ? =a®, or =(— o)(-et) , 

’ a 4 =aaaa, or =(-«)(— a)(-c)(—o) ; &c 

That is, the square root of a 2 is either +a or —a, the fourth root 
of a 4 is + a or — a ; and so on Hence if an even root* of a positive 
quantity be extracted, the root may be either positive or negative 

When the proposed quantity is negative, no even root can be 
extracted, for no quantity raised to an even power can give a neqative 
quantity In such cases the roots are said to be Imaginary or 
Impossible Hence rj—a is an Imaginary Quantity^ 


196. Evolution of Monomials Any root of a monomial 
can be extracted by the principles of § 194 

I 

Examples 

Ex 1 Emd the square root of c°6 4 . 

^Ja°b i =d s b s , for 64-2=3 and 4 4-2=2. 

Ex. 2 Emd the cube root of —27 a 8 5 s 

X! - 27a s 6 8 = — 3a&, for 34-3=1 and — 27a s J 8 being negative 
the root is also negative. 


i 

Ex 3 e yd lm b ia <? m+1 —a i b(?* m ; for 2m4-m=2, and (3m+l)4-ia 



Eind the square root of 
4 a*b 2 6. 25 ® 2 y 4 2 ° 

8. Qis? m y in . 8. 81o 2z+2 6 ar+2 
lo 15a V 36^»v 2 

9 yV 13 49y 2n a 4 

"Find the value of 


6. 49m 8 nV. 7. 144* i y 6 2 4 . 

10 l69a* m y*H m . 11. a 2 fr\ 

T4 75a V 63a* 

' 48^2° 15 1756 4 ’ 


18 17 l/-8a?y ls 


18 *Jx tm y tn . 


* A root expressed by an odd number, may be called an odd 
that expressed by an even number, may be called an even root 


root ; and 
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Find the value of 


19 -avy* 


22 


m J53? m y tm 


20 



21 


23. n Ja mn z* n+an 



16m 4 n 8 

81p“ • 


191 Square root found by inspection We know that 
a s +2ab+b-=(a+b )* , therefore the Bquare root of 

a 2 +2«6-f 6 2 is ± (a + 6) Similarly the square root of 

a 2 — 2a6 + 6 ! is + (a — b) Thus when two of the terms of a 

trinomial aie the squares of any two quantities, and the third 
term is twice their product with the sign + or — , the trinomial 
19 the square of the sum or difference of those two quantities 
Hence when a trinomial of this form is ananged according to the 
ascending or descending powers of a particular symbol, its square '■ 
root is found by taking the square loot of the extreme terms and 
connecting them by + or according as twice their product has 
the sign + or — 

Thus to find the square root of x" + lOsy+25 y- Bore the expression 
is arranged according to the descending powers of x, and the extreme 
terms aie x- and 25y- whose square roots are and +5 y, also the 
term lOxy is equal to twice the product of x and 5y and has the + sign , 
therefore the square root is + {x+5y) 

IIemabk. In the examples that follow we shall give only the square 
root with the 4- sign , the square root with the - sign, will be obtained 
by changing the sign of every term of this root Thus the above root 
will be written as +5 y , the other root will evidently be ~x — 5 y 


Examples (x) 


Ex 1 Find the square root of a; 2 - 4 xy+iy* 

Now, given expression =ai 2 -2ic(2y) + (2y) 2 =(r— 2y) s , 
square root required =x~2y 

Ex 2 Find the square root of r )a s + l2ax+4x 2 

Given expression = (3ft) 2 + 2(3a)(2a;) + (2#) 2 = (3a + 2a;) 2 , 
Bquare root required = 3a + 2a: 

-a 

Ex 3 Find the square root of aP-axl — 

4 

Given expression «=a 2 -2 a | + (f) S== (®“|) 2 5 


square root required 
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Extract the square root of 

4. 9a 2 +6aW&l 5 16^ -24^4-9 8 rf-8a3?+l6aW. 

7. 64aV+48a6 s 5;-h9& t . 8 36flV-24a s 6^-5-4a s 6V 

9. 2oz i +20j?y ^-2sAy-. 10 4o s 6 s — 12oBc+9c s 

1L 9xV +66^2+121^. 12 9o 2 — 102a6c 2896 8 c 2 

2 1 V* 

13 z*+zy+~ 14. a?-z+~. IS 9x s -2xw+|-. 


16. 4a* — ot+~ 

lo 

XB. 5l+?2?+*= 

C- C 

21. a 6 +2-f^ 


17. a^ 4 +ayV+|-. 


19 


iA 

-2 - 1 -— 

20 

X s X . 0 s 
~S 

y-' 

x- 


a s y 4y- 

22 

25 

4x- 

25 

23 

"*+ M 


2?0te. TThen an expression, which is a complete square, consists of 
several terms, its square root may be found by inspection, if only iico 
different powers of some one letter occur m 1 1 ; for when arranged according 
to the powers of that letter, the expression will be easily seen to be a 
perfect square. The following examples will illustrate the truth of this 
romark. 


Examples (u) 

Ex L Eind. the square root of x-+y-+ £+2yz + 2tx -r 2.iy 

Arrange the expression according to the descending poweis of 
some ons letter, sa^ x j thus the given expression 

= ar +2x(y + s) + y + 2^s + e 2 ) 
=»aj 2 +2r(y+c)+(y+2) 2 ={i+(jr+8)p ; 
square root required *=T+y+£ 

Ex. 2. Find the square root of 
a-+b*+c 1 -i-d : -2a(b-c+d)-2b(c-(i)-2cd [Cal, 1863] 
Arrange according to powers of a ; thns 
given expression *=a*~2a(b-c+d)+l]P+c i +d 3 -2bc+2ld-2cd) 

- o 3 - 2a(6 - e + 3 ) + (6 - c + dp = {a - (6 - c ±d) } s ; 

required square root==c—5+c—rf 
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Ex 3 Extract the square root of (6e + tfa +• a6) 3 - 4a6e(a + e). 

[Cal , 1888] 


Given expression 

= 6 3 c 3 + c*a 3 + o s 6 s + 2a 6c(a + 6 + e) — 4a6e(a + e) [§ 11 5, Cor 2] 
*= 6*c 3 + e 3 a 3 + a 3 6 3 - 2a 3 6c + 2a6 3 c — 2a6c 3 
«» a 3 (6 3 - 26e + c 3 ) + 2a(6 3 e — 6c 9 ) + 6 3 c 3 
[when arranged according to powers of a] 

*» a 3 (6 - e) 3 + 2a(6 - c)6c + (6e) s 
=(«(6-c)+6e} 3 , 

* square root required =a6-ac+6e 


6 s 

Ex. 4 ‘Find the square root of 4 -4c+26+c 3 -6e+~ [Gal, 1876} 

Arrange according to powers of o , thus 

/ 6 *\ 

given expression = c 3 — (4 + 6)e + f 4 + 26 + — 1 

6\ 2 


= c 3_ 2 (2+-)c4-(2 + -) 


squarer oot required 




Ex B Enid the square root of x 4 - 26.1 s -(2a 3 - 6 3 Xr ! +2a ! 6x+a 4 , 
Arrange according to powers of a , thus 
given expression =a 4 +2a , (6x-a: 3 ; + & 3 ;r 3 -26:r s +a: 4 

■= a 4 + 2a 3 (6 x -x*) + (6r- a: 3 ) 3 
«**{a s +(6x-jE 3 )} 3 , 

* square root required «=a 3 +6x—s 3 
[Try tlu» example bj arranging according to powers of 6] 
Extract the square root of 

6. a 3 +6 3 +e 3 -2a6+2ac-26e 7 9jr , -12ay+4y*+G*8-4^£+£ 3 , 

8. x , -2ax+a 3 +2ay-2a2/+y 3 8 a*+?2£-bx+~ + 

«) H 3 4 

10. 4x(l+x)-2a(l+2x)+a 3 + l. 

11. 6 3 x 4 -2«6x*+(a t + 26)x ! -2ax4-l. 

12 * s (x-2a)+a 3 6(6-2x)+(a*+2a6)x* 
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Extract the square root of 
a 2 ah 5 s 6gc 3&c 9c s 
gs ys a 8 * 

14. «*+(« 8 -a)*-2(a-i r ).r 8 +a s 

15. 4-c*+8aa 8 +4a 2 * 2 + IGbW + 16«6 8 « + 16& 4 \Gal,, 1870] 


1 198. General Buie for finding the square root The 
expansion of (c + & + c+.. . .+J) S given m § 188, may be put in the 
following form 

a*+(2a+6)5+{2(o + 5)+e}c + {2(a+6 + e) + <Z}rf+&c 
This form of the expansion furnishes us with the following general 
rule for the extraction of the square root — 

Rule * — Arrange the proposed expression according to the ascend- 
ing or descending powers of a symbol of reference 

Take the square root of the first term and set it down as the 
first term of the root . 

Subtract the square of the first term from the proposed expres- 
sion, and bring down the next two terms take tmce the first term 
of the root and put this product as the first term of the divisor ; 
divide the first term of the quantity, brought down, by the first 
term of the divisor and put the quotient as the second term of the 
root and also as the last term of the divisor, and multiply the 
divisor by the second term of the root, and subtract the result 

Bring down this remainder and the next two terms , and continue 
the process to find the third, fourth , &c , terms, till the required 
root is finally obtained 

4 

Examples 


Ex 1. 


Eind the square root of x* - + 3® 2 - 2x + 1 

x*~ 2x s + 3a: 2 — 2»+l ( x s -r+l 
x 4 


2-c 2 — a| 


-Zt?+2x ,t 
— 2 «*+ v 2 


2« 2 -2a?+l 


2a'"-2«+l 

i 2ai g -2iC+l, 


The same result will of course follow if the given expression be 
arranged according to the ascending powers of x. 

Otherwise — The given expression 

=3* - 2a; 8 + 2a? + x* - 2*+ 1 
=(a: 2 ) 8 -2* 8 (i;-l) + ( a ?-i)3 == ( a .s_^rr ) 2 . * 

square root required x + 1 


17 — B. 1. 
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Ex. 2 Extract the hqitaie root of 

i r s_4 ;c i + l'j r «_22r 3 +17* , -24i:+lG. 
4^_4 t J5 + 13^--22:r s + 17.r 5 -24.r+lG ( 2 « s -« 3 +3j?-4 
4*° 


4x?-x s i 


— 4-r* + r* 


4^-2r a +3.r! 


^-SSrS + m* 

12**- 6r*+ 9r* 


4a^ — 2x 5 +6x — 4 


— lGr'+Saf* — 24#+16 
-lGj s +8.t 2 -24a: + lG. 


Ex 8. Find the square root of 16(a*+l)—24a(a s +l)+41ft*. 
Remove the brackets and arrange according to powers of a. 

lGa«-24a s + 41a s -24a + IG ( 4o ! -3a+4 
1G«* 


e 

e 

CO 

-24« 8 + 4l«* 


— 24o 8 + Oa* 

8a ! 

-Ga-H 

U’a 2 - 24o + 16 
32a J -24a + lG 


^ i 

Ex. 4 Extract the square root of x* -a?+~+4x~ 2+—. 

4 x l 

Here the expression is alreadj arranged according to the descend- 
ing powers of v 


"-'♦T**— #-i*2 


2X 5 -; 


— **+ ; 


-^+T 


2 x*-a:+- 

x\ 


4*-2+i 
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Otherwise —The given expression 

+ 4(«-|)+^2 

={(«’-! )$'• 

v 2 

square root required — #* — -+- 

JJ Cfs 

Ex 6 Find the square root of 

af 3 4. u“3yS _ 2 ar 1 ^ 3 - 2x~ T{ y 3 + 2 js~^ 2 . 

Arrange according to the ascending powers of a 

Sf 3 — 2arb/ 3 + - 2.r ~ + 2.if ^»/ 2 +y 3 ( r r~ 3 — «~^ 3 -y 3 

.4 


0 j[ 4, 

2af 3 — af*y 3 

-2ar l y s 


-2x-hfi+x~h* 

2x'*- 

2x y® 

- 2af +2af ^y 2 +y 5 

— 2aT \ 3 + 2aT ^ y 2 + y 3 . 


Ex 0 Extract the square root of ^+“2) — 4^a?+-^ ®+12’ 

[Cal , 1866 ] 

Simplify the expression and proceed as in the above examples. 
Otherwise : — The given expression 

=(® s +^y-*(^+^)-s+is 

■(*' + ?) - 4 (* ! +^) + 4= {^+3)_ 2 } ! ; 

square root required »,r 2 +— -2. 

as 2 

1 

1 \ 

Ex. 7. Extract the square root of _/ g2 +& 2 )~ ti , v _a __ & 

0 4 +& 4 - 2a»& 2+4 * a+ b x 

r<7«?. 18861 
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(o*-V)'-+UW Jab ( c 101] 
Proposed expn - — ^TTp)» + a a - 6 s lb J 


4a s i ! . 4 ah 

»1 +r — : — r^T3 + 


(o J -6 s ) a a*-b* 

2 ab /2 ab \* / 2 ah V 

«*l+2x^_ j,s + ( fl s_ j,s) a ! -b*) 

, 2a6 ’ 

square root required = 1 + fl * _ j, s 

Extract the square root of 

8 9 * 4 + G.r»+7^+2*+l 9 r« + 4*?-2**-12* + 0 

10 4ar* — 12i? + 25.1 s — 24 jr + 1 6 U 1 -2*+5* s -4*» + 4* 4 

12 16/ 4 - 24 r»- 31^+30^4- 25 L3 25* 4 -SOr'+SSi^-GOj +36 

14 81** + 108**-S4#M 15 9 -24«-G8 a *+112«» + 106,. 4 

10 a»-8a°+18o c -8a* + l 17 #« + 4aty+12t?y- + 16y+16»/ 4 

18 J c 6 +8f 4 -2a? + lGx 5 -8a: + l 

19. 4 +12a;r — 6aT s +9« 3 ^+4a: , + r 4 . 

20. 64p 4 -48p s <7 + 41pV- 12 P9*+ 4 ? < 

21. /-4^+te+4 22 4r 4 -lG* a -8* s +48r + 36 

23 4«*j 4 -12«V+13aV-6o s c+a 0 24 r s + 3r-2x- -2r* +1 

l ** 4 

25 J a +6z-12a: 5 + 4r 3 ~4.e i ' 4-9 

} 20 4r* , +9j‘-24x-+12c“--lG3r- 1 + lG 

27 ^+* S »r 1 +22/" i (l-^)-2^"^ + l 

28 t r ^_u*V*+ 4x *~ 6 *V l +V 3 

gg J .;n_ 2 i» n+,, +x ,n 30 4x lm+5 -12a?4-0r' 5w 

31. ll-6(x n +x* n )+« Sn +- r ' 1 ' 32 a 4 +2a^-*+-i 


33 ^+ 7+ 2 ( j --;) -1 

. „ 54 G4 

35. ^ + ^r- 7 a.- s 

37 ^-^+7 S+ I“5 + ii a 

»• #$+')+%$+')* 

40 lGo s > J -16o , f»r4- \a, i b‘ ! ~24abj'y+l2ab'‘t/+Qlry t 


34 (»+!)’-“(*-;) 

2 12 1 
30 + + 


39 t,l 1 f.J L l 

38 y> + i?‘ 5 + Sr 4 
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Extract the square root of 
41. r s +4x s +10r 4 + 10x 9 + 5ar-6i:+l 
42 I6a 6 — 24o 6 4-25»*— 20o 2 4-10« 2 — 4o4-l. 


43. 



a'<P 6* W*M* f* 
~ 2 ~ + T~ T + T + *u 


0 + 16‘ 


^44 ar(rJ-l)(*+2)(a?+3) + l 



/40. (o - 6}* -2{c 2 + f> ! X« - i)} 5 + 2 (a 4 + & 4 ). 

/47. (a*+ & 2 )(* 2 4-y 2 ) - 2(0* - h-)xv + 2nt(x* -3)*}. 


(✓CtMh Fourth, Eighth, &c , Roots By the preceding article, 
•ne can find the fourth, eighth , sixteenth &c, roots of polynomials; 
for the fourth root is the square root of the square root, the eighth 
root fa the square root of the fourth root, and so on 


Examples 

Ex. 1 Find the fourth root of 1 - 12x+r>4x 5 — 103jr4-81* 4 

l-12*454* 2 -10?* s 4-81* 4 ( l-Gar+Oj 5 , 

1 

2 — 6r -12*4-54*® 

-l2*4-36;r 

2-l2r+9x , 18^'-103^ i +81x 1 

|l8g*-10 c ir 3 + < Slr« 

Thu» the square root of the propo-ed expression =1 — Gx-P*!* 2 , and 
the required fourth root is the square root of this root 

1 - Cji+Oi* ( 1 - 3x 
1 

2-1x.-Gx4-Qx* 
l-Gx-rGy 2 ; 
root required =1-3* 

2 Find the fourth root of 3 * 4- 4a? +6* 2 + 4*4-1. 

3 Find the fourth root of a*-8a 2 4-24a 2 -32a4-10 

4. Find the fourth Toot of 4a 2 6 s ^-(a ! +& t ) J -4a6(o s 4-5 s ). 

5. Find the fourth root of x* — 4*® 4- 6 — 4- — . 

sr x* 

0. Find the eighth root of 256a® - 1 024a 7 * 2 4- 1 792a 6 * 4 - 1792a 6 * 5 
4- 1120a 4 * 5 -448n 2 * I0 4-il2a 7 r 12 - 16ff* 14 +* 1< ', 
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> - TncoET op Indices * 

^ 200 The Index Law In § 68,-we have proved that 

—I a m x a" •= a m+n 

> where m and n are positive integers We have called this result 
S the Indev Law, for this is the fundamental law from ■which all othei 
^ lawregulating Indices are derived This we now proceed to shew 

,s£ll. To prove that a m x a" x a* x . =a m+n+p+ " 

Leftside =(a m xa n )xa?x . . =a B1+n xa p x .. t • 
y =a m+n+p x... =a m+n+p+ •*• 

^ III. To prove that a m — a n *»a m * n , where m>n [§ 76] 

^ We have a™-"xa'=s«'- |,+,l =a” 1 [II] , 

✓ a m -“=a m — a" [§ 69]=^ [fc 1G7] 

K'lY. To prove that (a m ) u =a roB , where m may have any value 
Now (a m ) n —a m x.a m Y. . to n factors [§ 20] 

_= a m+ CT + t» n terms [U]«, a m» 

t’V To prove that {a n ) m =a mn ={a m ) n , where m ‘and n are both 
positive integers 

As in the last case, we can shew that (a”) m = a mn 
(a n ) m = (a m ) n = a mn 

^vl To prove that (a6)”=a n 6« [For pi oof, see § 185] 

Just m the same way, it may be proved that 

A' (abc) n =a n b"c" , and generally that (a&e...) n =a n 6 n c ,, 

YII To prove that (a m b n ) T =a mr b nr 

Now^ (a m 6 n ) r «=(a m ) r x (b n ) r [YI]= a mr 6 nr [IY] 

And 'generally (a w 6"c p ...) r =a mT b nr cP r 

i A 

t 


\y Ylll To prove that ( 


Now 


a\ n 
bi 


&" 


a a a 
'b*b x b X - 


to n factors 


ft X ft x O X •• to w factors 
6 x b x b x ... to n factors' 


£ 

’b n 
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Thu 3 all the above Laws are proved for positive integers . We 
shall see [§ 208] that fractional and negative indices also obey the 
same Laws Thus they hold universally, 

201. Examples [Application of lam I and //.] 

5 * £+- B f 

Ex. 1 a« x a' = a 5 *, for here m ~ »=-. 

S * 

Ex. 2 xr p X'v~ t —v~ p ~ i , for here m= -p, n——g 


Ex 3 m* -1 x »i3 + - = TO x " 1+ ’5 + i = 

Ex 4 (a+6)^""(a+6)=(o + 5) S * n+1 . 



JFind the value of 
^5 2-2^ 6. 3.3*. 

7 4*4 *. 

8 

7 8 2 — 8.7 s . 

9 2 8 .2“* 10. 4-s 4"^ 

11 cta m “ 1 

12. 

m 20-6 OT B6-0. 

13. x-~ X ^. 14 y~ 

y-* 

15 

(a + &)‘ 2 (a+&/ 

10. (x-y)(x-y)~% 17, 

, (m + «) - " 1 (m + jj) 


18 a”-n+i a ni+«-i 


19. 

1 4»+6-2e a; a-J+e 

* 

20. &ST2m-j>jtn+n-3 2 1 

V23 4b~ m ~ n 5b~ m ~ p . ^2i. 

O+T 

2^ * 

22 

«*l « * i 

2? 

(a 8 - 3a 2 Z> + 3a& 2 - W)(a - &)"«. 


26. (a 2m +2ffl m+n +a 5, ‘)(o ,n +o n ) 

i 

Ex 28. aV% 4 =a 2 - s+1 «=a 3 

EX 27 2 ""^23 +1 2 l ' I = s? + s + | “^ +1 ^ 

Find the value of / 

28 2 s 2 2 .2 V 29 4.8 2~* 30. 8127 3'? 

32 2«-™5cr 2 3a 2n » 33 

X 


31 S2 0, ' S 2 a 

_1 _2 

34. 5* w 8r w 7ar l 


o s 3<A 


36 4p I_a 3p J p ®10/>°“* 
202 Examples [.dppfoCTrfiow o/ Zaw ///.] 

_ a m 

Ex 1. C CT — «=—=(*» n-l ) 
a 
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Ex 2. 

v -3 

Ex S ^=y s_< ' 4> =y* s+4 =y, for here in= -3, «= — 4 
Ex 4 

/m_n\ _gi« f T» 

Ex 5 '=«" 0 6 . 


Find the value of 

6 . 

9aT s 3s" 4 

9 y* m y* - ’ 


7 

10 . 


12 3s e '°-s a ' 4 

r Gro-In j/Bn-Stn 
A *• y*m-Tn jjSm+sn 

(ar+y) tt ' TO (*+y)- m 
1 (s-y)- 1 (a-y^ -1 


3x o-c_ 1 .io+4c 8 15a m ' a -3a- 3 . 

m-m z 11 s“ so — s -88 * 1 

13 (a + 5) w "-T-(a + b) m+ - 
a p+«6*+* a 8- * 

16 aW*-** 


\ 


"OS, Examples [Jpylicaiion of Laws IV and F] 

Ex. 1 (a 4 ) 3 =a 4xS = a ls Ex 2 {(s 2 f }^ = (s*)^=s* X4 =s- 

EX 3 (-a 2 ) 4 =(-l) 4 (a 2 ) 4 &186]=a 2 * 4 = a 8 

Ex 4. (a 4 s 2 y^) = o 4 °a; so y- 1<0 =a 34 T lii y s 
Find the value of 

6 (3 a ) s 6. (5 8 ) 2 — (124) 5 7 {(2 2 ) 8 } 2 . 8 (s 2 )^ 

9 {(256a 4 )^}^ *'10 ( - s 2 ) 2 11 (-a: 2 ) 8 12 (-s 2 ) 2 “ 

v!3 (-v‘/ +1 .14 (— s 4 )^ 15 (~s*) 4 . 10 (a 8 & 8 ) 2l » 

17 (4(rM) C *fl8 (5a jCT - 4 ^ J ”?/- 4 )'- 19 {(2ar n & n )- 3 }-' n . 

20. (a 3 +3& 8 ) 2 . ^ 21 (a*-6 5 ) 3 22 (a s +6 5 ) J (a 8 -6 2 ) s 

204 Examples. [Application of Lam YI and Fi7] 

Ex. 1 2 8 x3 8 »(2x3) 3 =6 8 ~216 

Ex 2. 4 8 x 10 s x 18 5 =(4 x 10 x 15) B = (600) 8 =&c 

Ex 3 (3s) 3 x (I0y) 8 = (3s x 10y) 8 = (30ay) 8 = &c 


Til FORT OF IXDIOES. 


206] 


266 


Ex 4. a"(a + 6)*&” *=\a[a+b)b} m - (a'b + ab*) n . 

Ex 5 (a + l^Ca* + 1 ) p (« — l/ 1 =*{(« + 1 )(<**+ 1)(<* ^ ) ) p (° 4 ^ 


Find the value of 


6. 

3* x 4 4 . * 7. 9^x2 

4^ 8. 

10 

13 s x 10 s x 15*. 11 

(2«)‘(3&) 4 

13 

(9rty-») a (10:ryA 

14 

15. 

(x s - err + o s ) 3 (x +«)*.' 

18 

17. 

(2r+3y)' 4 (2r-3y)' 4 

18 

*19. 

(x+tj)- ta {x- 1)' 1 "- 

t 20 


21 


+ a- 6 \ x ta-4-b l \ s 

Va* + 6 S / V o+6 } 


7' b xlO- 5 . 9. 12 i x48 2 . 

12 (r,«- 1 6* l )"‘ +1 (3a s & s / l+1 . 

(«+&) 9 (a-&)* 

(x-a) 4 (x~6) 4 
(o + l)* ! (6+l)' ! . 

\4o) \& {try) ' 


203 Examples [Application of Lair Till] 

„ , 8 s /8\ 6 /4\ 6 1024 

Bx * 1 10 6 ~\lo) “Vs* ,= 3l25* 

_ „ / 2\»/9,*» (2 9\» /3\" 3" 

ex 2 y (io) “b x io) “U) -»* 

l 3c ! J U*yj \3<?xy/ V 3c sX «V X 10a*&J 


8 

8o 8 ’ 


Find the value of 
(25/ 




(30/ 


(1 0a*3?y , ) m 


(16 8 ‘ (?) (!) ' 

(prefer 

■> 

in /3^V/5«\Y4y\ 5 n / q 9 -&* \ am /6r+6y\ 8n "V 2r+2j/ \ 
\5fl6y \6*/ \36/ * \ax+ay) [2a- 2b) \ «+6 )’ 


_ / r 4o s /* a+s \« 

7 - (~5r) 


206 Fractional and Negative Indices The definition of 
§ 20, is quite sufficient so long as the Index is a positive integer, but 

becomes meaningless vrhen such quantities as a-, a~\ &c , are con- 
sidered. It i% necessary therefore to find new meanings of fractional 
and negative Indices. 



266 


alo ebra 


[206 


Now to preserve generality of reasoning m Algebia, it is necessary 
that algebraical symbols, whatever their values may be, should 
always be subject to the same laws Hence to find meanings of 
fractional and negative indices, our meamnq should t n every case be 
such that the Index Law 

a m xa n =a m+n 

shall always be obeyed We must therefore limit onr choice to such 
meanings only as are consistent with the above law 

To give a meaning to a- The meaning, to be consistent with 
the Index Law, should be such that 

O'Xc- must be=a- + -=a 1 = a 

Hence a- is a quantity whose square is a [jj 22] , i e , a~~ Ja 

Similarly it may be shewn that = \Ja, a^=ija, 6Lc 


¥e4 


1 2 


y 207 I. 


shall now investigate the meanings of n n , a ", a 0 and a~ p . 


Heaning of a", where n is a positive integer 
By the Index Law, 

111 

o» xa n xs"x to n factors 

!+!+• • to n terms L*« 


ilierefore a" must be such a quantity that its power is a. 
' i 

Hence a n — n Ja — t 

sf~ 2 

rjl Meaning _of o^jjwhere m and n are both positive integers 
By the Index Law, we have 


& x a" x a n x • M 


• ••• Ml 


to n factors 


— +-+ •••••to It terms -Xn 


=a" » 


»a" —a” 


Therefore a" must be an n 41 ’ root of a m , that is, aP=ya m 
Again ~~ 1 ~ “ 


ill 

a n xa n xa"x . .. ...to m factors 
i+i 


£+£+• 


= «" 


•to in terms 


= (a") =0" [§ 200, IVJ 
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Thus a" must be the - 771 th power of an n th root of a , 1 e , a"— (V®)* 

tn . 

Therefore a"=="/ aT "=(V a ) m 

«n 

Hence a" may be considered as an 71 th root of the m tb powei of a, 
or as tlie wi** 1 power of an ft** 1 root of a Tluis ^ 
fractiorij the numerator denotes a power and FAe denovunutor a root 

m «p *n 

CoroHary. Hence a"=a np For if ;r=a'*, we have x"^a m . 

rt p n 

or (a; n ) J, =(a m ) p , that is, ^P=a CTJJ ; thus a: = a np , or a n =a ,,p . 

^ IIJ Afpaning nf- gPj-where a may have any value [§ 75, Cor 3 

"We have by the Index Law 

a 0 xaP—a 0+p —a p ; therefore a 0 =»a p —a p [§693=1. 

IY Meaning_oLff ; ^,jg'h ere p is any positive integer 
By the Index Law 

a' p xa p =cr p+p =a°=l (by III], — 

.* a- p =l-7-a p = ~ ; also a p =l— o' p =^ 1 [§ 69], 

Thus the negative index indicates the reciprocal of the power denotec 
by the positive index [§ 72 Def 3 




Hence 

also 


a* 1 — -, a -3 — -f, a -3 — — . .. .. 


a=- 


a 




a 2=- 


a=~- 


a 


gt • •• 


Corollary We have seen [§ 87] how an expression may b( 
arranged according to the powers of a letter having positive Integra 
indices We may now arrange an expression in which the symbol o\ 
reference has fractional and negative indices Thus 

- JL. a. x. 

x-+x+x-+pc s +x 4 - + 1 

is arranged m descending powers of x, and the same in a reversed ordei 
will be arranged in ascending powers of x 

Again the expression 

# a^ + 2* 2 + 5a;+3 + 4ar l +6.ir 2 +.'»- 6 

*=x i +2x i +5x+ 3a: 0 + 4ar 1 + 6x~ 2 + x' 6 
is arranged in descending powers of x , as 3, 2, 1, 0, -1, -2, -5 are 
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m descending order of magnitude [j$ 45] And 
and ar 5 =»~, tlie same expression is equivalent to 


since nr 1 


1 

x 


x 


[20V 



a s +2a:* + 5* + 3+^ + ^ + ^ , 

this therefore is also arranged in descending powers of x Of course 
each of these expressions when written m a rcicrscd order will be 
arranged in ascending powers of x 


Ex 1. 

Ex 2 

Ex 3a 


Examples 

«t S 3*6 . 1 1 1 

— -„«=m 3 m s =*m 6 or **m 3 — == — , — „ 
m 1 m 8 m 8 m 2 

a -<x+l) 1 

— «= a" <1+1> xa ,z = a 5 * -1 or =— 


a 

,,-£a+i i 

__ c= 2 / - JS+ yi , -i. r o or== 




_L 

nr 6 


Ex 4. + or 


Ex. 5 


a~ 3 b~- o 8 «Z~ s e~* c f d c s a 8 ab 8 c 3 

c-*d-i X a- s 6 s X Fips -^6i x ^ x ^r-p5» or — J*- 


Ex 0 


a + b\~ m _(a+ b)~ m (a-b) m /a~b\ m 
.a-b) “ (a - 6)-" ~(a + &)" " W+6/ 


Simplify 


7. 

F. • 

20 

(-5) 8 

9 (■ 

18 

-4)-' 

» (ir-r- 

11. 

-r 

12 o"® 

{^} 

**> 

13 anir 

14. 

{(2a)- 1 }-* 

15 {(- 

33 s )- 1 } 8 


10 (2a*6-i)-s 

17. 

fa m b' n \ -* 

l W 



18 

/ '* 

\ S-i'c* / 

19 

(£)*-(£ 

1” 


20 

{fTO“ 
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"08. Theorem To prove that «".x«"=a m4n for all valves 
of m and n 

The Theorem 1ms already been proved for positive integers [§ 20) 

Now let m=-, n ***■■, where p, g, r and ? are all positive integer* 
q * 

p r jsj or 

Thus «"xa n »o®xo*“a« i xo ? ‘[§ 207, II, Cor.] 

« x «V(fl cr ) “'V(a p * x atr ) 

r*+«I p+r 

«-«*fa p **« r «=a «*"=»n® »«n wV ». 

Next let both m and » be negative, and let m= -p, n= ~~g ; then 

a t 'XO">««' , ’X(l' ! “ 1 ';X 1 -; = -l=aT-l=( t «' , » 

fiP a* a* ,+ « 

Secondly, let one of m and n be negative, and let m=p and »*= -y* 
Here we have to consider two cases according as p> or <q. 

(i) Let p>q, i c , let p-q be positive, then 

a p ‘ , Xfl , =« 1 ’ fl4 ®*»a p , 

or o p *®=«aP— a® [§ GOjofl^x^ [5$ 72]=n p xa~® ; 

. a* , xo , =(i |l xa' s =a r ' , -tt 1,1 ** 

(n) Let p <g, i c , let p -sr.be negatu e, then 

a™ xft n =a p x o* e «*- 1 ^ x i - o p '« *=o™ tn . 

Tims the Theorem is proved for all values of m and n 

Wo have remarked m § 200, that all the Index Laws are corollau'-i 
lo the fundamental Index Lav,, which is now proved to he true for all 
i alues of in and n Hence the other Index Laws hold for all \nlues of m 
and « 

Corollary. Since « 0 *" n Xft n =a m for all valnes of m and n, we 
have o 0, *"«a r ‘— « w for all valves of m anil n [§ 69] 

Miscellaneous Examples, VH. 


Add together 
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Add together 

3 ®~ s - a;' 3 ?/- - 3®' 4 y^, 2a' s y--2a _2 +5®' 4 y^, 

and — ®' 4 y^+®' 2 — 3a -8 y- 

4 |a ^ - }<A~- §a^x~^ + 2a'~~ £t/^, ^ 

4 -l 3 
and fa 3 ® jjy* 


* _l _ s 

$<*** ■» -fa 2 


_4 .3 _2 _3 _4 

5 a 3 -2 g® * 4-26®""*, lax 6 —mr *■ 

_3 _ 4 , 2 

J S . r j Y. 


6 


7 

8 



14 

16 

18 

17 


18. 



20 

22 

23 

24 


w £>» ^S*** <n m 3 .5 

-5a# 3 ~45y - + ce wi , 2&y-*- + C3 ^"+8^, 13aa? s — 5s® T 
and 7cz~ z —6y~~ 9 

From 5®"'^— 3®“^a~-+4 take 2a - -® - ^ — ®” — 21 

m w «h • m 

Take a n +fa n 6" s — f« _2m from |a~ ”—&(?b~ s +$ 0 a~ m 
Multiply 

al-i^+J^by ®^+y^' 10. r|-4®- + 2 by a-®-. 

2a -4 £r 1 — 3a~ B by 3a~ 4 5 5 — 2a _s 
|o" 1 a _8 -fb"*y by frr 1 ® -8 +f fc-'y 

6~* by a 5 — 2a*6 -3 + 6 _s 
aa^-5y~- by a-$+bi/~~ 

w « n «• m *n n n 

a 3 — a z b z + 6- by a 3 + re T 5* + J 3 

§(® 3 + ®”-^+^(®- + ®"-) by §(*+‘r-^ + l 

27 — by 3 — a~^ 

® 4 + ®-*+l by ® s +a _2 4 1 

a 3 — 24-oT 3 by a$— o~\ 

x- — ® ! — 4®^+6®— 2®- by $ — 4®^ 4*2 

a4*y — s4-3®^y^^ by ®^-fjA — s*. 


_8 _2 1 5 1 
a p — 2® p 4-3® p by 2® p — ® p + 2 

Divide 

o" + 6 3 by a- + 5^, *\ 

X ifl i 

a — 2a- + l by a 3 — 2a h 4-l 21 
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Divide 

■26. 1 - 2 abty~ x +3 ae - a~ 1 x m i/ + Zbx™* 1 - Zez n * , y“ 1 

by ax~*-y> 

26 (1 +36}a-*(3 - 2 a’W) +6a' n b-^b* - 3ff*) 

bj c" s i)*(2a _8 -36' 4 ). 



30 


• {(£)V 
32 - 

64. -f - w+,, \ »+» / \w-.i 

\aa » J \a +n it* n / 

- (-rt-r- 

37. (|)“ + (|)-‘. 


ni 

1 / s e\«e • 

(w«J 


S3 - W*} 


SR £ r 
S 0 - ym-ym-r 

\/ B «" n’- 1 

(a -6)" (a -&/■-** 

<io. (*=$*7— v** 1 

>v*-« U-y/ 




. -41. ill' 

\x-a/ \y-z) \z- 7 /J #u x x ~£Ia» 


Dmd the value of 
43. (iafV l -KV-) 
Resolve into factors 


Extract the square root of 

48, crV ? -2o- 1 j;- l +3-2«a;+o 2 v t I 

JL I WP44 

49. .tj 1 ' 1 + %(b p v‘ 2n ) np — b n x ft 


2 

44. 

(akv’ 1 

a 

a 


/ r \w /, 


/ 

U -( 

l) ■ ’ «• 

*-«■-( 
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'■Reduce to a simple form 

r' / 


\ 4-s~10* s *> " Crt- 1 +b- 1 \ * 2 fgr 8 jjl 8 \ ~ 3 

* so -j— r- * 61 

Si* m m fi« 

x 5 — r^v* 1 — 2y 3 


2 =» + Fi 


52 


55 


67 


59 


3 3 

x x +y J 


, K , r^+£ 3 2 /£+yf 54 

* 53 **/» i i 5 ° *• 

x ^- x ^ y * + y ^ 


i 3 -if 3 


3 2 1 

2#>» 4- 3a - * + 4 rm — 3 
- — 

6 a^* + *« — 1 

2 11 2 
r J — Sx / yf — y ^ 


X s — 8v s y & - < ) x i y — 2 y 3 

o s +2ar+3o a +2a-V 


t 56 

■* < 58. 

60 . 


gi* 4* e“* — e x — 1 
c^-c-'+e*-! 

n a b~ 8 4- (xy~ l +yx~ l )ab~ l +l 
« 2 b* 8 + (ary* 1 - yx~ l )ab~ l - 1* 

4a s &- , +4a*&- a -7i*6- 1 +2 
4a n 6-* + 5a*6-«_7a6- l -2’ 


»*+* s — 2 »"\r* 

/ Divide 

'*/ 61 jc 8 " -1 by a; 8 "' 1 *!. 62 (§n-)~ - (jfl-)- by 3-a - -. 

63. If x^^y\ shew that (^) +(j^«=;r"+y ^ 

_ . „ . (o B+ * — o n ) x (a n - o ,,_I ) 

64 Evaluate — — — y-r — =-~. 

(o n+ * - a") - (a n - a"' *) 


CHAPTER XVII. 

*> 

' l ’> Surds 

g 

'^*^309 Surds. When any proposed root of a quantity cannot be 
exactly (1 e , in any finite number of terms) obtained, it is called 
a Surd or Irrat ional Quantity, or simply a SpuD Thus J2, 
%/S, Ja, \/a 2 +6 s , &c , are surdB 

A surd is expressed either by means of the radical sign as nboie 
or by meins of us equivalent the fractional index [fc 207] Thus 

N /o i +& 5 =(a a +6 3 )-, J^-b?=(a-by [§ 207], &c. 

Hence surds ore subject to all the rules of operation explained in 
the Chapter on Indices [Chapter XYI] 
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210. We have 

(i) . x=x?= ,ya*= j*=*£/*"=&c. [207] 

(ii) . a-x-{a-x)^-\Hfl - x)*= n J(a-x) n =&c. 

Thus a rational quantity may be reduced to the form of a given 
surd, by raising it to the power whose root the surd expresses 

211** We have "is 

jy/3V3= J&X 3 - n/ 27 or=»3“ X 3 J = 3- = JZ\ 

(n) a x a-=(a 2 )-«" = {a?xfi [§ 200]= 


(ui) x m J(a- v) n —x m {a -x) m = {s m (a - «)"}"». 

Thus introduce a coefficient of a surd under the radical, reduce 
ihe coefficient to the form of the surd and then multiply the quantity 
so reduced by that under the radical 

k Examples , 

Vt /introduce under the radical, the co efficient of ^ ' 

\A 5J2 2 35/4 3 10 jaaF 4 a*x%fix r 6. gV^gV 

I f 

212 It is easy to see that 
( 1 ) Jl8= J9x2 = J3*x2 =3 J2. 

(ii) Ja s x* = >7 aPastPx* « <u a Ja. 

(no («*-^= {4-3}^(“ 2 )-( a -S'- 

(IV). («+*)" = {«( 1+ f)} "=a n (l + l) n ~a» "/1+^ ; 

° r ={r(?+ 1 )} -a"(;+l) 

Thus any quantity may be made the co-efficient of a surd, tf every 
part under the radical be divided by this quantity raised to the vower 
whose root the radical expresses . r 

Corollary. Hence a given surd may be reduced to Us simplest 
form by first resolving into factors the quantity under the radical and 
then removing from under the sign those whose indices are equal to 
or are multiples of, the denominator of the surdmdex * 

Thus >7252= >79x4x7= >73*x2 s x7=3x2 N /7 = 6 J7. 

18 — B 1 
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Simplify 




1 ^72 2 V 10 3° 

5 J2a*x + 4a V + 2a V 


SIS Addition and 
seen that 


Examples 

3 J10368 4 y&a w Vc*. 


Subtraction of Surds It is easily 


(i) 3J2 + 6 */2=(3+6) J2=8 J2 

(U) 8J3-3 n / 3=(8-3) a> /3 = 5^3 

(in) a Ja:± */tf = (a±l)*/a;=(£t±l),/a; 

(iv) 5 a *]x - 3a */« + a Jx = (5n - 3a + a) = 3a Jx 

Thus the sum of similar surds u found by prefixing the algebraic 
sum of the coefficients to the irrational pari 

*.*, Definition Similar or Like surds are those which have the same 
•< L irrational part Thus ,Jx and 3 Jx are similar surds , so are a\Jtn and 

* 2 %Jm 3 x, for 2 %/m 3 x=2m 3 Jx , &c 

< fjS. 14 Multiplication and Divisio a of Surds It is evident 
' -that 

(i) J5x = x3-=(5x3)- [3 200] = (1 5)^ ==-^15 

li l 

(n) m Jax^c=(aV n (c) m ==(ac) m =* m Jac 

Thus if the surds have the same index, View product is found by 
taking the product of the quantities under the radical and retawmq 
the common index. 

3 2 11 i 

(in) x m xy m *= ('S 3 )”*(y 2 ) m = (* s y s )™ = ”ij T?y 2 . 

Thus if the indicc* of the surds have the same denominator, their 
product is found by taking the product of the powers expressed by the 
numerators and affixing the radical expressed by the denominator 

11 JL * _1_ 1 

(iv) ”l/t»/y= x m y n = x mn y nm = (x l ') mn (y m j™ = (x n y m ) mn 

(v) (a + x ) - (a - x)^ = (a + x) a ( a - r)^ = { (a + a;) 8 }^{ (a - a;) 2 

■={(« + «) s (a -*) 2 }^= °J(a+x)'(a-xy 
Thus if the indices have difffrent denominators , reduce them to a 
common denominator and proceed as in Ex (m) 


Remark. Since to divide a by b is the same as to multiply a by 


[§ 72], i e , by &* 1 [$ 207, iv 1 the rides of this Article will likewise 
to examples of division of one surd by another. 


apply 


rH ltd 
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L 

4. 

6 . 

8 

10. 


/C£« 

' o*b m 


Simplify 
J15X J3 
* faH* 6 

vVa 

Jab+bcx Js/n Ij -«c» 

Vs 4a r — V2<r. 


Examples. 

(3+2 n /5}(2- h/5). 

5 


9 

U. 


13. 


3. n/oP x Jatlr. 

Jx\fsrX J%fx. 

Jax+xrx Jab—bXi 
Jd*r— Jax*. 
fa^ fa 

vr v js* 

(r+y)* £ Jx*-y\ 


12 V~. 

^315. Definitions A Qu adratic S um is that of which the" 
xiidexisAjas Ja, Jla+r), JfP+ts+c?, &c 

A Sinrr/n Quadratic Surd is that which consists of a tingle 
term , as Jx, 10 Jy, 5a Jr*, &c. \y 

A Bikomiac. Quadratic Surd ie that which consists of tiro 
terms, one or both of which are simple quadratic surds ; as 
•Jx-IJl/t&c ff 

n£^Two binomial quadratic surds are said to be Coxiugatr or 
CojirtmrEyrABr when they have the same terms connected respec- 
tivel/Tiy the sign — and — , as Jx+ Jy and Jr— Jy. i 

Rationalisation of Surds To rationalise a surd isl 
to find a quantity by which the surd must be multiplied to give aj 
rational product. 

Thus Ja is ra i cfVised when it is multiplied by K /a, for 
JaJa—a , Va , x tionalised b\ mnlt’pHniff it by s ./k*, for 
\la\!o?=lla*~a . 

Again Jr+ Jl ' Rationalised when it is multiplied by Jx— Jy, 
for (Jx+ Jy)[j v \ty)=x—y Hence <r binomial quadratic turd 
it rationalised by t\/> xylyinq by itt conjug n tc. 

To rationalist j the multiplier is e\identlv a?—a J b* +h 3 . 

1 1 O +. m ' 1 G * ' 


for (a 


1 


To rationali®^ 1 ’ ; i+ Jb+ Jc 


Multiply firr { Ja-*- Jb- Jc ; the product is( N /«+ Jb^-iJcf 

=s+5-e+2h.^ next multiply by a + b-c-2 j{ab) ; the product 
is (a 4- 6 — e} 1 ■£ 1 W bf~(a+b— c) 2 — tab ; thus the required multi- 
plier is ( */a -K /<• Jjc)(a +6 -c- 2 


"We proceed' ^ t*\s way in the case of any other surd. 

s '..J i 
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217 Fraotions with surd denominators The principal 
use of the last article is to find without much labour the values of 
fractions having irrational denominators. This will be seen from 
the following examples 


Examples. 


Ex. 1. Find the value of to 6 decimal places 

>^ c§188] -^- U64, ° 


Remark If, instead of rationalising the denominator, wo had found 
the square root of 3 first, and then divided 2 by it, the operation would 
have been long and tedious 


Ex. 2. Find the value of ■ to 5 places of decimals 

Multiply the numerator and denominator by the conjugate surd 
«/2 - 1 ; thus 


a/3 ^3(^2-!) J6-J 3 

is /2 + 1*(^/2 + 1 )( n / 2 - 1 ) 2-1 


= J6— */3= 71743. 


Ex 3 


Simplify 


2+J3 2-ys 

2- Ji + 2+^/3* 


Given surd 


(2+J3)* (2-J3) 8 

(2- */3)(2 + ^3) ‘ t '(2+ */3)(2 — J3) 

(2+ Jty (2- JW 
4-3 + 4-3 


Ex. 4 


=4 + 4^/3 + 3+4— 4 a/3 +3=14 


Simplify 


9 

2 l Jy 

-y ~ *+ *f(xy) v >Jy -y >J« 


Given expn ? 1 ' s/x^ sly 

JyitJt- sly) s/< Jv+ s/(syK*/x- */y) 

2 *Jx(s/x+ *Jy( *Jx— Jy)-(Jx+ s/v) 3 
sHpy)U'c+ Jy)( sl«- sly) 

_ 2s+2 N /(Ty)- sKxy)+y—ss~y — 2j(xi)) 

•J{xy)[ Jx+ ,Jy){ Jy) 

_ r- J(vy) _ jv(jx- Jy) 1 

Dnr Jxjy[jx+ Jy){ Jx— sly)"** j{xy)+y* 
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, Ex 6 Prove that 7a+ Jb+ 7a — Jb — 'd 2a+2.*JaP—b. 

Let $*= da + njb+ da — ijb j 

i # 2 s= -f* fjb *f c— tjh 4* 2 d a m — 6 — 2cs + 2 d a* — b , 

whence ®=V r 2a+2 7re 3 — 5 ; ’ &c 


Rationalise the denominator of 


0. 


2^/3 


dl±d* 


8 . 


1+273 


73+1 5- n/21 * 

10 Rationalise the numerator of 


9 



3-72* 

da+x + >Ja - x 
da+x- da-v 


2-73 
2+ ,73 


2- 73" r 3-272* 


12 


> / 


14 


d^±dy,d^zds. - 

•Jx-Jy Jx+ Jy 

,K dW+ dV 73(2-73) O' \ 

73(1 + 73) 73(73-1)' V ' 


a- Jb a+ jb 

d*~ dl 


75+73 


x (8+2 ,715). 


__ /ff+x , /a-a? 

V a— a* v a+-e 

x+dx 2 -a* x— sfx^—ar 


18. 


718 ,712 

73+ 72 73 - 72' 


1- 7I^~l + 7l-^‘ 


19. 


x—dip—a* x+ Jx^—a 1 


on 7ar+l+ Ja*-! + 7^ + 1 - 7^1 
dx s +i- 7« 2 - 1 75*+T + 7«*-i 

21 / d2x+x s 1 / H-a+ 72a+a* \ 

“v U— #+ 72a+-c 3 / v \l — a; — 72 x+x*J ' 

22 Simplify 7 ^ -■• — : 7 == =r ; and find its value 

a - Va 2 -( c* a+va 3 -# 3 
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23 


Find the value of 
l+iv/3 2 + J3 2 Jl+l 
l- N /3 + 2- N /3 2+^3 


24 


2(o+ Jx) 2(o- «/**) 


a 

a*+x 


25. a: 3 + 0 'C+h, when *- 

20 f“ ys/Bf’ when *“ J,3 ' = ^ 

27 n/| — i 4- — 4r, when 

i e 

28 If;^=-j-^==^, shew that 2«=y+y- 1 

20 Find the value of i^+^ + s 8 — a;# 8 ' when x— Jq— Jr 

, y= Jr- Jp, Jp- Jq 

tf 

'‘■'7/2IS Extraction of the Square Root In the present 
Article we shall shew how to find the square root of binomial 
quadratic surds by inspection. 


Examples 


Ex. 1. Extract the square root of 5+2*/6 

Here 2 jn /6=2a/3>T2 = 2, ( /3, 1 /2 (1), 

and 5~3 + 2=( ,/*)* + ( n/2) s (2) 

Now (1) is twice the product of two numbers, the sum of whose 
squares is (2) , therefore by § 99, we have 

5 + 2 J6 =( *y3) a + ( is/2) a +3 J3 *J2—(J3+ J2) 2 , 
square root required = */3 + J2 

Ex. 2 Extract the square root of 4 — 2^/3 

Here 2»,/3=2x ,^3x1, and 4 = 3 + 1 , 

4-2 N /3=(^3) s + l 2 -2 N /3xl = ( N /3-l) a , 
whence required squaie root= v 3 — 1 

Ex. 3 Extract the square root of 2o±2 da* — v 2 

Given expression = (a + x ) + (a - *) ± 2 \/(a+tf)(a-;r) 

= { J(a+x)± J(a-x)} a ; &c 

Remark Hence it appears that the sign before the radical determines 
whether the required root will be the sum or dijerence of the two quan 
, titles obtained by factorising the quantity under the radical 


X 


\ 
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xf 


Find the square root of 
4 11+6J2. 

7. 19-8J3 


10 . 

13 

15 

17. 


9-4 N /2. 


5. 

8 . 

1L 


2(a+6+ Jat+Zab) 

1+s/T^?. 


ax-Za Jax-a-. 
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14+0^6. 

9-4^5 
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6. 8+2^15. 
8 30+12,76 

12 2+ J3 


14. .r+^-S^x+lKy-l). 
16 r+y+z-Zjxy+rz. 

18 a s +2a Ja’-xP. 


Find the value of ' sr ^ ien Xs= Hr" 

1-xJ-l vl+x-1 

2D Express a/2 + m terms of % aud y, 

2 a-f+sr\ 2 P =y+y~\ [See App ] f, / /£* {; /- ft 


•when 


219 Examination upon Chapters XV, XVI and XVII 
1. What are Ini olution and Ex olution 7 

2 State the Rule for finding the squares of polynomials, and 
illustrate it by expanding («-&+c-d) s . 

3 Define a root of a quantity In what two senses is this word 
used in Algebra ? 

4. Define the n th root of an expression 

l 

5 Give the reason for using a” to denote the m th root of a. 

8. Explain the term Index w hen it is (1) a positive integer, (2) a 
negative integer, (3) a fraction. 

7. What is a rational and what an irrational quantity ? Illus 
trate by examples. 

8 What is an Imaginary Quantity? What quantity is J — a- V 

9 Why does an even root of a positive quantity admit of a 
double sign, c q , tja-— ±a1 

10. Define a quadratic surd, similar surds and conjuqaie surds 
11 What is to rationalise a surd 7 

12. Fro ve that (c&) B =a n 5" ; (n m ) n =a mB j 

13. Shew that x°=l, and find the values of x’°, ~- n , x z y°, 

x - 0 y 0 aud Y~^. 
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14. Express with fractional indices 

jx* , Vt 6 , (*A 5 ) 4 . V’ivPP ? ; {VTWPP- 

16. Express with ncqatn e indices 

2 . . . 3r 3 4c <5 /fV\' 

^* 4a r, y^'^y , tV U * 

fl f 2 J 

10 Expicss with radical* 5a 0 , 3xty J 3 3 , 1 

3y* 

A 

je S c 

17 Express with positive indices 3aZ» -1 ; s‘Vy' ! > — r — 

6' 3 <r s 


CHAPTER XVIII. 

SuirLF Equations in OS'E Variable 
Section II 

380 Different Forms of Expressions We have defined 
an Expression ah a collection of symbols connected bv the signs of 
operation [Sj 23] 

AnixTiORAL Expression is one m which no letter appears m 
the denominator of any term, or in othpr words, in which no letter 
has a negatne index. Thus jc 2 +*cir + J6 is an integral expression, 

but not bo is t 3 +-4-<i or * s +af l +c 
X 

\ An Integral Expression in a particular letter is one in 
which that letter oceuis in a form having only positne integral 
index, i e , when it does not occur in the denominator of any term ; 

X 0 

thus at a + g+jj is an integral expression m ar, but not m b or d 

An integral expression is said to be Complete or Natural when 
it contains the symbol of reference in all its powers from the highest 
to 0 Thus 


px+q, 

fx 2 +gv+h, 

Jtx s +lx 1 + mx+n, 
ax* + bs? + ex 2 +dx+a, 

are complete expressions in x. The last terms, q, h, n and c, which 
. not contain the symbol of reference , i e , in which the power of 
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the symbol of reference is zero are called .Absolute or Constant 
Teems, or simply Constants. 

A Rational Expression in a particular letter is one m 
'which that letter occurs in a rational form, i e , m a form free from 
radicals or fractional indices thus aiP+bir+cv+d is a rational 
expression in t, but not so is av-i-b >Jx+o } wheie the second term 
is irrational. 

Ttmuur It is to be noted that these definitions tefer only to the 
symbol of reference as a: in the above examples, and therefore any one 
or more of the coefficients a, b, c, &c , may be surd or fractional ; thus 

pa;’*— + t/rz+s- 1 is a rational and integral expression in x, though 

some of the coefficients are surds and fractions 


231. Definitions When two expressions m the same letter 
are given equal to each other foi some particular value or values 
and no more, of that lettei , the equality is termed an Equation. 
£See & 137] 

It is cleai from the last article that we cannot ascertain the degree 
of an equation unless it is. m a rational and integral form For 
though the equations 

— bc=0, 2ijx+ 3=0, — + # = 0, a;+2«/i+l=0, 

X X 

appear to be of the first degree, they aie in reality not all of them 
of that degree Hence to ascertain the degree of an equation, say 
m x, we must see whether it is m a rational and integral form as 
fai as v is concerned When the proposed equations are not m 
rational and integral forms as in the above examples, we must 
reduce them to that foim and then ascertain their degrees 

To reduce an equation to an integral form , we multiply by the 
2 

denominator, thus #+- =3 becomes a 2 +2=3«, or a?-3i+2=0, 
when put m an integral form [§ 224, post ] 

To reduce an equation to a rational form, we transpose and raise 
to the power expiessed by the radical thus ax+b becomes 

(ax+cY—b\ or a a 'B 9 +(2ac-5 a )r+c 3 =0, when put m a rational 
form [§ 225, post ] 

Hence we have the following 

Definition If aftei i educing an equation (if not already so 
reduced) to a rational and integral form with lespect to the vari- 
ables, we see that the term or terms of the highest dimensions in 
the variables are of one, two , three, four or n dimensions, it is said to 
be respectively of the first, second , third, fourth or w 1 ' 1 degree 
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An equation of the first degree is commonly called a Simple or 
Likear Equatiox , and an equation of the second degree is called 
a Quadratic Equatiox Thus 

o*+5=0, aJx+b^Q, ^+2>=0, 

•v 

are Simple or Linear equations, for -when reduced to rational 
and integral forms, the last two become 

a a i-6 2 = 0, and bx+a= 0, 

similarly 

ax* + bx+c = 0, ax+- +o=0, aa+ Jx+b= 0, 

X 

are Quadratic equations, for the last two may be reduced to the 
forms 

ax 1 +cx+b=Q, and a*a?+(2ab~ l)a+6 a =0 , 
and so on [§ 141] 


Examples 

Determine the degree of the equations 

1 111 

1 x — —a 2 a -1 —# 2 ^. 3 3 x+ Jv=a*Jx 4 =■- 

x x y a 

\ *222 General Form A simple equation in one variable can 

always be reduced to the general form eras + &»»0 

For when the equation has been reduced to a lational and 
integral form [ § 220 ], the terms involving x may be collected 
together, when we may biacket the coefficients of#, thus finding 
the a , and the constant terms being bracketed together, we find 
cc c 

the b Thus-+b— -==d become a + b% — c—dx when we multiply 

by x ; then by tiansposition, it assumes the form (6-d)#+(a-e)=0 , 
hence here 6 — d is the a, and a - e is the b. 


Examples 

Reduce the following equations to the general form 


3 x 

!• 6#-ga+3+g=0. 2 av+b—ex—d 


a 1 4 . 3 u . 8 ■, 

3 - +-+~= 1 , 

a 2 a: 


oa-& 8 


, a , 5 d n 

6 ~+ =0 

x o e 


0 . 1 - 


a-2 x+2 



224] 


/ 


SIMPLE EQUATIONS"— SfCTIOK II. 


283 


/ 

> - 
*223 Theorem. A simple equation has only one root and n 
more. 

If possible, left the equation ax+b^Q have more than one root]' 
vh , a and P Now since a and p are its roots, they will severally I • 
satisfy it [§ 140] . therefore 


8a + 6 a, 0 (1), 

ap+l~0 ( 2 ) 

Subtract (2) from (1), thus a(i-/J)=0. Now etther a=0, oi 
n~(J—0 If o=0, the given equation reduces to 6=0, which 
cannot be satisfied by any finite to lue of r ; therefore (since a root 
is commonly supposed to be a finite value of the variable) a is not 
=0. Therefore a — p = 0 or a = /3, i e n a and p are not two different 
r quantities bnt one and the same quantity . 


224 Solution of Simple Equations The rule is to re- 
duce the qiten equation to the general form, transpose the constant ; 
and divide by the coefficient of x [§146]. It is, however, often 
tedious to strictly follow the rule , so we proceed as in the Examples 
below. 


Examples 

L Solve Ga:-|x+3+|=0[Ex 1, § 222] 


Multiply by 2, thus 

transpose, thus 
divide by 8, thus 


10x-3x+6-f x=0, 
Sx+G^O, 

* 8x~-G, 

x=-£=-J. 


u 2 Solve 5-+~-17=~+60 

^ ” & 

Instead of multiplying separately by 2, 3, 5, multiply bv 30, which 
is the l c D ; thus ' ' 

75x+20x- 510=18x+ 1800, 
transpose, thus 75x+20x- 18x=1800+ 510, 

77x=2310, 

x=£?12=30. 


Solve the following equations 


3 


6 . 


--?-2 ? 
12 G 4‘ 

3x 7x , 11* 

*4 + r5 + -r’ 


366. 


4. 


6x 2x—l 4 


0 3 

g-2 3— x 
4 ~ 6 


15’ 


0. 


k. 


6 . 
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Solve the following equations 


3 — 2a , 4a — 5 
7 — =1 " 6 

12— 3a , 3a; -11 
9 “ 1 = 3 

1 — 9# 

11 7a+16=23 g— • 

a-2 4a+7 
13 3 “ 3 6 * 

1B *+i+*±B_14+^. 

J -° 2 3 4 

a 5a+4 4a: — 9 
17 2 3 3 

10 . ^+^-3.-41 


8 . 

10. 1- 


a +6 16 - 3a: _ 26 

~ 12 6 

a — 2 a +2 

IT 


T' 

12 3 + 41 - s )- 1 - 25 

at a-4 4 24- a; 

14u 4 ~ 6 3 + 12 

11 -a 19 -a 
16. v+ g “ 2 

a-7 , 3a-l_2* 
18 * 3 6 ~7 + 

20 3 » + 6_21 + *_ 3 g_g i; 

<JO * 8 3 


21 

23 

26 


a a— 1 3a— 4 a 

27 8"'2T = 15 + 12 
29. ?s±*-«!=w *- 4 


5 

2 + 4 

a-7 

3# — 5 t 125 0 

11 

7 * 77 

a — 2 

10 -a 2 a— 3 


22 


9a 4- 7 
2 


-(a- 5 ~)=36. 


a-: 

3 


= 6 ? 


10 +a a 
— - — +— 


4 


28. 


a— 1 23 -a n 4+a 
— + — =7 "~* 

r»a-l 7a— 2 


2 


10 


21 


4 * 


2a+l 402 — 3a „ 471 -6a 
30 "29 12 9 2 ’ 

4a -34 268 — 5a 69-a 


32 

33. 


3 2 * 

7a -28 , 9-7a J 1 

7 +7 § + ~3 '~ X+3 % 8 + 12* 


17 

4a -21 


224 ] 


SIMTLB KQITATIOXS— SFOTION II, 


Solve tlie following equations 
11* -3 . 19:5+3 5*-25£ o0l i7r+4 

4. -JJ-+— j ° r 21 ‘ 


1 


„ 10-3* 

x -m g-to_- i_ 

2 13 39 

3/“fl 2Lt^3& . .«t 

-3 5 g— — IOb+116. 


The following are examples of litoral equations. 

37. Solve 

Here the t 4 c n is bd , multiply therefore bj id ; thus 
adx-*bcvt=bd , 
or { ad—bc)v=sbd , 

bd 


*— 


38. Solve --6=-+rf 

* * 


Multiply by * ; thus 


or 


ad-bo 


a—bx=e+dx t 
(b+d)x*=a-c. 
a — c 


. . 

„ Q a-* 2a-* , *-3a _ 

38. Solve -4 — H- +— — 1=0 

a 2a 3a 


b + d 


Multiply by 6a j thus • 

6(a - *) + 3{2a - *) + 2(* - 3a) = 0, 

.* 7*=Ga, or *-25. 

Solve the following equations 

ax— 5 2 a b d ah 

4l * * + c“c”° 42, b + 5; ; “ rtS+&v - 


40 *= 


afcP + r*) . ax 

43 ^_= ac+ _ 


45. 


a+bx o-dx 
a+b 


bx ax 
a , g-a , x-b . 

44, “r+-r =0 - 

0 (X 


-a# . ^ a# * 7,, 

rz* 46 TT+sr-stf+A 47 « +22 

w a 


&r a* -6* 
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Solve the following equations 


48 

3 33-1 3 + 3a 

bo ca ab 


49 

60 

ax-b bx—c dx 

_3 

51 

m n *2 m 

P 


I KHH )- 1 

Sbx x-b bx-a s * Q 
2a s ~"a+& a*— b 2 4a 


Note 1 In solving equations, much labour is sometimes saved by 
a suitable transposition of terms , as for instance by transposing 
all the terms haa ing mon 0 mial denominators to one side 


6a Solve 
By transp , 


43-5 103—3 12^-11 

3 + 203 it- 17 ' 9 * 

103-3 12r — 11 43-5 

203+17 9 3 


whence 

or 


123-11 123-15 4 

9 “ 9 

9(1 Or -3) = 4(203 + 17), 

10r=95 , 3=9| 


53 

55 

67 

59 

60 


Solve the following equations 


7if+16 3 + 8 r 
21 43-11 3 

83 + 5 73-3 43 + 6 
14 + 63+2~ 7 

12 1 


64 


56. 


2r 33 + 5 63 + 13 

6 *53-25 “ 15 

103+ 17 123+2 53-4 

18 113-8“ 9 * 


68 


3-1 3 + 7~7(3-l) "IxT 

2v+8b , 3 , 3 +T 6 7x 2 - 13r 
9 *3* 36 12*” 173—32* 

63 — 7^ g 1 + 163 121-83 

13 - 23 + ^ + 24 “ 3 4 15 


9r+20 43—12 r 
53 — 4 *4 


Note 2 _ In certain eases, solution is very easily effected bv the 
actual division of numerator by denominator 

61 Solve 2 Z±3g±l„2 3»-73 + 5 
3+2 3-3 * 

By actual division, 

3 2 

vT2 = x^3’ whenoe **=13 
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02 


Solve 


3—1 3—2 3—5 3—6 

3—2 3 — 3 3 — 6 _ 3 — 7 


By division, l+^-l-^=l+^-l-^ [§ 96],' 


_1 1 

1 1 

3-2 3-3 

3-6 3-7’ 

3— 3-3+2 

3 — 7 — 3 + 6 

( 3 — 2)(3-3)~ 

'(3-6)(3-7)’ 

-1 

-1 

( 3 -2X3 -3) 

(3-6)(3-7)’ 


(3 - 2)(3 — 3) = ( 3 — 6)(3 - 7), 
whence 3=4j 


Solve the followinglecfoations 


03. 

153+8 253—62 

04 

mx—a mx—c 

33-7 53-21* 

nx—b nx—d’ 

66~ 

a 2 3 3 + 6 3 a s 3 2 +2063- 

— 00 

03 2 + &3 + C 03+6 

03 — 6 03 + 6 


px*+qx+r px+q 

07. 

a?+23 2 +l , 3 

*^68 

3-1 3-9 3 -3^3 -7' 

32 +23 3 + 2 

3-3 3-11 3-5 3-9* 

eof 

03-2 03—3 03-5 

03-6 


03—3 03— 4* = 03—6 

03-7 



70 ir7,,; - 26 43-21 93-68 63-55 
3—4 3-6 3-8 3-10’ 


71 + 2 t 3+5 3+3 3+4 
3-2 3—5 3— 33— 4 

„„ 1^43-17 . 103-13 83-30.53-4 
72 2^ + 7=t- 


• 7 a **+5*+ 4 3*+53-3 23*+73-3 

3+3 3+4 “ 3+2 

74. t 3^ + 83+20 3 * + 43 + 6 t 32 ^ 63+12 

3+1 3+4 3+2 + 3+3 * 
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Note 3 Fractional equations are sometimes easily solved by split 
ting a term into partial fractions 
a b 2c 


76 Solve 
Since 
we have 


v -da x+Zb a-3c 

2c _ c c 
•5-3o ®-3c 5-3c‘ 

a e __ o b 
x-Z a x-Z c~ x-Zc x+Zb' 


\a-c)v _ (6 + cJ* 

or (x-Za){x-Zc)^ {x-Zc){v+Zb)' 

, , , x a~c 6+c 

dividing by—, 

or (a - c) x + 36(« - c) = ( 6 + e) x - Za{b + e), 

j. c, t x{a-b-2c)—Z{bc-ca-2ab), 

ZCbc-ca-Zato) 

* a-b-Zc ‘ 


Solve the following equations 


78. 

5 8 3 

77 

11 13 = 20 

a+15^ x— 12 a-9 

# — 33 a+39 r-30 

78 

m n 2 p 

79 

r-1 a+3 a +2 

mx+a nv+a px+a 

a+1 a-3~a-2 

80 

a b a — b 

81 

. o 2a ] 

.•5+a x + b x-o 

t-vP+aba 1+aba a + br’ 

82 

m+n' , m—n 

Sffi 


x+m+n'x+m~n a + n 



The following are additional examples 


83 Solve 


7a+l 35a+4 


IT *i9 + ^ 


•5-1 9 a+2" 

We may proceed in the usual way , or perhaps thus 
8 35 a+4 


By division, 7 + 


x-l 9 '#+2 


+ 3 1 


V> 


or 

or 


8 _35a + 4 35aj-4 35 35 2 

•5-1 9*a+2 7 9 a + 2 9 = 9 *v+2’ 

4 _ 35 

#-l“9(« + 2)’ 

36(a+2)=35a-35, oi x= -10 1 
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84 WT. S4#42$L. + n. 
"From the given equations, we have 

m(x+a) _ . «Cr+6) _ 

■ rv WH ; — n=U, 

a?+o r+a 

m(a-b) , n(b-a)_ n 

OT rr — » ; 

31+0 31 + fl 

dividing both sides b\ a-b, we have 

m n 
v+b~ x+a 
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= 0 , 


or 


m 


j;+6 *+a 


n . nb- ma 

■> whence *•= 

m-n 


86 Solve 


31+4 m j—6 x? — 2x — l5 
a+I~?+2 + v-4“ **-9 ‘ 

a;-f3 x+4 x-6 (x+3)(x -5) x—5 
x+1 x+2 + x—4~ x s — 9 x— 3* * 


by division 1 + 


or 

whence 

or 


80 Solve 


3J+3 x+4 x- 5 x-6 
31 + 1 31 + 2 x — 3 x—4' 

_2 _ 2 _ 2 2 

3J+1 x+2 =i ~x-3 1+ ar-4’ 

_1 T_^_ 1 I 

A'+l 31+2 x-4 x-3' 

1 1 


1 K* + 2) “ (w — - 4)(ic — 3)* 
(x + 1 )(x + 2) = (31 - 4)(ai - 3), 
v=l. 


335 — 2 X 

-+=-llj 


X — 


431-9 
3 


4 • 2 ”° r 

Multiply by 12, the l c D ; thns 


•—6 


935-G+63i-142=2a:-fc- 1 -_60 

3 9 


or 


multiply by 3, thns 
whence 


13r=88-?^l!® 

3 ’ 

393i=2G4-8,r+i8, 

31=6. 


19— B. 1. 
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87 Solve — + bx<=^y-b+(d+b)x 

uC Qt J 

Multiply by abcf, thus ' 

a*fx - bc&f+a&cfx = abcex - ab 2 c/+ (d + b)abcfx, 
(a 8 / -abce— abedf)x ~ bed 2 / - ab 8 cf. 


\ 


bof(d l —ab) 


* a 8 /-abce- abedf 
Solve tlie following equations 


88 

00 

92 

04 

98 

98 

09 

100 

102 

103 

104 

105 
107 


XX V „ 

'-5 + 3-4-‘ 

XX X 

. °~ x i , , d 
x x 

30+ 6a; 60+ 8a; 48 

x 4*1 # + 3 *^#4-1 


3a:+2 3i — 2_4*+36 
x-3 a;+3 a:*-9 

25 16a?+4j 23 

x + l + 3a;+2 = *+1* 


80 

91 

93 

05 

97 


1 

x + 2x 3a; ” 3 


Si-KH 


5 1 


x -c+1 4*a:+l 
6«?£±2.9 + - ,toS - 18 


4a; +3 


2a:+3 


1_? 

2x 2_a;-l a; 7 

3 4a; ~ 2 + 6 + 12‘ 


6— 5a; 7-2a: s l+3a; 2a;-2£ 1 

15 14(a; - 1) ~ 21 “ 6 + 105 

ww-*? 


4a; -17 3$ -22a; 


33 


f(H 


101 


132«+2 8a;+5 ___ 
3r+l + a;-l ~ 5 


3x 

_ — 4 


4a: -7 


8 - 


a: + 4 


• + v=- 


■ + 2 


6 9 3 

3x 81a- a -9 3 2a^-l 57-3a; 

2 “(3»-1Xsb+3) 2^+3 2 


x+ a 2x 


a x+a 
3 + 2a; 5 + 2a; 
l+2a; _ 7+2a;' 


=3- 


x 3 ~x 2 a 


t 8 ~ 


ax z 


106 3,4-6 . g±jj> 2a; 3 +IQa; + 4 < ) 
* + 2 -c+3 a? + 6a;+6 * 


. 1 - 


4,t a - 2 
7 + 16# + 4a£ 
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Solve the following equations 

1 2 3 6 1 , 1 1 

108 ®-30 + ®+15 + t-30~®-5 10 °* ab-ax+bc-bv^ac-a i' 

110 ^ab+^ae— •‘Cx^ac+Zab-Gcv. 

6 f) 3 4 

111 +# ,a 3*-}-p( Th -«>•). 

112 . (a+x)(b+x)-a(b + c)*=*^~ 


113 

114 

116 

118 

120 

122 

* 

124 

125 
127.- 


a* — 36® ,, . . 66® — 5a 8 6 k+4« 

ab 7 =bx + — — . 

a 2o 4 


20®+36 5®+ 20 4r 8G 

116. 

7r-29 4®+3 8®+19 

25 1 9® -16 5 + 25* 

5® - 1 4 9 ” 18 * 

2®— 6 2® — 5 

3*-8~3*-7’ 

117. 

in®-(ft + &) »i*— («+«■) 

n® - (c+ d) * s ’ ?i® — (6 + rf}' 

(® +a)(x + 6) ^ (®+ fl)(T+ if) 
®+o+& ®+c+if 

no 

(r-«)(r— &) i -a — b 
(x-c)(v-d) ®— o-ri* 

1 1 _ a + 6 

12L 

er« rf® m 

1+a® 1-6® l + o6®* 

a +6® <1+/®* 

®+« /2®+o + c\ 5 
®+& \2®+6+e/ 

123. 

/j -o\ 3 _r-2« + 7> 

\r— 6/ ®— 26-t-a* 

2®- 3 3.i-l 



x 3 4 3 J i s +2 



2 .r-1 2 3* — 2 




2 


t-b_x-a_ 2 {a-b) 1 3 3 <1 

.v~et ®— 6 ®— (rt + &l ® + 0« ® — 3<* ,r+2(t =a '?; + fl 

« -o®^l -!)=«(« + r )(l+|)+a 8 (l 


The following are examples of equations involving decimals. 
128 Solvo 3*5®-4 7«=G5-21®. 

Transpose, thus 3 5®+2 1®=4 7+0 f,, 

i 

5 0® =11 2, ‘ 112 
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129 Solve 1 2® — Q5 -= 4® +9 178 

Multiply by 5, 6a;— 18®+ 06 =2® + 46 89, 

or 4®— 18® = 46 89 — 06, 

or 3 82® =46 84, 

®=12 


Solve the following equations 
130 4®- 35= 34®+ 01 131 

16®+ 2 - 875®= 0625®-! 376 


132 

133 


5 ff- 1 X ? (5- 1 )- 1 ‘ +02S - 


132®+ 02®= 1 17-® 


5® -2 


134. + 


235 Irrational Equations An Irrational Equation is 
that in which one or more terms are surds involving the variable. 

The principle to be followed m solving such equations, is to reduce 
them to a rational form This is done by leaving one of the surd 
terms on one side of the given equation and transposing all the rest 
to the other side, and then raising both sides to the power whose 
root the surd expresses , tins process being repeated till we finally 
get rid of all the radicals m the equation 

Properly speaking most of these equations aie not simple equa- 
tions, for when reduced to a rational form, they will often be seen to 
contain powers of the variable higher than the first We have here 
given a few examples of irrational equations, to shew that some of 
them can be solved as simple equations 


Examples. 

1 Solve n/®-2=3 

Here we get rid of the ladical by simply squaring , 
® — 2=9, or ®=11 

2 Solve “/3®+a=6 
Eaise to the m 15 * power ; thus 

3 ®+o=6 m , 

. r=$(6 m -a) 
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3. Solve ^ a 2 — \fmx+b*—c. 

Square , thus a*— dm%+b i =c- 
transpose ; thus Jmx + b* = a 1 - c\ 

square again, mx+b* — (d s — c 2 ) 2 , 

fl? =i{(o 2 - c 2 ) 2 -6n- 

111 

4 Solve n/J+15=*V* ji +75*-135. 

i i_ 

We hare (tf+l5)"=(s 2 +75x-135) 2n ; 

raise to 271* power ; thus 

i i_ 

{(i?+l5) n } 2n ={ (* 2 +75:s - 135)* 1 }* 1 , 

(x+ 15)*=**+ 75* — 135, 

whence x=8 

5 Solve \h+x- Jx=l 

By transp , n/ 7 +a?= 1 + 

squaring, 7+ar*=l+2,y;c+a;, 

.. 2»/*=6, or #=9. 

6. Solve 1+ tJf+x-Vl+x+ >Jl-x=0 
' Transpose, thus V 1+*+ JT^x= 1+ >Jl+x, 

1+&+ K/l-«=l + l+a?+2»/l+flr» 
*Jl-x**l+2>Jl+x, 

1 — x = 1 + 4(1 + x ) + 4 f/l+sc, 
—4*Jl+x=5x+4, 

16(1 +#) =25ar +40r-f-16, 
25» 2 = -24x, 

25#= — 24, or x— — 


square, 

or 

square again, 
or 


divide by x, 
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/ “ 

7 Solve Jx+ tJv ~ a —~Jx^a 
Multiply by sfx-a, thus 


*Jx i -ax+x-a = a, 
fJx* — ax=2a—x> 
t? - ax = 4 b 2 — 4ax + 1 1 , 

3a.« = 4a s , orr=^ 


Solve the following eqnations 
8 J5x~l—'7 9. n/ 3 r— a«= J%x. 


10 n/30+2* = B- \'2x 

12 'Vs+Jx^Z 

14 EL ! + ?-l 


11 V3*+7-l=3. 

13 “v/sr^l =’V3iT+a 

2V7J^6,3 25 
15 3 “ + ri 2 * 


10 JnJx+2 — *Jbx+2 17 Jr + 9 = 1+J* 


18 


V 


' lx ~ J\~ 


fJa+x* 


, 22 

20 aXlx+m^Vx+m 21 

22 v iJa~x= tB lJ Sa t ~6ax+x t 23 N /a;-Vfl;+V r l — -b«=I 

84 -$ 7 --^ ' 25 ■'R5+JP: 


26 n/4«+*+ ^=2^1+7 27 - 5 ~ — -1+ ^ - “ - 

*j5x+2 2 

oo 4 *~ 'l 0 ', 2 »/'B + 20 „„ 6 t — 2 , , n/1i+1 

28 2^3- 3+ — — 29 ^T" 4 ' ! ~2 — 


a«-5 s >Jax-b 

30 TTSix — ; — 0 31 - 

32 - V"a+ic+\/'6+ic=2 Va + 6+a; 

33 >Jx+ Jx~ Jx- Jr= |\/ — ■ r . 

2 v «+ is/* 


„„ 6t — 2 J , n/Is+I 

29 - >- — =44 

«/3:c-l 2 

31 *]*-''/ a -\f ax+x*^ *Jtt> 
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Solve tbe following equations 


34. 

/a+x f a-x_ fx 

V x V v V 6 



35. 

X * 1 * 

-*j'a+x+- n Ja + -o =-"/* 

o •> X o 



36. 

1+tf J l-X 

37 


1 + Ji+x 1+ Jl — x 

-r+ Jx 1 - 

-9 \3 

38 

Ja- s/a-x_ 

39 ^®+ a?+ 

iJa — x l 

Ja + 

JZTi- 

Ja-x ° 

40 

Ja+bx"+ Ja-bx n _ „ 



Jtt+5i n - da-ox” 



41 

1 + 1= 7UV-14 

a; « V a 2 V a?st? x* 




Examples of Irrational Equations in the form of the sum or 
difference of two cuTae roots 

42 Solve \/4+x+%/4-x=2 
Cube both sides, thus 

4+*+4-*+3 yi6-* 2 CV 4 +^+V4^)=8, 

8+3 Vl6-a*x2=8, * 74+tf+74^r=2, 

. 716 -**■=(), 

or 16-ar=0, whence r— 4 

Solve the following equations 

43. %/76+x+j76-x=8 44 7 « + Jx+$Ja- Jx=fJb 

45 i/x+a-i}x^a = c 46 *Jbx + 1 68 - %/5x - 158 =4 

f 

*236 Exponential Equations Let a x —c be an equation in 
which the variable x occurs as an exponent The student at once 
sees that these equations aTe quite different in nature from those 
which we have treated in tbe previous articles These are called 
Exponential Equations and are solved by tbe aid of Logarithms. 
They do not properly belong to the present Chapter , but we have 
given here only a few simple examples to illustrate their nature. 
Of the constants a and c, the former is called the base of x ; and in 
solving these equations, the principle winch we have to follow is to 
reduce a qiven equation to sueh a form that the two sides may have 

the same base 
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Examples 

1 Solve a*=^ Here - a*.. a* = a 8 , whence * = 3 

2 Solve 2x4*=8 T ' 1 

Here 2x4* =2(2 2 )* = 2 2 ! * *= 2 2 * +l , 

2 3 * +1 =2 8 *" s , or 2s + l«3a-3, whence x=4. 


Solve the following equations 

3 m** +1 -l 4 ' £b. 

6. 2*"°a*“ 8 — 4. 7 

8 5 1- *(26)F = 3 l "*9 8 9 

<* 0-1 _ 1 Xfjf 
10 e*(e * +4 - e*-*)=. — .f- * 11 

12 tr'MU'a) 8 *} 0 13. 



a sz-tm ^-ysx-lm 
3 a+2x a w-3 c3 a+4q a 8 

1 + 4*»2 i+1 +9. 
a 2 l,B ={(a x ) m } 1 


We shall conclude this Chapter by giving two very useful formulae 
for the solution of equations 


CL C 

22T. Formula I If - =^, whatever a, b, c, d, may be, then 

a+b _ c+d 
ci-bc- it 


For since f we have 


and 


or 


b d 


n c a+b c+d ~ 

-+!=,_+!, or -3— -g- t% 

a , c , a— 6 c—d 

r l = __l, or -g— j- 

a + b a—b _c—d c—d 
b ~~ b ~~d~ ~d~' 
a+6_c+d 
a—b c - d 


Thus i/ two fractions be equal , tAe sum o/ fAe numerator ancf 
denominator of one divided by their difference , is equal to the cor- 
responding expression for the other. 
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„ a—b c - d 
Cobollary. Hence 

Remark. It is generally advantageous to use tins formula or the coi- 
ollary, when the variable occurs in one side only. 


Examples 


1 . 


2#+3a 
Solve _ 
2a, -3a 


5 

3 


By the formula, 

(2'c+3a)+(2a;-3a) 5 + 3 

(2#+3a)— (2r— 3a) — 6 —3* 

Ax 8 A _ 

or -=-=4, x-6a 

6a 2 


2 


Solve 


3c+5aa; 
3c — 5a* 


4a+5c 
4a -5c 


By the Cobollart, 

(3c + 5aa;) — (3c - fioa;)_ (4a +5c) — (4a — 6c) 
(3c + 5 ax ) + (3c - 5a*) ~ (4a + 5c) + (4a - 5c)’ 
5 a* 5c _ 3c 2 

3c 4a 1 X 4a s 


3 


Solve 


*Jx+ Ja—x 
Jx— Ja-x 


2] , 


>J a — x c — 1 
tjx ~ c + 1’ 

a-v / c-iy 
x \c + l/’ 



g-n./gr 1 ) 9 -, 8(^+i ) 

* \C+1/ (C+l)*’ 

^ ' (c+1) 2 . _a(c+l) 2 
a 2(c 2 +l)’ ” T “2(c 2 +1)* 
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Solve the equations 

Jax+\ + s/ 4 v _ n 
Jix + 1 — s/ ix 


Ja+eJb-x 
Ja-c Jb~x 


tjbx- s/7 — 5x^1 
>Jbx+ s/7 —5* ^ 


/£±fr _ 6 

\a—xl 

(H5) 1 ** 


r *J X ~~ Jbx+2a Jx+ Ja + b 
/J'*'*' *J5x+2a s/# — s/g + & 

9 hAm-#- 8 - Ja~x ^ Ja+x- Ja-v 

*Jx+b+ Jx-~ b */x+b— *Jx— b 


ax+l + jj/arx^—l^bx 
at + 1 - iJa-J? — 1 2 


l-ft« /l+f>«_. 

1 1 +aa.V T^bi~ 


12 AUo the equations 38, 39 and 40 of § 225 b> this method 
The following equations demand greater skill. 


13 x-l=2^'x+2 

a-fj2ax-r- 

15 -7-==== 

a + >J2ax-a? 


, . (a+x\- , cx 

14= I ) =l+-r 

\a — xj ab 

a+x+ fJZax+x? 


17 - p = ~* — 2 !L^ [See App ] 

s/l + c+ *Jl — x 1 — *Jl - t* 

V T- 

18 l+I ^=-= = 3 

2 2(1+ s' 1+ a,) 2 

* 

1 9 /*±“+ 2 JjL 

v v *v 3 + 0 V r+a 

on 1+ s/ t 2 -! _ s/r* - 1 - 1 

l+2as/?3I =- **-2 21 >T^-i + tV**-l-A 

22 Ja*-x*x.x*Ja z -l'=a i s/l-a? [See Jfip ] 

A /iTT_ V^IT- 90 *- 1 

V a 2+1 V 55 + 1 = — — - 


23 
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Solve the equations 


24. 


25. 


26 


(a+v)Jl+a+(a-x)Jl-a^2s/a 9 +^ [See App.] 

«• [See App] 

l + v+ J2v+x* J2+X- Jx 

(1 +<**)(! +*') l/*,(* LO \ 

'"0+«rT""4\o + 5 + “/* 


22S Formula II If r =§r' wliere o,b,e.d are any quan- 
ta a 

titles vliatevei, then each •=* **-—— or 


Let 

a e , 

5"3 ’ 


then 

a^lb, Id, 

(1), 

or 

a+c**i(b+d), 



, « tt (J 

•• bT<F l ~rd 

(2). 

Also from (l), 

a-c = L(b- rf), 



o-e . a c 

'• b^7T l ~b~d 

(3). 


Tims, if tvo fraction * bo equal, each » equal to the sum or difference 
of the numerators divided respectively by the sum or difference of the 
denominators 


Compact Hen c !.?±!£.»^S 
b a+md a—md 


me 




Examples 

1 solve i=±±izS^ZzL±£, 

t-p+q-r p-q+r 
By the formula, 

a — b+o x— ■a + b— o+a — b + c x 
p-q+r s-p+q-r+p-q+r**!’ 

P-q+r 
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_ mx-la+b) fflJ-(fl+«)r 5o0 i -p,. -i i Y l 

2 Solve w=^rsR6+^ Cs,S84 ’ fix - 1 

By the formula, 

mx — (a + b) mx-{a+b) — wix+(a+c)_ c _^ll_ _i 

— rr=— : TT5TT” J\ "L ~ 9 


or 


nx- (c +d) nx—(,c+d) — nx+(b+d) b — c 

mx—(a + b) — c+d — nx, 


(m->-n)x=a+b+c+d, or x— 


a±b±c±d 

Jm+n 


3 Solve 


gjp+bx+c ax+b 
px i +qx+r px + q 


[fc 224, Ex. 66] 


Multiply numerator and denominator of second member by x, thus 
ax^+bx+c _ ao? + bx 
p3?+qx+r~~pi?+qx ’ 

ax+b ax s -{-bx+c-(a3?+bx) _c 
y or * px+q~p3?+qx+r-(pjr+qx) r' 

r{ax + b) = c(px + 3), 

■whence 


cq-br 

x—— 

ar-cp 


6 


Solve the equations 

Ax— 98x4-9 
3x+8 — 9x — 8 

jjax^-b Jax-o 


Gx+a Ix — b 
Ax+b 2 x—a 


=0 


*Jbx—a Jbx+c 

3?+ax--bx+c _ st?+ax — b 
3?—a& + bx+c x?-ax+b 


x^-ax+b xP — ax—q 
x s - px+q~ px—b 


9 Also the equations 64, 116, 118 and 119 <>f § 224, by this 
method 


* 229 Examination upon Chapter XVELI 
L Define an Equation What is a Simple Equation ? 

2. Shew that every simple equation in one variable can be 
reduced to the form ax + b = 0 

3 Prove that a simple equation has only one root and no more 
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4 Reduce the following equations to rational and integral forms 
and state their degrees , x and y being the variables . 

(1) dax+ 'fbx — *Jcx— sfd (2) *J& + */!-■#+ 

a 

xjl 


(3) */!-#+ 


(4) 


(5) — + ^-=ar, 

' J ay ox 

(7) x-X/yx^ + l^y 


sfr.JL: 

y 


X . . 

(6} \fa + ljb 


( 8 ) 


»Ja a 


x 


a kJo 

x mt 


bt~ 1+ Jc 3 


6. "For what value of x will the eguatton 

a x 


x , c 
- +- 


a— c a+c a—c o+e 
become an identity 1 

6. "Find the values of a and b which make the equation 
2x i —ax+l5= (2* - 5)(a;+ 6) an identity. 

7 If a+5 + c=0, solve the equation 
a . I . c 

-+T _*() 




CHAPTER XIX 

Problems Leading to Simple Equations 
Section II 

230 The present Chapter is a continuation of Chapter XI, 
to which the student is referred back In this Chapter, the trans- 
lated problems will, in most cases, produce equations involving 
fractions. 


Examples 

Ex L What number is that to which if 23 be added and the sum 
divided by 5, the quotient will be 13 diminished by half the n umb er ? 
Let #= required number , 

#+23 

— — = quotient of the sum of x and 23 divided by 5 ; 
and 13 — !#=»this quotient, by the condition of tlie problem j 

# 4-23 

— g— «= 13 - \Xi whence v = 12 


then 
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Ex 2 A post is i m the earth, § in the water, and 5 cubits 
above the water , what is its length 12 

Let ®=the length of the post, in cubits , 

tl, en Ja; + jar + 5 = whole length of poat=ar , 

whence ar«=60 

3 Three-fourths of a number diminished by one is divided by 
half that number increased by one, and the result is £ , what is that 
number ? 

4 What is that number a third, a fourth, and a fifth part of 
which taken together amount to 94 ? 

6 The denominator of a fraction is greater than the numerator 
by 2 , and if 5 be added to both, the resulting fraction is §§ , find 
the fraction 

6 The nnmorator of a certain fraction is half the denominator! 
and if 7 be added to the numerator and 19 subtracted from the 
denominator, the result is 2 , what is the fraction ? 

7 Divide 200 into two such parts that their difference divided 
by the greater may be 

8 Divide Rs 62 among A, B, C, D, so that A shall have tmce 
as much as B and 8 as more, C Rs 2 less than A, and D Rs 3 more 
than B 

9 A and B have together Rs 57, B and C Rs 50, A and C 
Rs 53 , what has each ? 

10 In a sea fight, the number of ships taken was 7 more, and the 
number burnt 2 fewer, thau the number sunk , 21 escaped, and the 
fleet consisted of 7 times the number burnt Of how many ships did 
the fleet consist 1 

11 Divide Rs *00 among 3 persons A, B, 0, so thai B may 
have f ths of what A will get + 40 rupees, and C J of what A and 
B will get together 

12 A and B play together , first A loses Rs 10 and then he lias 
1^ times as much as B , next B loses of what he had at first and 
one rupee more, and he lias now half as much as A : what had each 
at first 1 

t 13 Two shepherds owning a flock of sheep agree to divide its 
i alue ; A takes 72 sheep, and B takes 92 sheep and pays A £25 
What is the value of a sheep 1 

14 How much water must a wine merchant mix with 50 gallons 
of wine at 12s a gallon, so that by selling the mixtuie at 10s be may 
gam £l ? 

15 Find two consecutive numbers such that the 4 Ul and 11 th parts 
or the less together exceed by 1 the 5 t ' 1 and 9 th parts of the greater. 
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10 The difference ’between the squares of two consecutive num. 
bers is 513 j find the numbers 

17. Find the number whose fourth root is equal to $ its cube root. 

18. A person being aslted his age leplies — If I should live as ' 
many years more, half as many years more, and 10 years besides, I 
should have lived 100 years What is his age ? 

19. A general having lost a battle found that he had only half his 
army +3600 men left fit for action , £ of lus men +600 being wound- 
ed, and the rest, which were £ th of the whole ai my, either slam, taken 
prisoners, or missing , find the total number of men m his army 

20 A tradesman, after expending 1001 a year, augments the re- 
mainder of his property by one third part of it, and at the end of 3 
years his original property is doubled , what had he at first ? 

21 A and B began to pay off their debts with different sums ; 
A’s monev at first was §rds of jB’s ; but after A had paid £1 less than 
|tlis of his money and B £1 more than £ths of his, it was found that 
B had only half as much as A What had each at first ? 

22 A gentleman, meeting with 3 beggars, gave to the fiist \ of 
what he had m his pocket and then 1 rupee moie ; to the second £ of 
what he had left and then 1 rupee more ; to the third ^ of what he 
had still left and then one rupee more ; after winch he had nothing 
left. How much had he at firot ? 

23 About one-half of India is under the English, one-third under 
the Allied Princes, T 2 2 ° a 8 ff under independent kings and Hill Tribes, 
and the rest, about 1200 square miles, is Foreign possessions , what 
is its area ? 

24 How much gold as Es 20 a tolah, must be mixed with 14 
tolahs of gold at Es 15 a tolah, so that the compound may be worth 
Es 18 a tolah ? 

25 Find three numbers, differing in ordei from one another by 
5, snch that 12 times the product of the greatest and least may be 
equal to the square of the sum of the three numbers 

20 A garrison of 4000 men had provisions for 20 days , after 11 
days it was reinforced and then the pi ovisions were exhausted m 8 
days j find the number of men in the reinforcement 


27 A besieged garrison had provisions foi 70 days after 10 
days a party of 1500 men made a sally and escaped, and the allow- 
ance per head being now reduced to §ths of what it was before, the 
garrison held out for 100 days more , what was the number of 
in the garrison at first ? 


men 


28 A- detachment from • an army was marching in a regular 
colqjnn, with 5 men more in depth than in front, bnt upon the enemy 
coming m sight, the front was mcieased by 845 menf and by this 
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movement, the detachment -was drawn up in 5 lines "Find the 
number of men m the detachment 

29 A square silver plate is to be made into a rectangular one, 
of equal thickness, whose length is to be 3 inches longer, and breadth 
2 inches shortei, than the side of the plate required its area. 

30 A bag contains sixpences, shillings and half-crowns , the 
amount expressed by each kind is the same , if the total number of 
coins m the bag be 119, find the number of each 

31 A flock of ewes of which ^th were barren and £th bi ought 
twins, produces 23 lambs Required the number of ewes, none 
being supposed to produce more than two 

32 A man wished to enclose a piece of ground with palisades, 
and found that if he set them a foot asunder, he should have too 
few by 150 , bnt if be set them a yard asunder, he should have too 
many by 70 How many had he 1 

33 In a certain lake, the tip of a bud of lotus was seen a span 
above the surface of the water , forced by the wind it gradually 
advanced, and was submerged at a distance of two cubits tell me 
quickly, O mathematician, wliat is the depth of the water. ( Lilavati ) 


•*231. Problems relating to digits The difficulty which 
the student finds in solving these problems, arises from the arbitrary 
manner m which a number, consisting of two or more digits, is 
represented m Arithmetic Thus for instance, thirty eight is repre- 
sented by putting 3 and 8 together, whereas it should have been 
more properly represented by 30+8, as thirty-eight means thirty 
and eight. Hence the digit 3 m this number has acquired, on 
account of its position, a new value, different from its absolute 
value This new value is called its local value, which m this 
example is ten times its absolute value, as 3 is in the tens' place 
Hence if a stand for 3 and b foi 8, 38 would be represented, not 
■by ab, but by 10a +6 [see ij 27, Ex 9] Similarly if a, b, e 
stand respectively for 5, 6, and 7, 567 would be represented by 
100a+10&+c, and so on 

In problems of this kind therefore the distinction between absolute 
and local values of a digit should be carefully remembered Thus 
if the digits in 38 be inverted, we have 83 which would be repre- 
sented by 10o+a again if 5 and 7 m 567 intei change places, the 
•new number would be represented by 100c +106+ a , and so on 


Examples. 

W? C T ,st i a of *7° digits, that in the tens’ place 

;t J e ° tler V3, if 13 be added to the number, 
Hue sum is 65, rind the number 
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Let *= digit in the units’ place, 

then ®+3=.. tens’ •• . • j 

10(* +3) +x = the required number, 
10(*+3)+:r + 13 = 65 l 
•whence x—2. 


' required number=10(*+3)+*=52 

Ex 2 The digit in the tens’ place of a number of two digits 
is % of the digit in the units’ place, and if the sum of the number 
and 5 be divided by the number formed by inverting the digits, the 
quotient will be ^ j find the number. 

Let x «= digit m the tens’ place, 

then «* ... units •«.•.* , 

10*+3*=required number, 

and 30a: +«= number formed by inverting the digits ; 

. 10*+3v+5_l 
, * 30*+* 2* 

13* +5 1 , 

or -Bir-a* ce ’ 

required number =13* <=>26. 

3. The sum of the two digits of a number is 14, and the quotient 
of the one divided by the other is | ; find the number, 

4 If fiom the sum of the digits of a number 10 be subtracted 
the remainder is 2, and the number foimed by leversing the digits 
is equal to \ of the number, increased by 56 * what is the number ? 

6 The difference between the digits of a number is 2, and if 3 
times the units’ digit, which is the gi eater of the two, be added to 
the number, the digits are inverted , find the number 

6 The tens’ digit of a number, is twice the other, and if 3 times 
the greater digit together with 12 be taken from the number, the 
remainder is the number winch is foimed by interchanging the 
digits what is the number ? 

7. A number consists of 3 digits of -vfhich the middle one is 0 
and the sum 8 , the number formed by interchanging the extreme 

digits is greater than the number itself by 198 . what ib the number ? 

■* ** 

*333 Problems relating to work and agent If A 
performs a piece of work m 1 day, it is clear that in a days be will 

perfoim a times as much woik , that is, thg t capacity of an agent 

► - 

- 20— B. 1. 
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multiplied by the time he is employed on a worl, is equal to the 
Hence if 

«=a unit of worl done in a unit of time , 

worl 

TP- 

i total work, done in t units of time 


then 

T P-«< 

(I). 

And from (1), 

TF 

(2), 


t-Z 

w 

(3), 

that is, 

capacity of agent *=work— time, 


and 

time=* worl— capacity of agent 



No w suppose A and B, whose capacities for work are id, and w s 
(i e , the units of worl which th»y respectively do in a unit of time), 
can together perform the work IF, 1 equired the time Here w is 
the Bum of w t and w 2 , and from (3) 

required time = — ^ — 

^ w t +w 2 


Examples 


Ex. 1. A can do a piece of work in 5 hours and B m 6 hours , 
m what time can they together do it 1 

Let TF= whole work, 

and ^=■l equired time, i e , number of hours, here 

one hour being the unit of time 

Now A does the whole work IF in 5 hours, in 1 hour he does 
4th of TF, » e , lieie , similarly v s =»— Therefore fiom (1) 


(idj+WqIa^ TF, 



TF, 


or 

whence 



*=!?= 


® s , 2 4 and IT can finish apiece ofwoikm 10 days, B and 0 

in 15 days, and A and 0 m 18 days ; liow long would they take to 
finish the work together 
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‘ Tf= total amount of work, 

1;= required, time (ie , number of days), 

te v ic 2 , w 8 =the capacities of A , B, C respectively 5 

__ TF 

(w 1 +w 2 )10= TF, or Wj+w a =jQ 

ll r 

(w a + Wg)15 — TF, or V >3 + «2 = jg 1 


(w 8 + w 1 )18= IF, or «£,+«>,=— (c) j 

whence by addition, 2(w 1 +Wo+w 3 ) = (iV+^ + ^Er)^> 

TF .j. 

•or w 1 +w 2 +w 3 =- (tf); 

subtracting (6), (c) and (a) respectively from (d), we have 

TF TF 2 IF 
WlS= T"l5 45’ 

TF TF TF 
9 18“ 18’ 

_TF TF TF 
Ms 9~10“90‘ 

But here w=w 1 +w 2 +w 3 , therefore from (1) or (3), we get 
TF TF 

^“wi+ws+w 3 21F^TF^TF“ 9dayS ‘ 
l5* + I8 + 90 

t- 

Ex. 3 A cistern can be filled by 2 pipes in 5 and 6 hours respec- 
tively, and emptied by a thud m 10 hours ; if all the thiee be opened 
simultaneously, when will the cistern be filled ? 

Let x = time required, m hours. 

Now the capacities of the pipes are respectively ~ and — , where 

5 6 10* 

Y represents the cubical content of the cistern It is evident theie- 
V Y Y 

fore that — +— - - is the joint capacity of the three pipes for filling 
the cistern. 

Hence — y 

solving which «=3£ hrs, = 3 hrB. 45 min. 
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4 A man alone can reap a field m 10 days, and ■with the assist- 
ance of his son, in 6 days , how long will it take the son alone to 
reap it ? 

5 A can do as much work in 6 hours, as B can do m 8 hours, or 
as G can do in 10 hours , in what time will A and B together com- 
plete a piece of work ^ of which has been done by 0 in 25 how s ? 

6 A man can drink a cask of beer m 15 days , after he has been 
drinking for five days, he is joined by his wife and they together 
finish it m 6£ daj s more , how long could the cask last the wife 
alone ? 

7 A lectangular bath can be filled by 3 spouts m 3, 4 and 5 
hours respectively , if 65 cubic feet of water be first thrown in and 
the 3 spouts be then opened together, the rest can be filled m 1 hour , 
find the volume of the bath 

8 A leaky cistern is filled by 2 pipes in 15 and 20 hours respec- 
tively, if the leak be plugged , but if the leak as well as the pipes 
run together, the cistern can he filled in 12 hours , in what time can 
the leak empty the cistern when full, if the supply pipes be stopped ? 

9 After A has done |ths of a piece of work in 15 honrs, B joins 
him and the two together finish it m 8 hours , when could they 
sepaiately do it 1 

10 Two pipes A and B togethei fill a tank m 20 hours , A runs 
alone for 4 hours, when B is opened and in 15 hours more |ths of 
the tank is filled , in what time would each pipe have filled the tank 
separately 1 

11 A can do a piece of work m 15 days and B m 18 days ; they 
woik together for 3 days, when B leaves but A continues, and after 
3 days is joined by C, and they together finish it in 4 days , how 
long would it take C to do the piece of work alone 1 


■*5838 Problems relating to Motion We have seen [§ 147T 
that A walking a miles per hour, walks ab miles in b hours , that is, 
if d represent the distance passed over by a body in the time t at the 
rate of r per unit of time, then 

d=rt (1) . 

hence distance = rale x time. 


Prom (1) 

t 

and fs= - 

r 

that is, rate = distance —time ; and time*, distance— rate. 


( 2 ); 


( 3 ), 
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Again if A and B describe respectively the distances d, cF in the 
times t, V at the rates r, r' ; then 

d=rt and cF^r't', 

, i— rt • 

■whence d'~~r't’ ’ 

that is, the distances are proportional to the product of the rate/ into 
the times. 

rt . ... r V 


If d-d', from (4) 


— ,=i OT~—~ 


(5) i 


that is, the diftance being the tame, the rates are m? crtcly propor- 
tional to the time* 

, If r=r', from (4) <?'‘ = p?' = '!~ ’ 

that is, the rate being the tame, the distances arc proportional to the 
tomes 

d rt r 


If /=*<’, from (4) 


(7)i 


d' r't' r * 

that is, the time being the tame, the distances are proportional to the 
rates 

Remake. In all algebraical problems relating to motion, motion is a 1- 
vxiys supposed to be uniform. 


Examples 

Ex 1 A boat goes 57 miles down a river in 6 hours ; if the 
river flows at the rate of 4 miles an hour, find the rate of the boat 
in still water. 

Here (#+4) miles is the actual rate of the boat when it goes down 
stream, if we represent bj x the required rate of the boat , 

/.from (2), » + 4=^miIe3 { 

whence *5=5^ miles/ 


Ex. 2. A messenger is sent to a town which is distant 80 miles : 
" after passing the midway station, he doubles his speed j if the whole 
time taken be 6 hours, what was Ins rate at first ? 

Let a: «= required rate in miles per hour, 

40 

from (3), — *=time taken to travel the first half, 

x * 

and |~«=time taken to travel the second half, 

and these two limes taken together =6 honrs ; therefore 


x 2x * 
#=*10 


whence 
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Ex. 3 If the number of tl\e crew be doubled m coming up a 
river, a boat takes the same time to come np as to go down the 
river flowing at the rate of 3$ miles per hour Find the rate of the 
boat. 

In going down, the crew is assisted by the river, lienee the actual 
rate of the boat m tins case = its own rate 4- rate of the liver. 

Again, in coining up, the crew is obstructed by the nver, hence the 
actual rate of the boat in this case « its own rate — rate of the river 

Let x — required rate of the boat in miles per hour, 

• #+ 3J=the rate of the boat in going down, 
and 2ic "31 * . «« ....... . .... ...coming up 

Therefore, the distance and the time both being the same, we 
get from (4) 

x + 3 ^ ■. 

whence «“7 » 

the boat goes 7 miles per hour. 


4 A and B start at the same time to go to a certain place , A, 
who walks 4$ miles an hour, takes gths of the time which B takes, to 
reach the place , find the rate of JB 

5 A man can walk a certain distance m 4 hours if he wereJj[to 
reduce his rate by one sixteenth, he could walk one mile less in that 
time , what is his rate ? 

6 A person after walking the first half of his journey, quickens 
his pace by one-fifth, and thus arrives at hiB destination 35 minutes 
earlier , how long does he take to walk the whole distance ? 

7 A crew, which can pull at the rate of 9 nnles an hour, finds 
that it takes twice as long to come up a river as to go down ; at 
what rate does the river flow ? 


8. A and B walk over the same ground, going out one way and 
coming home the other , they start at the same time m opposite 
directions, A walking 3f miles and B 4 miles per hour , A wants £• 
of a mile of being half-way when lie meets B Eeqmred the length 
of the walk and the time each was out 

9 A person walks to Baitsbite at the rate of 3 miles an hour, 
runs part of the way back at the rate of 8J nnles an hour, and walks 
the remainder m 1 hour and 6 minutes , he is out 2 hours 44 minutes , 
find the distance he ran and that to Baitsbite. 

10 A student is allowed just 3 hours and 20 minutes for exer- 
cise , how far can he walk at the rate of If miles an houi so as to 
come home in time, riding back the distance at the rate of lQfc miles 
an horn ? 
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11. A railway train after running for sometime meets with an ac- 
cident after which it proceeds with gths of its foimer rate , had the 
accident occurred 30 nules further on, it would have arrived at the 
terminus 25 minutes sooner Required the rate of the tram 

12 A and B start to run to a flagstaff 450 yards off, and back. A 
returning meets B 30 yards from the flagstaff, and arrives at the 
starting point half a minute before B How long did A take to run 
the whole distance ? 


*234 Problems relating to Relative Motion. When two 
bodies are moving (for instance two persons are walking), it is clear 
that if tlieir rates of moving be not the same, the interval between 
them will vary at the end of each unit of time Thus in Ex 43 [p. 
179], the original distance between Pand Q is diminished by (4+5) 
miles every hour Hence if the origins! distance between two ob- 
jects, which are moving towards each other (t e , in opposite directions) 
at the rates of m and n miles an hour, be d miles, then 

d-(m+n)h 

will represent the distance between them at the end of h hours ; and if 
they meet after x hours, this distance vanishes , therefore 

d-(m+n)x** 0, 


whence 


d 

m + n 


( 1 ). 


Thus when the motions of two bodies are in opposite directions , the 
time of meeting = distance — sum of the rates 

Again if P and Q start at the same time from A and 0 respectively 
to proceed towards B , and if the distance A0=d, then evident’y d 
is diminished every hour by (m-«) miles ; hence 

d-{m — n)h 

will represent the distance between P and Q at the end of h hours * 
and at the instant when P overtakes Q , this distance will vanish 
Therefore if x represent the time of meeting of P and Q, 

d-(m-ri) a=0, - . 


01 



m—n 


hours 


( 2 ). 


Thus when 'the motions of two bodies are m the same directions, the 
time of meeting =distance-r-&if£eTence of the rates 


, Examples 

-J 3 *' A Goods-train which inns 20 miles pei hour, starts G hours 
before a Mail-tram which runs 28 miles per 'hour • when and at what 
distance from the station will the Goods-tram be overtaken ? 
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Here d=20x 6 = 120 miles , therefore from (2), 

time of meeting ^ ' g-^ O ^ ra ^ours » 

and * required distance = (28 X 15) miles = 420 miles 
It is always well, however, to solve these problems from the prm* 
ciples explained above, thus — 

Let A represent the station, 5 the position of the Goods train at 
the end of 6 hours, and G the place where the Goods-tram is 
overtaken. 



A B 

G 

Let 

*=time when the M will overtake the G 

then 

28*= distance run by the M 

m * hours =4C, 


20*= • G 


and 

.45=20x6= 120 miles , 



hence, since AG—AB+BG , we have 

28*=120+20r, 
whence *==16 hours , 

and therefore required distance = 28 x 15 = 420 miles 

2 A steamer running 14 miles an hour, descries another 21 miles 
off, going at the rate of 11 miles an hour , how many miles will the 
latter have run before she is ovei taken ? 

3 A and B set out at the same time from P and Q , after 6 hours 
A meets B who walks 4 miles an hour, and reaches Q in 4 more 
hours , find the rate of A and the distance between P and Q 

4. A person starts from Ely to walk to Cambridge, which is dis- 
tant 16 miles, at the rate of 4$ miles per hour, at the same time that 
another person leaves Cambridge foi Ely, walking at the rate of a 
mile in 18 minutes , find where they meet 

5 A is sent on an errand and travels at the rate of 5 miles an 
hour ; 1 hour 24 minutes after, B is despatched to call him back ; if 
after the first hour, B increases his pace by -fa and overtakes A in 
4 more hours, find the rate of B and the distance where he meets A 

6 A constable in pursuit of a thief at a uniform pace finds by 
inquiry that the thief is travelling 14 miles per hour quicker than 
himself , he therefore doubles his speed after the first 4 hours, and 
takeB the thief at the end of 6 liouis 20 minutes from the time of his 
starting Given that the thief had a start of 1 hour, and never varied 
his speed, find the rates of travelling of the parties, and the distance 
where the capture took place 

7 Two persons, who walk at the rates of 3 and 4 miles per hour 
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respectively, started from two places 70 mites apart ; aftet passing 
each other they continued their Journey, reached the places, turned 
back immediately, and met again ; when and where wilt the second 
meeting take place 1 

*235 Problems relating to -watclios and clocks The 
chief peculiarity of these problems is that, unlike othei problems, 
one of their conditions t* generally understood In solving them 
therefore the student should carefully remember this condition, rtc., 
that the minute hand mores 12 time* faster than the hour-hand, and 
if the second-hand be atso on the same axis as the other two, that the 
second-hand moves 60 limes faster than the minute-hand and 720 times 
faster than the hour-hand 

Two hands of a watch are said to be (1) together when there is no 
interval between them, (2) m the same straight lino , when the interval 
between them is 30 minute-divisions, and (3) at right angles, when 
the interval between them is 15 minuie-dwistons, and this last happens 
timec during the same hour 


Examples. 

Ex 1. At what time between 1 and 2 o’clock will the hour-hand 
and minute-hand of a watch be m the same straight line ? 

Let #=mimber of minutes after One, when the two hands are in 
the same straight line. 

Then if AOB represent then position, it is 
easy to see that OB representing the minute- 
hand, has moved for v minutes, i e , the arc 
NB described by it represents x minute-divi- 
sions , aud OA, which represents the hour- 
hand, and which has moved also for x 
minutes, lias described an arc of ^ of x, te , 

the arc IA represents — , But 
_ * 12 


ate E‘B=arc Nl+arc I A -fare AB ; 
a °d arc NI =5 minute-divisions, , 

arcAB=30.. ; 

.*. «=5-f^+30, 

■whence a:=38 T 2 T ; 

ie, the two hands will be m the same lino after 38ft nun, past One. 
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2 At wliat time between 1 and 2 o’clock will the two hands of a 
■watch be, (1) together, and (2) at right angles ? 

3 .At what time between 6 and 7 o’clock will tho hands of a clock 
be, (1) together, (2) m the same straight line, and (3) at right angles f 

4 When between 2 and 3, will the minnte-liand be exactly (1) 
one minute in advance of the hour-hand, and (2) 7 minutes behind 
it ? 

5 It is between 2 and 3 o’clock , but a person looking at tlio 
clock and mistaking the hour hand for the minute-hand, fancies 
that the time of day is 55 minutes earlier than the reality , what is 
the true time ? 

336 The following are additional problems for exercise 

Ex (l) A person bought a picture at a certain price and paid 
the same price for the frame , if the frame had cost £1 less and the 
pictuie 15s more, the price of the frame would have been only half 
that of the pictuie Find the cost of the picture [Cal, 1860] 

Let price of the picture, in £, 

then also ..... .. . . frame, 

By supposition, a:-l= .... . frame, . ... 

• • •• pictuie, 

whence a*=\*£ = £2 15» 

Ex (n) A boy buys a certain number of oranges at 3 for 2d. j 
and one third of that number at 2 for Id , at what price must he sell 
them to get 20 per cent profit? If his profit be 5s 4d, find the 
number bought [Cal , 1885] 

t a; = number of oranges bought at first, 

••• •• ...... next , 

§#<= price, m d of the first lot, 

ix ix or second , 

=§•»■= total cost m d 

since by the question 20 per cent is the profit, we have 
^xftf or v£= profit in d , lealised b} selling the oranges (A), 
%x+ J.r=a;=selling puce, m d, of tlie whole lot , 

. selling price of an orange = — x , d =|d 

x+$x * ’ 

he must sell at the rate of 4 for 3d 


thus 

and 

And 

and 


that is, 
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Again, if 5s. 4.d be the profit, we have from (A), 
i#=5? 4i2 =64t?, whence #=384 , 

.*, total number of oranges =384 + J of 384=512 

Ex (ill) A cask A contains 12 gallons of wine and 18 gallons 
of water , another cask B contains 9 gallons of wine and 3 gallons 
of water ; what quantity of liquid must be taken from A and B ies- 
pectively, so that their mixture may contain 7 gallons of wine and 
7 gallons of water ? 

The quantity in A =(12+18) gallons =30 gallons ; tlierefoie 1% or 
| of the mixture m A is wine , similarly ^ or f of the mixture in 
B is wine Now the quantity of new mixtuie is to be (7+7) gallons 
=14 gallons Theiefore if 

#= quantity of mixture, in gallons, to be taken from A, 

then 14— # B > 

therefore in the new mixture, 

f#= quantity of wine in gallons drawn from A , 
and f (14 — r) = «..■««..* ... wme . • ..... ..... ...... . B , 

\ f*+i(14-tf)=7 , whence #=10 

Thus 10 gallons are to be taken from A and 14— 10 or 4 gallons 
from B 

Note The student will do well to solve this problem by equating 
the quantities of xcatei 

Ex. (it) A hare is 80 of her own leaps before a greyhound j she 
takes 4 leaps for every 3 that he takes, but he covers as much ground 
in one leap as she does in two How many leaps will the haie have 
taken before she is caught ? 

Let #= required number of leaps, 
and a = length of ground covered by one leap of the hare } 

thus, since the hare takes 4 leaps for every 3 leaps that the grey- 
hound takes, 

• i 

fr=number of leaps, the greyhound takes in the Bame time 
that the hare takes x leaps, 

and 2a = length of ground covered by one leap of the greyhound j 
.'. 80a +#a = distance of the place of captuie from the place where 
the dog first was, 

and Jr x 2a = the distance the dog had to run to overtake the hare ? 
now these two distances are the same, [see § 234, Ex. 1] , therefore 

80a + ra=f#x2a, 

80+#=3r, when #=160. > 


divide by a,* thus 
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Ex (v) A wall costs Bs 300 when brick sells at Ks 8 a thou- 
sand and it costs Es 365 when brick sells at Es 10 a thousand ; 
find the cost of labour m building the wall. 

Let -5= required cost in rupees , 
then 300 -x — price of brick, in rupees, by the first supposition, 

and 365—1;=. second supposition ; 

t \ x 1000 = number of bricks required for the wall ; 


also 


365 -e 

~ir 


X1000. 


5?°p xiooo-M^** too, 

whence a =40 


Ex (vi) A man rides one third of the distance from A to B at 
the rate of a mile3 per hour and the remainder at the rate of 2 5 
mites per hour. If he had travelled at a uniform rate of 3c miles per 
hour, he could have ridden from A to if and buck again m the same 
time. Prove that 

c = S + l [Col, 1889] 

Let 3a; = distance, m miles, from A to # 
then since be rides x miles at the rate of a miles, Zx miles at the 
rate of 25 miles and Qv miles at the rate of 3c miles per honr, we 
have by £ 233 (3), 


£ I 

-=time in hours, taken to ride ~AB, 
a 7 3 


2x v_ 

Or ^ a ... .... . .......... 




, 6-c 2» 

and jr- or •— ■= 
3c c 


2.4 Z? , 

and the first two times are together equal to the last , therefore 

2 k XT 


divide by x, thus 


c ct + 6’ 

2-i+i 

cab 


Ex (vu) AS is a railway 220 miles long ; three trains (P, <9, R) 
travel upon it at the rate of 25, 20 and 30 miles per hour respectively ; 
ir and Q leave A at 7 a si and 8*15 a, si respectively, and R leaves 
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/ 

B at 10 30 a m When and u, heie will P he equidistant from Q and 
Rl [Cal, 1870] 

Let c=time after R leaves B, when P is equidistant from Q and R. 
Let the figure represent the positions of the trams at the required 
time. 


Now to come to their respective positions, P takas (3*t -Kt) hours, Q 
takes (2|-+r) hours and R take3 v horns , thus 

miles , AP«=(3j.+a:)x25 miles , and 'BR~30x 

miles, 

and therefore AR*= AB — P/t“(220— 30r) miles 

And from the geometry of the figure, we ha\e 2AP<=*AQ+AR ; 
therefore 2(3^+3)25*=(2}+*)20 + (220-30^) ; whence .*=»!£ horns 
Hence P will he at its present position 1$ hours after R starts', t.c , at 
12 o’clock, and at a place whose distance from A 

=dP=(3l +1^)25 miles =125 miles. 


Ex. (viii) An officer can form hia men into a hollow square 5 
deep, and also .into a hollow square 6 deop, but the fiont m the 
lattei formatibn contains 1 men fener than in the former ; find the 
number of men [Cal , 18S7] 

[Note Problems relating to "hollow squares” will be best undei* 
stood by the following illustration Supposo we want to know the 
number of men in a hollow square, 4 deep, 

having 1 1 men m the front In the annexed ’ * ■**■**-*/-* 
scheme, the asterisks mark the position of * ~ * ■>' J * -r < -> - •> 

men in the hollow square, while the dots m- ■> A - - 3 - * K - ■» * 

dioate the position of men necessary to fill * * « v r * * *• *- +• 

the hollow at the centre, the asterisks and w ’ * * * * 

dots together foimmg a solid square equal *' '* •* + • ‘ ¥ /■ ¥ ¥ 

m area to, the hollow one It is clear that ^ ¥ • ■»*■*+■ 

the number of men in the hollow square the *' ^ , ¥ 3 

number of men in the solid square miawjthe ’ J * * -r ¥ r -i v ■/ 
number filling the sauaie hollow at the ' L ¥¥/¥■’, -, - r - * 
centre Now this square, as the dots shew, * * * + •> ->,■*- ¥ A ¥ 
has a side containing 3 men =(11 — 2x4) 

men Therefore the number of men m the hollow square 
—(H) 4 - (1 1 - 2 x 4)* = 112 Reasoning similarly we see that the total 
number of men in a hollow square 

=a 3 -(rt-2b) 3 , . 

where a represents the number of men in the front, and, b the number 
of men forming the depth] 
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Let X ** number of men in the front of tlic first squaie, 

then x — 4=* second... . , 

a? _ (t; _ 2 x 5)*= total number of men required, 
also te-4) ! ~(a;-4-2xG) ! =total number of men required, 
\ x°--(x~ 10)" - (* - A)- - (*~ 16)* ; 

•whence x**35 , 

req lured number of men = (35)* - (25) ! = CO x 10 — 600 


1. What number is that to which if \ on add 1, then multiply the 
sum by 2, next from the product subtract 3, and lastly divide the , 
remainder by 4, the quotient will be the sum of 1, 2, 3 and 4 

2 ’Find a number such that •whether it be di\ ulod into 4 or 5 
equal parts, the continued product of the parts shall be the same. 

3 A market woman bought a certain number of eggs at 2 a 
penny and as many at 3 a penny, and sold them at the rate of 5 for 
2 d , shew that she will lose by the bargain If she loses Id , find 
the number of eggs blie bought 

4 A and B being at play severally cut packs of cards so as to 
take off more than they left Now ’ it so happened that A cut off 
twice as many as B left, and B cut off 7 times as many as A left 
How many cards did each cut ? 

6 Three men A , B and C entcied into partnership , A paid in as 
much as B and i of G , B paid in as much as G and \ of A ; and C 
paid in £10 and J of A , what did each contribute to the stock ? 

6 A debt which might have been paid exactly willi !ij half- 
sovereigns and % half-crowns, was paid out of a ten-pound note, and 
the change was to be equal to 15a half crowns and x half °overeigns, 
Find x and the amount of the debt 


7 From each of 16 coins an artist Gled the worth of half a 
crown, aud then offered them in pay ment for tlieir original value , 
but being detected the pieces were found to be really worth no more 
than 8 guineas What was the original \alue qf each coin ? 

® 8llm °f is to be divided omong 10 men, 32 women and 
48 children if each man’s slime is to be eqnal to the shares of 
2 women, and if 32 women are to have twice ns much as the 48 
children, liow much will the several individuals receite ? 


9 Divide a given sum of money between A and B, so that as 
often as A gets Rs 8, B will get Rs 6, and A will altogether get 
Rs 24 more than B , what did each receu e ? 


10 A fish was caught, whose tail weighed 9 lbs , Ins head 
weighed as much as Ins tail and half his body , and Ins body 
weighed as much as his head and tail , what did the fish wemli 1 


319 


236 ] EQUATION AI. PBOBLJIHS — SECTION II 

11. A farmer bought equal numbers of two kinds of sheepj one 
at £3 each, the other at £4 each, if he had expended his money 
■equally in the two kinds, he would have had 2 sheep more than he 
did. Find how many of each kind he bought 

12. A hundred gallons of liquid contains 70 per cent, of wine 
and the rest water How much wine should lie added to the 
mixture to raise the proportion of wine to 80 per cent ? 

13 Her Majesty Empress Victoria was born May 24, A D x, and 
Prince Albeit was born August 26th m the same year , their united 
ages on the 26th August, 1849, amounted to 3 times the age of 
Prince Albert on the birthday next preceding his marnage, which 
took place February 10, 1840 In wliat year was each born ? 

14 Find a number such that if you divide it by 13 or by 14, the 
(remainder would be 1 and the difference between the quotients 1 

15 A ship 40 miles from the shore springs a leak which admits 
3j tons of water m 12 minutes , 60 tons would suffice to sink her, 
“but the ship’s pumps can throw out 12 tons of water m an liom , 
find the average rate of sailing so that she may reach the share ]ust 
as she begins to sink. 

J 

16 A certain number of sovereigns, shillings and sixpences 
•together amount to £8 Gs 6d, and the amount of the shillings is a 
guinea less than that of the sovereigns and a guinea and a half moie 
•than that of the sixpences Find the number of each com. 

17 One cask contains a mixtuie of 12 gallons of wine and 18 
-gallons of water , another cask contains a mixtuie of 9 gallons of 
wine and 6 gallons of water , how many gallons must be drawn 
•from each cask so as to produce a mixture containing 7 gallons of 
wine and 8 gallons of water ? 

18. Wishing to buy a ceitaiu number of railway shares, I found 
•that if I bought them m the E B Railway at Rs 400 a share, I 
should invest all my money , but if I bought them m the E I 
Railway at Rs 450 a share, I should not have money enough by 
Rs 2400 How much money had I to invest ? 

19. The fore-wlieel of a carnage makes 12 revolutions more than 

the hind-wheel m 130 yards , if the diameter of the latter be Aths as 
much again as the diameter of the formei, find the circumference of 
each wheel - ' 

20 'A fraudulent trader lias two weights, one as much' over one 
seei as the othei is under it ; by using the heavier weight, he bought 
•6 maunds of an article at 8 annas a seer, which be sold at the same 
late by_ using the lighter weight, thus gaming Rs. 16 What were 
the weights ? 

21. A and B are two i ail way stations 60 mile 3 apart twenty 
minutes after a Passengei train has left A for B at the rate of 24 
miles per hour, the station-master of B sends a Pilot Engine to 
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repaii a disabled bridge, 18 miles off , the Pilot takes 1 hour 4 mi 
nutes to repair the bridge, and then starts back at 1], of its former 
rate, and reaches B just in time to avert a collision What was the 
original late of the Pilot, and how far was the Passenger tram from 
the bridge at the time when the Pilot first reached tho bridge ? 

22 A watch has the second hand on the same axis as the other 
two, and the hands are all together at 12 o’clock , find when the 
minute hand and the second hand are next together 

23 A tram leaves B at 9 a m and runs to G at the rate of 15 
miles an hour, and another tram lea% es A at noon, and running through 
B to G at 25 miles an hour, arrives half an hour later tlnn the tram 
from B , if the distance AB be 15 mile 1 ", find the distance from AtoC 

24 A earner cliaiges 3d each, for all parcels not exceeding a 
certain weight , and on heavier parcels he makes an additional- 
charge for osery 7 lbs above that weight The charge for half a 
cwt is Is 3d , and the charge for 9 stones is 5 times that for 1 quar- 
ter. What is the Beale of charges ? (1 stone = 14 lbs ) 

26 An officer can form the men m his battalion, numbering 1152, 
into a hollow square 12 deep , of how man) men docs the front 
consist ? 

26 When Horn costs 7 * a bnshel, the baker sold a loaf for lCd. , 
when it rose to 10*. 6d , he sold a loaf of the same weight for 21d , 
the price of baking being the same m each case, find that price. 

27. The duty on salt being raised S annas per maund, it is found 
that the consumption lma fallen one-eighth, but tho l evenue, instead 
of increasing, has remained stationary , what was the duty at first ? 

28 Tho annual rent of a padd) -field consists ofRs 55 and a 
corn-rent , when paddy sells at Re 1 12 as a maund, the landlord 
gets at the rate of Rs 3 pei bigha , when it sells at Rs 2 per maund, 
he gets at the rate of Rs 3$ per bigha Required the amount of the 
corn rent and the area of the field 

29 The expenses of a tram car company are fixed, and when it 
only sells three penny tickets for the who’e journey, it loses 10 per 
cent , it then divides the route into 2 parts and sells two penny 
tickets foi each part, thereby gainirg 4 per cent and selling 3300- 
more tickets every week How many persons used the cars weekly 
under the old system 1 

30 If 18 tolahs of gold weigh 17 tolahs m water, and 8 tolahs of 
silver weigh 7 tolahs in water • find the quantities of gold and silver 
in a compound of gold and siher, which weighs ICO tolahs m air and 
90 tolahs m water. 

31 A vessel is filled with a mixture of epnit and water m which 
there is 70 per cent of spirit , 19 gallons are taken out, and the 
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vessel 13 filled up again witli water ; the pioportion of spirit is now 
found to be 56 7 pei cent , find how much the vessel contains. 

32 A regiment can he di awn up into a hollow square 6 deep j * 
and with the addition of 140 men to its ranks, it can be drawn up 
into the same square, tlie depth being now increased by 1 ; find 
the number of men m the regiment, 

33 At a review of an aimy, the troops were drawn up in a solid 
mass 40 deep, when there were just one-fourth a* ninny men in front 
as tliero weie spectators , had tho depth, however, been increased by 
5 and the spectator-* were drawn up in a mass with the army, the 
ntimbei of men m front would have been 100 fewer than befoie. 
Determine the number of men of which the army consisted 


84 Find a number such that if it be divided by a or by 6, the 
remainder will be c , and the sum of the quotients will be c. 

3 B There are two kinds of coin, of which re awl b pieces res- 
pectively arc equivalent to £1 , how many pieces of each kind must 
be taken so that e pieces togethor may be equivalent to £1 ? 

36 A labourer is engaged for n days, on condition that he 
leceives a pence for every day he woiks and pays b penco for every 
day he is idle , at the end of the time he receives m pence ; liow 
many days does he woik and how' many days is he idle ? 

37. A person has just a hours at his disposal ; how far may lie 
ride in a coach which travels b miles an hour, so as to return home 
m time, walking back at the rate of c miles an hour ? 

38 Two persons set out at the same time to meet each other , 
the one walking re miles per hour meets the other, who walks b 
miles per lioin, at a place which is r miles from the mid-station of 
the road Required the length of the road 

39. A merchant buy a an article, subject to a duty of re per cent 
and sells it at a loss of b per cent , but if he had sold it for Rs c 
more, he would have gained d per cent on his bargain What was 
the price of the article ? 


40. If cc men or b boys can dig m acres in « day s, shew that the 
number of boy s whose assistance will be required to enable (a - p ) 
men to dig (m+p) acies in («-p) days is 


pb 

a 



fft + n l 
n "PJ * 


21— B 1 
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CHAPTER XX 

SlMBLTAXEOnS EQUATIONS OF THE FIRST DEGREE 

237 Simultaneous Equations If the equation ' 

x+y = 5 (1) * 

be consideied as an equation in one variable viz , v, its solution is 

#=5 —y (a) 

and we have seeu that this is the only solution [§ 223] But if we 
consider it as an equation in two variables, viz , v and y, then it has 
an infinite number of solutions , for giving to y ui (a) any value we 
please, we can get as many values of x as we like Thus correspond- 
ing to the values 1, 2, 3, 4, of y, we get for v the values 4, 3, 2, 1, 

. The < ime remark holds good in the case of any other single 
equation m two variables, as for instance 

1 ( 2 ) 

But if it is known that the x and the y of (1) are the same as the 
r and the y of (2), then the two equations (1) and (2) are said to 
hold together, oi in other words they are then called Simultaseoub 
Equations , and m this case they shall have definite solutions, as we 
shall presently shew 

The qeneral form of all such equations m two vanables, is 

ax+lty+c=0 ( 3 ). 

This can be very easily shewn as in § 222 

238 Solution of Simultaneous Equations in two vari- 
ables Let us Bolve equations (1) and (2) of § 237 From (1), 
*■■“6 —y and fiom (2), £=l+y, and since these two as are by 
definition equal, we have 5 ~y = i +y, an equation in one variable 
only Solving this we get y=2 and from r=5 -y or from 
**=l+y, we get, by substituting the value of y, x~d 

Hence it is clear that to solve linear equations in two variables, 
all that we have to do is to eliminate (t a , cause to disappear) 
one of the variables between the given equations , thus finding a single , 
equation m one variable, for we can solve this equation [Chapter 
XVIII], and by substituting the value of this variable m either of 
the pioposed equations, reduce it also to one m one variable and 
thus solve it 

"We shew m the next four articles how the elimination may be 
effected 
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889 Eirst Method of Elimination— Cross Multiplica- 
tion The punciple to be followed is to maLe the coefficients of 
the variable to be eliminated the same tv both the equations, if they aie 
not already so This is m geneial done by multiplying the first 
equation by the co-efficient of the variable m the second equation, 
and the second equation bj the coefficient of the same vanable m the 
first equation Then elimination is effected by adding or subtract - 
inq these equations according as the vai table appears with different 
signs or with the same sign. 


Examples. 

1 Solve v+y = o (1), 

v-y=b (2) 

Here the coefficients are the same in both equations , lienee by 
addition and subtraction, we have 

2 v—a+b or r=^(a+&), and 2y=a-6 or y =&(«-&) 

2 Solve 5:c+3y=78 (1), 

i x— 13y=2 (2). 


Here the coefficient of x m (2) is made equal to that of x m (l)'by 
simply multiplying (2) by 5 , thus 

5-c — 65y=10 

subtiact (3) from (1) , thus 

3 y + 65 y = 68, whence y = 1 

Substitute this value of y m (1) or (2), say in (2) , thus 
x— 13x1=2, whence ^=l5 

3 Solve 5a? +2?/ =16 

2a?+9y=31 

Multiply (1) by 2, the coefficient of ^ in (2) , thus 

I0;c+4y=- 52 

multiply (2) by 5, the coefficient of ^ in (1) , thus 

10;s+45y=155 

now subtract (3) from (4), and a is eliminated, and u e get 
45y-4y = 123, whence y =3 

Substituting this value of y in (1) or (2), say m (1), we get 

5*+ 6 = 16, whence %=2 

Note Tim same result of course i\ ould have been arrived at bv 
eliminating y first instead of x. 3 


(3), 

( 1 ), 

( 2 ) 

(3) , 

(4) ; 
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4 Solve 

ax+by=c 

(1), 


a'x-b'y*=d 

(2). 

Multiply (1) by V, thus 




ab’x+bb'y^b’c 

(3)i 

multiply (2) by b, thus 




a'bx-bb'y=bd 

(4). 

add (3) and (4) together, thus 



(ab'+a'b)T=b'c+be' t 



b'c+bd 


•whence 

X ~ab'+a'b' 



, a{b'c + bd) b{a'c—ac’) 


Substitute in (1), 

by^c-ax-c o6 , + a , 6 ab'+a'b ’ 



a’e - ad 


whence 

y^ab'+a'b 


6 Solve 

Sx— l“)y=66 

(1), 


12t+3y=54 

(2) 

Multiply (1) by 3, 

24x- 39^ = 193 

(3), 

„ (2) by 2, 

24x+6y=103 

(4), 

subtract (3) from (4), 

39y + 6y= -90, or y— -2 , 


. fromil), 8x=6G + rty=40, orx=6 


0 Solve 

x y „ 

3 + f= 7 

(1). 


M-» 

(2> 

Multiplying (1) by 

A*+A sf-I. 


» (2) by 

&*+§y= J s s » 


whence by subtraction, 

§y ~2 l try =J 3 ~-Ii 


multiplying by 9 x20, 

40y — 9y = 780 — 315, 


whence 

y=ie. 


. from (1), |=7 

15 . 

~-g-=4 or x=12 


We might have solved these equations otherwise, thus — 


from (1), 

5x + 3y=105, 


from (2), 

3x+8y=l56 , 


now proceed as m other examples given above 
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Solve the equations 


7 

#+y=59, 


8 

40® -»-y=43, 

0 . 

3 x=4y, 


a-y=29. 



25x-8y=l 


lO®—8y=48. 

10 

6®+5y=»31 

1 

11 

B«+13y«41, 

12 . 

24®— 7y=51, 


15®+2w=25 


12®+2y=40 


30®-5y=75. 

13. 

®+2y=24, 


14= 

6r-3y=l, 

15. 

3'C==26-2y, 


y-2t=2 



5y -3®=9 


3y=5+4® 

16. 

1 , 1 Q 
3*+4y=9, 


17. 

|+5y=51, 

18 

H-10, 


11 . 

5S' + e t “ 6 



| + 5«=27 

5 



10 

x+ay-b. 


20 

bx+ay=*b, 

21 

x__y 
a 6* 


ax—by=c 



ax -by = a 









b a 


22 

x+y=*a+l 

>» 

23 

“ + T x > 

a 0 



x +0 

b 

ess — , 



i+;-i. 

a 0 



y+b 

a 




24© Second Method of Elimination-Substitution. 
From one of the given equations find one of the variables in terms 
of the other, and substitute thib value in the other equation 


Example. Solve 


From (1), 


5®+2y=16 

2a.+9y=31 


0 ), 

(2) , [Ex 3, § 239], 

(3) , 


substitute this value of % m (2), thus 

„ 16 — 27 „ 
2x — -- y +9i/» 


*31, 


32 -47+457=155, whence 7=3 , 

and from (3), S? H =2. 

5 

[Solve the equations of § 239 by this method.] 

T* 

341 Third Method of Elimination — Comparison Ex* 
press one of the variables m terms of the other from each of the 
equations, and then equate these values. 
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Examples 

1 Solve 5r+2y = 16 (1), 

2#+9,y = 31 (2) [Ex 3, § 239] 

From (1), ’ —■ - (3) » 

from (2), 'g— — (4) » 

. . ... 16 -2v 31 -9y 

from (3) and (4), — 15 “ — Tl' 

or 32 - Ay = 1 55 - 4 l 5y, whence y =3 , 

either from (3) or (4), # = 2 

[Solve the equations of § 239 by this method ] 

In the following examples, most of the equations aie given m 
fractional forms To solve them, (proceed, as a general rule, by 
first reducing them to the general form [Sj 237, (3)] 

Solve the equations 


?. 

2 #- t ty = ll, 

3 

10 #— 9y = l, 


3# — 12y = 16 


lty-12#=l 

4 

r=42-8y, 

5 

10# + 13y=210, 


?/=84-8# 


13v+10_ys=204 

6 

3 2’ 

7 

12# +|=98, 

5 


19y _ „ 

4 = >« -7 


12 y-^=ll8 

4 

8 

1 =6-2, y, 

.9 

r+10 

3 4y 3, 


2 ^l- s+] ,0 


?/ " 2 K 

~Y~— V ~ 6 

10 


11 

2#+3y * 

6 + 3 -8 ’ 


^y+-aj-'=9 


7y-3# 

2 -2/- U 

12 


13 

£+2-4+^ 
4 3 + 6 ’ 


r « 

-+- =4} 

9 8 


H- a+ V 
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Solve the equations 

4V 2 12 ’ 
Ux -8 y =*35-^ Y & 


•5-2 10 -v y — 30 

_ _ 2 ' 

2y+4 2®+y e+13 

__ _ ___ 


4 n U — - “T4: 

16 2 _J^= 7 - 4 -^, 11 „ + _ 3 . 35 - t -. 

17. o« + 6y + c=0, 18 ( a + b)v+(a~b)y—m , 

a'x + b'y+c'~0 (a - b)v -(a + b)y—n 

19 a(v~y)-b(x+y)*=c(t-y)-d(x+y)=2 

«« * V 07 * _,y-i « 


„ n * V m 
20. — 
a b 

V V 

— K=«. 
c a 

22 . *♦!-», 

y x xy 

1 + 1 =A 

y x xy 

24 1+L.i, 

x y a 

1 - 1=1 

« y 6* 

26 -+l=m, 

* y 

16 

-+-=« 

* y 


28, 2* + 3y = 8 , cy, 
B x-y—3xy 


30. ^4^.6, 


s ±!4 £-?_«« 

4 + K ~ 6 Jnr 


21. -^-+4L^.o, 

a+6 a-b * 

*w_£__£±2 IB o 
o-6 o+6 ’ 

23. -+~=1, 
a 6 

6 + o a® 

-c y 6®y 

26 - r« + £-'H- 

i_A «21 

4® 5y 20 

27 -+-=» n, 

® y 

<J . d 
— I — —n 
x y 

29, l + bibW ’ 

y x 2 

f 31 -L^*— - 5, 

*+3' *-y 

-S-+-! L_b 

®+y ®-y 
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Soho the e initioJif 


5 r 2 _ 

— + — > 

3 5y 

33 

b . til/ , ; 

«- , *»•<» + ft, 

rtT ft 

7 * 1 , 

r, “ioj/ 


— + ft*/ n n® + ft* 

r 

x+i i 

o K ir+,/ = a 

n ft 

y e s’ 

•JO “ », 

X-fJ 

30 ft+j/'n-y 

r 1 

Sr-v 0 

«* rf 

v + l ”3 

V 7 V *23 

~k~x' c ■» v 


37 (v+n)(r+4)"ll(5+w/, (y + 4){j-*7) -1H4 rv 

4 

38 (*-) nXy+8)-135~(x-2,(y-3\ 


q n ^+3 V+l 
x-8 v-4' 
10 x — 13 y« 1 


A 1 ^ i ^ 1 ■** 

f + 2 -n v . 

b a c 


40 (mJ r| n>a 

3 r+ K« , 4 .„ V30M+n} 


42 cny*->r;ftr4 ov) 

bivfctar-hi/' 


4;3 2y + --«l = r>y4 — “ + 2"V“~+ 1 

jr r r 


a a v ~ a t l~J > x g* ~ ft* x v _ ax-b’i , 

V-a = ff +6 y”a a + 6 * ’ ft 4 - e + n (n - ftjr *"* 

23 — r 2 

.w + Jffj “=30 - — ~- v [See § 22 1, Ex 52 ] 


47 4 - I ^|*=2°- 1 - 0 V-'. 

Si,+ rS = t 9 *® § 224 » E * 52 3 

48 3yfll=^;' 1 "^ + 31-4r, 

(*+7j(y-2)+* s y-(*+i)(y-i) 


• ♦ 
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Solve the equations 


40 


„.y 

2/ 3 \ 1 1 ffy-2 > 

3V _ 5 y ) + 6 3~2 \ 6 


a: - 2y - = j(* +y) + 3(« -y ) 


60. 

*y+3y=20. 


51 

* . V . 
2 + x 2 +y 

tl 


5y— 4 =2 ay 

% 



x x-y y 
y x ~x 


62 

. 1 1 

2fi 

Ay 

*= 1 


1 1 ’ 
*+ , *- , 

A 1 

vf 


53 

2®+"4y = l 2, 


64 

•2 3^ 1 

X y~ 4’ 



3 4®-‘02y= 01. 



5_d_l 2 
x~ y = 3 


56 

2 4x+ 32 y- 

05 = 

’8#+ 

2 6 + 005y 04?/+ 1 -07a- 
•25 ' ’3 6 

50 

3*9* =27, 

57 

2*4* 

=32, 

68 **~y x , 


4*8*= 32 


3* 

9* 

.=3 

»*=y a . 


*242 Fourth, method of Elimination — Indeterminate 
Multipliers This method is best illustrated by an example 


Example Solve 6®+2y = 16 (l), 

2a?+9y=3l (2) [Ex 3, §239]. 

Multiply (2) by X, and add the product to (1), thus 

5«+2y+(2jr + 9y)X=16+31\, 
or bracketing the co-efficients of x and y, 

(5 + 2X)'r + (2 + 9\)y = l6 + 31\ (3). 

Now, to find x, let such, value be given to X as will cause y to dis* 
appear from (3), which will be doue by putting 

2+9X=0, or taking X= —j} 


(4) 
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na * 0 > ■«*>«»,„ 


whence 
'from ( 4 ) 



0 r 'rom/s\ 

16 - 21*2 
== ~—— JL 8 " 

10 S '"* 5 , 2 x 2 - 41-8 

*' 1 IJ /o\ 

*-~ 5 , n , 16 , ’ 1 x 5 ,V,rt t,iu «find 

S ,anJ 2 


2 ■•••“ £>r 

SSg^oonSS^^ie, 2 5 

h ^L^ loaote ‘"’ U ""<Z,£, 

'*• ihH 8 *h* • 52 S«“?**o a . 


“• e «“«W ** ]«<* r eqiIlr 

? 4 $ ~ ft> tt,ia ^ w,aT tQ frl s 

*" s °friim? } lntl °n of w ^nd, ni 

. b e e ^inti 0 „ „, ^ °ne b v *,, 1 

1 s »jv„ °"' 

O , j. 


^aojpieg 

^*+ 5 ^, o* 0 * 2 ^ 

Sv ~'ty +3 ==l2, 3 *+ 4 '*, , 

0123 yltf + ^ 

y+i(s +*)*> 2 n 


[242 
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Solve the equations 
4. 4(y -£)+22 = 52 1 
32 +4*- 2 =67. 
1 y— 2+14 = 10* 


6. *+27=21, 
x 4 * 82 — 
*+ 2*=22 


v y ® _ 

5 + 3 + r 9 ' 

^+-- 2=5 
2 + 3 4 5 * 

x z n 

s + r 8 


r + ?/ = c, 

W + 2 = 0) 

2 + * = & 


8 3*+4y=63, 

8*+ 52 =60, 
32 - .7=0 


9 ^*+7+^2=162, J* + J7 =s 26, 67 — 4t 

10 £+7 + 2=46, 13*-10y = 65, llj/-52 = 53 

11. 6*- 37=4, 87-92=2, 152- 16,1*= 10 
12 , 7 +§ 2 =$£+ 5 , 1 

i(£-l)-i(7-2)=*(s + 3), 

- ^(27 — 5) = If — A 2 


13. 62 + 07 = 0, 

a 2 + C* = &, 

ay + bx—o 


Note 1 When all the variables, with or without coefficients, 
occur m the denominators only, it is well to find them by finding 
tlieir reciprocals, as shewn below 

-.2 3 , 2 . 3 ' 17 23 , 

14 Solve - + -= 1 , -+-=—,-+- = 1 
x y 7 2 24 2 x 

Assume it, -=*, *=10, then the proposed equations aie 

y * 

2« + 3* = l, 2* + 3i0 = £-J, 2i0 + 3« = l 
Solving these we get w = £, *=£, 10 =£ , 
whence *=4,7=6, 2=8 

Solve the equations 


W-1, 

*72 1 

, _ o 6 

16 - + -=m, 

v y 

1 1 4 

2* + 47 + ;~ 1 ’ 

'b 0 
- + -=«, 
y « 

l+i-JUj 

3 * 4 y 22 

c . a 

-+ -=p. 

t x c 
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Note 2 Sometimes equations may be transformed into 
others m which their reciprocals are easily found out 


17 Solve 


«y , 

* , — L > 


xz yz 
x+y ' i-+* ’ j/ + e 

Invert the given eqnations, thus 


= 3 


or 


£±£. 
*y ' 
i l 

% y 


>1, 


tc+z 

xz 


■1. -+- 
X Z 


1 

°2’ 

1 


yz 3 ’ 

4‘-i 

y • 3 


(«)» 


l L l 1 11 
or +-+-=*cr 
■s 10 


whence :r=l$ , y=2£, e— -12 


add together, thus 

\x + y + s) 6 w * <'y T » 12 

From (6) subtracting each of the equations (»), we get 
17 1 _ 5 _ 1 _ 1 _ 

t 12' y IV z~ ii ! 

Solve the equations 
xy=x+y, ye^y + s, zx=*t + x 
xy 1 vz 1 yz 1 
■c+y~ 5’ ar-M^G 1 y + s~ 7 
_ «V1_ q I5 
11 


(*) 


18 

19 

20 


- + 2 = 0 , 


2zx 


2 
= 3 


2jr— 3 y ’ 4y+6s 11 4s -3* 

21 15(M+y)=8a:y, 40(y + z)=13yz, 24^ + r)=ll«a: 

22 a(g + z)—lyz , b(z+x)~mzx t o(x+y)‘=nxy 

23 xyz~a(zv + xy-ys)—b(vy+yz-z.v)=c(yz + zx-xy) 

The theorem of the next article is sometimes very useful in the 
solution of simple equations 

. *244 Theorem If 

ax+by+ez^O (1), 

a'x + b'y + c’z=0 (2), 

* y z 


then 


bo'-b'e ca’-da ab’-a'b 
Multiply (l) by a' and (2) by c, and subtract , thus 
(ad -a'c)v+(bd - b'c)y = 0, 

transpose, thus (&e'-&'e)y = -(ad -a'c)x*s(a'c- a c’)x, 
te, (ca'-da)x*= ( bc’-b'cjy , 


( 3 ) 
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Again, multiply (1) by a’ and (2) by a, and subtract , thuB 

* y 8 

ea'—c'a ab'-a'b 

Therefore from (4) and (5), 

x V £__ 

be' -b'c~ ca' -o'a ab'-a'b 

Another proof by the Method, of Indetorminato 
Multipliers 

Divide (1) and (2) by z, thus 

a*+b£+c~ 0, a'^ + 6'- + c'=0 , 

8 2 ’ 2 8 


or putting 
we have 


-=w and - —v, 

Z 2 


we have au + hv + e =0 (l), 

a'u + b'v+c' —0 (u). 

Multiply (i) by A, and add the product to (n) ; thus 

(X« + a')u + fX6 + 6';i' + (Xc + c ') =0 (tn). 

Now since X is an arbitrary multiplier, we may ho choose its value 
that the eo efficient of v may vanish , that is, we put 

\b+b '—0 (iv) ; 

and therefore (m) reduces to 

(Xa + a')u 4- (Xc+ d) =0, 

, Xc + c f 

whence u— - . ; 

\a+a ’ 


u— - 


from (iv), 

b 

And by putting X» + a'=0, we get as above 

— ^ c * c ’ ca'- o’a 

\b+b' ab'-u'b’ 

Now replacing u and v by tlieir values, we have 
x bc'-b'c y caf-c'a 

• a ~ab'— a'b* z^ab'-aTb ' 

or _ x — V __ t 

bo'-b'e ca'-o’a ab'-a'b" 
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This Result is sometimes, called the Formula of Cross Mul- 
tiplication e 

Remark The following device will help the Btudcnt m remembering 
the relation (3) ’—It will be seen that 

x has for denominator a combination of coefficients of y and z, 
y m •• s •» — *> 

s - x - y, 


we hare saul in the second line s and x, and not x 
and z, for m forming the denominates out of the co 
, efficients of x, y and z, these ms , x, y and s are to be 
taken as following one another m cyclic oidei i c , 
* being followed by y, y bj z by r, etc , as shewn 
m the annexed diagram [See § 113] 

The combination is formed thus — 




For » Begm at bunder y in the second column, proceed diagonally 
from left to rigid to d under z, m the second row , and take tho product bd , 
then go from c to 6 , » e , go m a direction from right to left, and let this 
be a hint of affecting the next product with the sign - , to obtain this 
product proceed from b to c, again diagonally from left to right and take 

Similarly for y and\ ‘ Ue " ah ' c said, before it 


1. Solve 
We have 


or 


Examples 
2x+3 y+ 9 =0, 
4a; + 5y + 13 =o 
2* + 3y+91 =0, 
4r+5y + 13 1 = 0 , 


— y i 

3x13-5x9 9x4-13x2 2x5-4x3’ 

_ 1 

6 10“T2' 



whence 


x 


244) 

2 Solve 
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eir+by f e.->0, 

n'x A-Vy+f**- 0 [£211, Ex 17] 
<?ince c«c 1 and rW,l, »e lmt hert r«l, 

v_ l 

* ic , -6’c"M'*e : a W nfr' -«*&’ 
be'-b'c <*j c*« 

v hence 


nb'-n'b' 


V* 


nb’ — d’b' 


Rdhrk The student i<* ret omieeniled to rolic some of the equation*! 
of §§ 239 and 241 bj Applying this theorem 


3 Solve 3x+ V- 5{>-0 

7 s — 3v- He »0 
Gr-’U'-f 13:~12= 
From (a) And (6), we get 

r V 


("), 

(*), 

'«}• 


1 ( »{),_( _3)(- 5) -5y7-(-U)x3 3,-,3)-7xl’ 


vr 

te, 


r y t 

— — — tru — ^ — _ 

— 24 ~ S -16’ 

•T 


say, 

;«2l 

’jubmtjte tho^c value- in (e), thus 

r.i-3f+26f-12£, 
whence / « £ , 

from (rf), jCeoljV jra? , 

4 Solve ' |, +j/+jisfl+l4c 

os + by + c : *- be + «vi + a b 
(b - c)r (c - a)y + (o - b)z *= 0 

We cannot apply the theorem litre, miles- two of the 
equations are reduced to the forms (1) and (2) 

From (b), (ax -r«) 4- (fry -ob) + {cz-bc}™0, 

or a(r-c) 4 b[y -a)+c(i-6)»»0 

and from (aj, (ji - c) + (v - a) a- (? - &) « o 

.*» from u£) and (c), we have 

•g—c y-a ;-i 

6x1-1 yr”exl-Iyff“Tyl -1x6’ 
or x-cy— a, :-b 

T^rc~rzzi~ L “"IW 

whence s=c+X(6 -e), - a), 4 «& + /{a-6; 




(«o 

(6), 

(«'♦ 

propo-ed 


(<*). 

(=), 


(r; 



33G 


AMU BP k 


[214 


Substitute the«e values in (e) , thus 

(6-e){e+/(6-e)}+(c-ti){fl+il(c~a)}+(a-&){&+/{a-&)}*=0 J 
or i{(Z> — «)’ +{c-a) 3 + (a -b)‘}c=u i +b-+c-—bc-‘ca~ab, 
whence Z = f , 

.. from (/)i «=*(i+c), i/-^(c + a), + 


Solve the equations 


6 4x+3 y + hw *sa 0 1 

3x + ru/+4s=0, 

2 r+ y + 3c«=!>4 

7. i r ~iv4 u*~0, 
gy-Jr-Jr^O, 

A r - i^y + i! o a: + Ml = o 


o 


8 


3 1 + ly — lGc^-0, 

Bx-S i j/+ 10f=>0, 

2*'*-Gt/+ 7 c *=* 52 

j +*/+ C"0, 

(64 <*;r+(c+o;y+(« + 6)c=0, 

brv+cay +a6c «» 1 


9 t+y + s~0, 
ax+6y + ec<=0, 

hex + cay — e 5 )^ 5 — a s }(a s —6“)«*0 

10 x +^+ c-^o + 64 c, bx+cy■i■ate=cx+uy■^•b;**a' s ■^^b' , +6 , 

11 cx + ay +6c*=6x + cy + at *=0, 

ax + by + cc~{b-c) i +(c-u)- + ( i a - b)' 


12 T+y+a = n + 6+c, ax +by + ci ^ur+b'+c", -+- + -*,% 

a b c 

13 ax + fy + &:c=cr+&y+ac«-&x + njH cs^a* + b' l + fi-Jtabc 

14 (6 — c)x+(o — a)y + (a — 6)s =» 0 
a(6 s — c J Jx+6(c 3 - a *)y + c(a ! - b')z = 0, 

«(6 - c)*+ 6 v c - a)y +c(a-b)s-(b- c)(c - «)(« - 6) 

16 ox+hy + cs-O ?+^ + ;_o, v ~- i v~6 g-c 

a b c b-c c-« + n-6 ==0 


rt,ch win i„ 0 fv» »„ re £; Ag"s,°£7 ■' se,c, * t - “ me of 




nduci6fc to Simple Equations, 8 '^ thcT aro Hmn P f° cxan, l )les o£ Quadratics 
Examination ( vide Entrance Paper, 18 S 3 ] ° nctl,ncs !>et at the Entrance 
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Examples* 

1. Solve o 1 a;+6jj/+< : I 3=<Zi (^)i 

flo.-e + boy + c* 5 = (3)» 

a^x+b^y+c^— d$ (3)* 

Multiply (2) by X and (3) by ft, and add to (1) j thus 

(«i + Xa s + fta s )r + (b L + Xb s + ftb s )y + (c t + Xc 8 + fic s )s 

= d j + Xc?j + ftd j (4) 

To find x, give such values to X and as ft "will cause the coefficients 
of y and t to vanish, i.e pnt 


& l +Xh s +/ib 8 =0'l 

c,+Xc,+ i MC 3 = 0 j 

which reduces (4) to 

(a 1 +Xa 2 + fia s )x =d l +\d i + ftd 2 , 
• j- 4~ Xd 3 4- ftdr , 

4 ** a, + Xdj + /titj 


( 6 ), 


( 6 ). 


Thus x is found in terms of X and ft whose values can be deter- 
mined from (5). By § 244, we have 

.= IL 


whence 


from (6), x— 


&3C3 IjCj — ijCj — boC^ 3 

^ 6 jCj— 6«c, ^ 

& 2 c s -6jCj' ft ~l i c s -b i c s ’ 

d i +d?firJ>t c j +d J>i e *- b 2 c i 

a i + g n h b~ lC * + a ^~ b * Cl 

OnC^ *— U^C 2 OgCg vjCjj 

_ - & 3 c a ) + di(b^Cj - b,c s ) + d- a {b,c 2 - boC t ) 

Oj( b*c 3 - 6 s c 2 ) +ao(6 3 c 1 -6 1 c 3 )+ a 3 (&jC 2 - b 2 c t ) * 


2 Given 


ax -\rby +cs —m 
vflx + }?y + c 9 s = m? 
a*x + b*y + c 8 z = m 8 

to find x ‘ 

Multiply (2) by X and (3) by ft, and add to (1) j thus 

°*C 1 +Xa +fia s )+ by(l + XJ+/t&*) + 02 (i + Xc+/t 0 S) 
— *u ( 1+ Xm + fwi?) 


n>, 

( 2 ), 

(3), 


(4) 


22 — B. 1. 
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To find r, put 


l+Xh+/iZ> s =0, l+Xe + /ic s =0 , 

be 


whence by 244, X = — ; ic =^ (6) 

Therefore from (4) and (5), we get 

in 1 +Xm + /<m a 
V ~ a 1 + Atr +/io 3 

mi So -(h+c)m+wi a mi(mi — b)(m — c) 
cs 'a bo— (b+c)a+a s ~ a(a - b){a - c) ‘ 

Blmark. From the symmeti y of the equations 

wi(«i - e)(m - a) m{m - a)[m - b) 

V ~ b{b — o)(b - fl) ’ c{c-a){e-b) ' 

3. Solve ys«=a s , sr=& s , an/=c s 
Multiply the equations together , thus 

x*y* 2 1 =a ! b t c s , whence xyz^ahe , 
divide this equation by each of the proposed equations , thus 

be ca ab 
a ’ ’ b' e 

4. Solve x+y*=a, vy^V* 

Square the first equation, and subtiact 4 times the second , thus 
3? +y a + 2n/ - 4xy = a 2 - 46 3 , 
or (,v-y) 3 =a i -4b\ x-y=* *Ja*~4b* 

hence from this equation and the first equation 

x~i v «+ \/fi s — 46 J ), y =-!(«- >Ja i - 46®) 

4 (1) Solve x + 2 y + 3s <=14 ( 1 ) 

3x + 4y + 12s = 47 (2), 

2« + 7y + 6s «*31 ( 3 j 

Eliminate x between (1) and (2) t a , multiply (1) by 3 and subtract (2) , 
thus 2y-3s = -5, or 2y-3s + 5 = 0 (4) 

Again, ebmmate x between (1) and (3), te, multiply (1) by 2, and 
subtract from (3) , thus J 

3y-s = 3, or 3y — s — 3 = 0 ( 5 ) 

Hence fiom (4) and (5) by Cross Multiplication [Sj 244], 

V z 1 ' 

( _ 3)( - 3) - ( - 1) x 5 g 5^3-t-3)x2” 2( ~ l)-3(-3) t see § 244 - Ex «]» 

or JL = J? 1 

14 21~7* 

whence y= J 7 4 =2, and s=V=3, 
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Substitute y and t in (1), thus 

*+2x2+3x3=14, whence «=1 

Note This example is sufficient to shew that we may apply the 
Formula of Cross Multiplication to solve the three linear equations 
[see Ev. 1] 

a 1 x+J 1 y+Ci==d 1 , a a x+Z» a y+c»==d sl a a a+5 a y+c a c=d 3 , 

(1) by eliminating any one of the variables a, y and s, or (2) by eliminat- 
ing all the constants d lt d s and d s . The last process is left as an exer- 
cise to the student 


Solve the equations 
6. 3r+5y + 7 s + «=48, 
7«+6y + 5s+4tt— 53, 
«+2y + 3s+4« = 27, 
5a+8y +10s-2«=65 


6. 2w + 5a=8, 
a + 2y=9, 
7s + n=5| 
3y+4s=14 


7. 19a— 3u=4s-7y=7a— 3y=lls-7u=l 


8 3r— 4y=7, 

Ay+ «=12, 
3s— 5v=4, 
5w-2a+5=0, 
7u + 3 k— 4s=7 


9. 9*-2s+ «=41, 
Ay— 3«+2m= 5 > 
3y-4u + 3»=7, 
7y-5s— «=12, 
7s-5«— 11 


10. x-ay+a*z=a% 11. cr+(c6+51y + (a-5)s=o', 

r-&y +5*3=5*, {w + (5+c)y+(5 — c)s=6, 

v-oy+c 5 3=c?. 5a+(c+«)y+(c— a)z—c. [&pp] 

L 2 {5+c)«+5y+cs=(c+a)y + c3+aa=(a + 5)s+aa+5y, 
xyz-(c+a-b)yz-(a+b-c)ix—(jb+c-a)xy 
a a 2 +6 2 +e 2 P . , 

13, av + Sy + cs^O, 

« 2 a+ 5 2 y + c 2 s+(« - 5)f 5 - c)(c - o) =0, 

« 3 a+5 3 y I c 8 s+(a+5+c)(«-5)(5— c;(c— o )=0 

14. «+av+a*y+ a * 2 + «*=<>, 15. (6+c)(y + a)==ate+1)) 

»+&*+5 2 y+5 2 s+6 4 =0, . (c+aXs+*)=6(y+l), 

M + C *+C 2 y+ C *3+ C <=0, («+6)(«+y)=0(s+lOpn] 

« + dx + ePy +<f 3 s +tZ 1 =0, 

16 xyz—2i i yzu=72, s k<?= 48, «vy=36. 

17 „-s, is. 
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Solve the equations 

19 x(y+t)<=a, y(z+x)=b, s(*+y)=c 

20 xy+xt*=a s +yt, yz+yx^+s^ zx+zy-c'+xy. 

21 xyz=a(y+z-x)=b(.z+x-y)=c(x+y-z) 

22 *(«+y+a)=96, y(«+y+*) =21 6i a(o5+y + a)«264 

346 Problems These problems do not essentially differ from 
those of Chapters XI and XIX, the only difference being that the 
variables here are more than one m number. 


Examples. 

Ex 1 What fraction is that which becomes \ when 1 is added 
to its numerator and becomes £ when 1 is added to its denominator 1 

Let ar<= the numerator of the required fraction, 

and y=the denominator , 


*. -=required fraction 
2 / 

By the conditions of the problem, therefore 
2+1.1 , x _l 

y 3 an y+l~ 4 ’ 

whence x=4, y=15 , and required fraction=^. 

15 


Ex 2 A farmer bought 30 oxen and 19 sheep for Bs 697, and 
25 oxeu and 18 sheep for Bs 604 , what is the price of each ? 

Let v<= price of each ox, in rupees, 

and V— ... sheep, , 

by the conditions of the problem, 

30x’ + 19y=597 and 25a+18y =604 , 
solving these we have x = 18 and y«=3. 


Ex 3. A rectangular bowling green having been measured, it 
was observed that, if it were p > feet broader and 4 feet longer, it 
would contain 116 square feet moie , but if it were 4 feet bioader 
and 5 feet longer, it would contain 113 square feet more Beqnired 
its area 

ket r=its length, in feet, 

and y= bieadth, , 

:ry=its> aiea, in square feet. 
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By the conditions of the problem, therefore, 

(a?+4)fy+6)=^+116 ; 

(*+5)(y+4)=;cy+113 5 

solving which we get *=12 and y =9 Therefore the required area 
=(12x9) sq feet =103 sq ft 

Ex. 4. A grocer bought for £8 two kinds of tea, the one at 4s. 
and the other at 3s 4d a lb , after mixing them, he sold them at 4s a 
lb and thus gained 10 per cent , how many lbs of each did he buy ? 


Let *=required nnmber of lbs. of tea at 4s., 

and y= 4d ; 

then 4*+*^y=cost price =£8=160s., 

and (* +y)4= selling price =(160+1^ x 160)s =176s. ; 


solving these we have *=30 and y =24 

Ex 5 Eif teen boxes and 8 trunks will exactly fill a room ; but 
if the room were to be half as large again as it is, them 20 boxes and 
14 tranks wonld be necessary to fill it up ; how many of each will 
separately fill the room ? 


Let 

F=content of the room, 

*— each box, 

y= trunk , 



*. 15*+ %=F 

(1), 

and 

20r+14 y=$V' 

(2) 

Divide (2) by (1), thus 

20*+14y ^F 3 

15x+8y F 2 ’ 


whence 


(3)5 

and 


(4). 


*. From (1) and (4), F= 15*+8xf*=25*. i e, 25 boxes will fill 
the room ; and from (1) and (3), F=15x£y+8y=20y, te, 20 trunks 
will fill the room 


Ex 6. A number, consisting of two digits, is equal to 4 tunes 
the sum of the digits, and if 18 be added to the number, the digits 
will be inverted Find the number [See § 231] 


Let 

then 

and 

and 


*=the digit in the tens’ place, 

units’. 

10*+y=the required number, 

I0y+s=the number formed by the inverted digits ; 
10*+3f=4(*+y), 

10*+y+18=»10y +# t 


whence *— 2,y— 4 , therefore the required number=24 
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Bx 7 A boat goes up sti earn 30 miles and down stream 44 
miles in 10 hours , it also goes up stream 40 miles and down stream 
55 miles in 13 hours 9 find the rate of the stream and of the uoat 
[Gal , I860] 

Let *=the rate of tlie boat, in miles per hour, 
y s= # * •• • • stream, • * »••• • 5 

t h en -55_=time of coming up the stream 233] , 

x-y ‘ 

.. going down... .... [§ 233]; 

x+y 

and since these two times taken together = 10 hours, we get 

+ ii-=io 

x-y x+y 


similarly 


40 + _65 


>13 


x-y x+y 

Multiply (1) by 4 and (2) by 3, and subtract, thiiB 
11 


x+y 


= l,or a:+y = ll 


( 1 ). 

( 2 ) 

(4) 


Again multiply (1) by 5 and (2) by 4, and subtract, thus 
10 

' =2, or x-y~b 

x-y a 

Add and subtract (3) and (4), thus *=8 and y =3. 

T3x 7 (1) A challenged B to ude a bicycle race of 1040 yards. 

He first gave B 120 yards start, but lost by 6 seconds , he then gave 
B 5 seconds start and won by 120 feet How long does each take to 
ride the distance ? [Gal, 1881] 

Let x=* A's rate and y =B’s rate, in yards per second , 

— — —time (in seconds) which A takes to run 1040 yards. 


and 


920 

y ’ 

1000 


B 

B 


.... 920... 


. 1000 . . .. 


[§ 233 (3)] 

How by the first condition of the problem the time which A take? 
to run 1040 yards is the same as B takes to run 1040- 12Q (or 920) 
yards +5 seconds , therefore 


1040 920 
x — 


( 1 ) 
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A cram the time which A takes to run 1040 yards is, by the second 
condition, the same as B takes to run 1040 yards less 120 feet (*<?., 
1000 yards) -5 seconds ; therefore 

1040 1000_ 5 (2) 


x 


y 


Subtract (1) from (2), thus 
Substitute y in (1), thus 


— _ 9 -l2_io=0, whence y - 8 

y y 


1040 920 . K . „ 0 

— +5, whence x=^-, 

X O u— 

Hence the time A takes to ride 1040 yards =-gg-sec.— 120 sec., 


and. 


B. 


• M •* «•••••» 


1040 - Ar . 
sec =130 sec. 


Ex 7 (2) The price of a passengei’s ticket on a French lail- 

way is proportional to the distance he travels , he is allowed 25 
kilogrammes of luggage free, but on eveiy kilogramme beyond this 
amount, he is charged a sum proportional to the distance he goes. ' 
If a journey of 200 miles with 50 kilos of luggage cost 25 francs, 
and a journey of 150 miles with 35 kilos cost 16£ francs, what will 
a journey of 100 miles with 100 kilos of luggage cost ? 

Let x francs =price of a ticket for each mile, 
and y francs = fare chaiged per mile on every kilo, of excess luggage , 
thus 200 jb+ 200 x (60 — 25)y = 25, or *+25y=& (1), 

150,2:+150x(35-25)y=16j, or tf+10 (2), 
and 100a:+100x(100-25)t l f=iequired cost in francs , (3), 

Subtract (2) from (1), thus 

26 y iVm or V - ] uW 

Substitute y m (1), thus 


v + 26 x TxjjJt; — or ‘C= 1 1 0 . 

Substitute x and y m (3), thus 

cost required = (100 x & + 100 x 75 x X0 Vtr) francs = 17 J f lanes 

8. Find two numbers, such that their sum may be 183 and their 
difference 13 148, Ex 12] 

onnt! n ^ m v ers ^ re , those whose difference is 42 and the 

quotient of the greater hy the leas is 3 1 
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10 Find two numbem such that the Bum of the first and half the 
second shall he 18, and the sum of the second and half the first 21. 

11 The sum of a certain number and Jth of another is 30, and 
if J of the first be subtracted from § of the second the remainder is 
21 , what are the numbers ? 

12. What fraction is that which becomes J if 3 be added to its 
numerator, and if 5 be subtracted from its denominator 1 

13 The sum of the numerator and denominator of a proper 
fracttou, divided by their difference is 4j , what is that fraction ? 

14. The difference between the digits of a number is 3, and the 
sum of the number and the number formed by inverting the digits 
is 143 , find the number 

1/16 Says A to 5— If you give me 10 guineas of yonr money, I 
shall then have twice as much as you will have left , hut says B to 
A — Give me 10 of your guineas, and then I shall have three times 
as many as y ou How many had each ? 

16 Divide 300 into 3 parts such that one-third of the first, one- 
fourth of the second, and one-fifth of the third, shall all be equal to 
one another ? 

17 If 16 ducks and 6 geese cost as much aB 11 ducks and 7 geese 
at the same rate, find how many geese are woith 20 ducks 

fi V18 A father being asked by his son how old he was, replied — 
When we were 7 years y ounger, I was 4 times as old as y ou , and 
if we both live till we are 7 vear» older, I shall be twice as old as 
you What was the age of each ? 

19. A person had two casks, the larger of which he filled with 
ale and the smaller with cidei Ale bei^g half a crown, and cider 
11* per gallon, he paid £9 6s , but had he filled the larger with 
cider, and the smaller with ale, he would have paid £11 5* 6 d 
How many gallons did each hold ? 

20 A bill of £26 5* was paid with half-guineas and crowns, 
and twice the number of half guineas exceeded three times the 
number of crowns bv 17 How many were there of each 1 

21 The area of a room is 192 sq ft , had each of the sides been 
2 feet longer, the area would have been increased by 60 sq ft Find 
the sides of the room 

^ Divide Rs 90S among A, B and (7, so that the abates of 
\ and " together may exceed the share of <7 by Rs 300, and the 
shares of B and <7 together may exceed the share of A by Its 278 

gentleman gave away in chanty a certain sum of money 
\ there been 3 more beggars, each would have leceived 1* less 
than he did ; but if there had been 2 fewei, each would have received 
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Is more required the number of beggars and the amount each 
received. r 

24 A ceatam number when divided by another gives a quotient 

4 and remainder 3 If twice the fiist number be divided by three . 
times the second number, the quotient is 2 and the remainder 20. 
■Find the numbers 

25 A sum of money put out to simple interest amounts in 8 
months to £297 12s , and in 1 year 3 months to £306 ; find the 
sum and the rate of interest 

26 A grocer gams 20 per cent by selling at 2s a lb a mixture 
formed by mixing with 7 lbs of a common tea, 2 lbs. of a better 
kind But if he had mixed 7 lbs of the latter with 2 lbs of the 
formei kind, he would have lost 20 per cent by selling the mixture 
at that price What did each kind of tea cost him per lb. ? 

27 Kk. certain number consisting of 2 digits becomes 110 when 
the number obtained by reversing the digits is added to it also the 
first number exceeds unity by 5 times the excess of the second 
number over unity What is the number ? 

28 A number consists of 2 digits, whereof the second is greater 
than the first if the number be divided by the sum of its digits, the 
quotient is 4 ; but if the digits be inverted and the number thus 
formed divided by a number greater by 2 than the difference of the 
digits, the quotient is 14 Find the number 

29 A number of 2 digits is multiplied by 4, and the product is 
less by 3 than the number formed by inverting its digits if it be 
multiplied by 5, the tens’ digit m the product is grerter by 1 and the 
units’ digit less by 2, than the units’ digit m the original number. 
Find the number 

30 A certain number consisting of 2 digits ib multiplied by 4, 
and the tens’ digit of the product is one less and the units’ digit one 
more than the units’ digit in the original number it is be multiplied 
by 5, the product is one less than the number formed by reversing 
the order of the digits of the foimer product Find the number 

3L A number has 3 digits, the sum of which is 10 , the first and 
third together exceed the second by 4, and the first and second to- 
gether exceed the third by 8 Find the number 

32 n' B and G&re 3 villages connected by stiaight loads , from 
A to G through B, the distance is 64 nines , from B to A through C, 
the distance is 74 miles , and from G to B through A, the distance 
is 80 mileb. Find the length of each road 

33 Some smugglers discovered a cave, which would exactly hold 
the cargo of their boat, viz , 13 bales of cotton and 33 casks of rum , 
while unloading, a custom-house cutter came in sight , consequently 
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they sailed away with 5 of the hales and 0 of the casks, leaving the 
cave two thirds full Sow many hales or casks would it hold V 
<34 £500 was lent at simple interest in 2 separate sums, the 

smallei sum at 2 per cent more than the other , the mtciest of the 
greater was afterwaids increased and that of the smaller diminished 
1 per cent by this alteration) the whole interest was augmented 
one fourth of its formei value , but if the interest of the greater had 
been so increased without any diminution in that of the less, the in- 
terest of the whole would have been increased a third Required the 
difterent sums and the rate of the interest of each 

36 The united ages of a man and Ins wife are six times the united 
ages of their children Two years ago thevr united ages were ten 
times the united ages of their children, and six years hence then 
united ages will he three times the united ages of their children 
How many children have they 1 

38 A, B and G sit down to play in the first game, A loses to 
each cf B and G as much as each of them has , in the second, B loses 
similarly to A and G , and m the thud, G loses similarly to A and 
B , and now they have each 24 s What had they each at first 1 

37 A cistern is filled by 3 cocks, two of which are exactly of the 
same dimensions when they aie all open t B w ths of the cistern is 
filled m 4 horns , and if one of the equal cocks be stopped, $ths of 
the cistern is filled in 10 hours and 40 minutes In how many hours 
would each cock fill the cistern ? 

38 A man rowing against a stream meets a log of wood which 
is being carried down by the current He continues rowing in the 
same duection for a quarter of an hour longer and then turns and 
rows down the stream overtaking the log li miles lowei down than 
the point where he first met it Find the rate at which the current 
flows. 

39 A person walks a certain distance in a mtain time , had his 
rate been half a mile an hour faster, he would have performed his 
journey m |ths of the time , and had it been half a mile an horn 
slower, he would have been 2$ horns longer on the road Beqmred 
the distance and his late of travelling 

40 A Rhino steamer sails up the stieam 40 miles and down the 
stream 48 miles in 8 hours , on another occasion she sails up the 
steam 56 miles aud down 96 miles in 13 hours Find the rate of the 
streamer and that of the river 

41 A and B start to run a race to a certain post and hack again, 
A returning meets. B at 90 yards from the post and arrives at the 
starting place 3 minutes before him ;■ if he had returned immediately 
to meet IS, lie would have met him at one sixth of the distance be 
tween the post and the starting place Required the length of the 
course and the duration of the race 
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42 A railway train after i mining for half anjhour meets with an 
accident, after which it proceeds with Jtbs of its former rate, and i- 
thns 1 hour 10 minutes behind time ; bad the accident occurred 3U 
miles further on, it would have arrived 25 minutes earlier Required 
the rate of the tram and the length of the line [See Ex 11, 233] 

43 The fore-wlieel of a carriage makes 6 revolutions more than 
the hind-wheel in 120 jards, but only 4 revolutions more when the 
<urcumference of fclie fore wheel is increased one-fourth and that of 
the lund-wheel one-fifth Find the circumference of each wheel. 

44 A and B run a mile race In the first heat B receives 12 se* 
conds start and is beaten by 44 yards. In the second heat B re* 
ceives 165 j ards start, and arrives at the winning post 10 seconds 
before A Find the time m which each can run a mile 

45. Tw o trains, one a feet and the other b feet long, move with 
uniform speed on parallel rails when they move m opposite direc- 
tions they pass each other in m seconds but when they move m the 
same dnection, the faster tram passes the other in n seconds Find 
the rates of the two trains [See 233 and 234] * 

Ex o=125, 5 = 115, m = 3, n=30 

46 A waterman rows a distance of a miles on a river and back 
again in t home, and finds that he can row b miles with the stream 
in the same time that he can iow c miles against it , determine the 
times of going and returning, aud the velocity of the stream. 

Ex o=39, f = 16, 6=26, c=6 

47 A boy at a fair spends his money in oranges , if he had 
received 5 more for Ins money, they wduld have averaged a half- 
penny each less, but if 3 less a half-penny each rooie ; how mucli did 
he spend and what was the number of oranges he bought 1 

48 A railway tram travels from A to C passing through B wheie * 
it stops 7 minutes ; 2 miuntes after leaving B, it meets an express 
tram which started from C when the former was 28 miles on the othei 
side of B . the express travels at double the rate of the other, and 
performs the journey from G to B m H hours , if on reaching A, it 
returned at once to G, it would arrive 3 minutes after the first tram 
Find the distances between A, B and G, and the speed of each train. 

49 If 22 oxen and 23 cows eat 24 acres of grass in 18 weeks, and 
20 oxen and 38 cows eat 30 acres of grass in 27 weeks, and 41 oxen 
and 26 cows eat 50 acres of grass in 60 weeks ; how long will 40 
acres of the same grass last 35 oxen and 14 cows, the grass being 
supposed in all cases to grow uniformly [See Ex 7 (2)] 

5 n ° 0m P !ete a certain work A requires m times as long a time 
aS j 0 to 2 etilpr » B lequires n times as long as A and C together , 

and O requires p times as long as A and B together Prove that 

— L_ + _l_ + _2_ == i 

m-f 1 »+l jjJ-1 u 
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CHAPTER XXI 

/ Ratio and Proportion 

347 Ratio, Commensurable and Incommensurable 
Quantities Ratio is the relation -which one quantity bears to 
another m respect of magnitude, the relation being ascertained by 
considering what multiple, part or parts, the one is of the other 
Thus there may be a ratio between two abstract numbers, or between 
tuo concrete quantities In the latter case, the quantities must be of 
the same Lind, for we are unable to make a comparison between two 
quantities of different kinds, as for instance a line and an area, a 
horse and a cart, &c Hence when we say that a square has a 
certain ratio to a circle (as they are both areas), we mean that the 
former is a certain nnmbei of times or a certain numbsr of parts, 
of the latter It is clear, therefore, that the ratio of two concrete 
quantises must necessarily be an abstract number Hence the 
ratio between two quantities, whether abstract or concrete, is an 
Abstract number 

A ratio is expressed by placing two dots between the quantities , 

thus a b expiesses the ratio between o and b The quantities o 

( and 6 are called the Ti uus of the ratio, and the first, viz , a, is 

f called the Antecedent and the second, viz , b, the Consequent j)f 

> the ratio ~ "■ 

* 

f When the ratio of two quantities is expressed by the ratio of two 
I integers, the quantities are called Commfnsurable Quantities 
Thus 8 j miles and 10 miles are commensurable quantities for their 
ratio is 5 6 

j When the ratio of two quantities cannot be expressed by the ratio 
I of two mteqers, the quantities are termed Incommensurable Quan- 
tities Thus the diagonal of a square and its side are incommen- 
surable quantities, for their ratio is J2 1, the heiqht of an equi- 
lateral triangle and its side are incommensurable, for their ratio is 
n/ 3 2 , &c But although in the-e cases we cannot find the exact 

ratio, yet we can find it to a sufficient deqree of approximation that 

^may he necessary 
» 

l 248 A ratio is expressed by a Fraction Suppose there 
are two lines AB and CD, the former containing 4 units and the 
latter 5 units of length The ratio between them is clearly 4 5 , 

and we have seen in the chapter on Fractions, that AB is £ths 
of CD Thus 4 5 is the same as , hence a ratio is expressed by a 

fraction, whereof the numerator is the antecedent and the denominator 
, M th.e consequent of the ratio Conversely a fraction denotes a ratio 
whose antecedent is the numerator, and whose consequent is the 
denominator 
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We thus see that all the propositions regarding Fractions will 
apply to Ratios Thus for instance, since 

a am a-Z-m 

V 


§[168], 


bm b-rm 

we have the theorem—// 1 the terms of a ratio he both multiplied or 
both divided by the same quantity, the ratio remains unaltered. 

^\Adefinitions When the antecedent of a ratio is equal to the 
•consequent, the ratio is termed a Ratio op Equality : when it is 


terms therefore cor^iJsponcTto the terms improper and Proper frac- 
tions [§ 166] • V , 


^549 Change of Ratios Theorem — A ratio of majority t< 
l diminished , and that of minority is increased, by adding a positive 
quantity to both terms of the ratio 

Let a positive quantity % be added to the terms of the ratio 

% ; thus the new ratio is ° + x 
b b+x 


We have 


a 

b 


a+x 

b+x 


ax — he 
6 ( 6 +*)' 


x(a - 6) 
6(6+3) * 


now a, 6, x being all 

w 

negative, if is positive or negative, i. 

Therefoie ^ > or < according as a > or < 


supposed positive, ~ is positive oi 

e, if a > or < 6 


6 [§ 45] 


Corollary From this theorem, it is (easy to see that as x m 
creases, the ratio continually approaches to unity ; and by 

taking x sufficiently large, the difference between and unitv 

b + v J 

may be marie smaller than any assignable magnitude Therefor* 
wheu x is infinitely great, the ultimate value of the ratio is said tr 
be unity Renee we obtain the following important 

Definition of “Equal to ” Two quantities are said to be equa 

when their ratio u unity Thus if 1 when x is infinitely large 

a+x*>b+x, where a and 6 may be unequal . 
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l 250 Definitions. If tlie antecedents of an> numbei of ratios 
he multiplied together as also the consequents, the ratio of the two , - 
pioducts is said to be a ratio compnyndisiof the given ratios Tints 
ace bdfis the ratio winch 'Is obtained "by compounding the ratios 
a b,c . d, and e f 

I When two equal ratios are compounded, the resulting ratio is 
called the Duplicate Ratio of the given ratios Thus o* b - l* 

> the dnplicate'rSRb'bf'tt '.b 

When three equal ratios are compounded, the new latio is called 
the Triplioatf Ratio of the given latios Thus a? 6 s is the 
triplicate ratio of a 6 

The ratio of the square loots of the terms of a* latio is called its 
Sub Duplicate ratio Thus Ja sjb is the sub-duplicate ratio- 
of Taf r TT“" Sim llarly %/a . *Jb is the gUB Triplicate ratio of a . b , 
and so on . 

The duplicate, triplicate, sub duplicate, &c , ratios are sometimes 

j i 

called respectively the double, to iplc, half, &c , ratios ; hence a" 5» is 

1 *J 1 

sometimes termed the -th of the ratio a b The ratio dr b' 1 is 
n 

called the Sesquifijoatf Ratio of a b 


,1 Examples 

/ 1. If 17«-3y ”24y find the ratio i y, 

2 If ax+by*=cz+dy, find the ratio x y 

3 If find the ratio of a to b. 


1 


‘4. If (r + i/Y = a(x—y) 2 , find the ratio of x to y 

5 Write down the duplicate ratio of 4 5, the triplicate ratio of 

1 . 2, and the sub duplicate ratio of 250 I 361, and of 507 588 

-p31 Proportion Four quantities are said to be proportionals, 
wli-n the first has the same ratio to the second, that the third 
lias to the fourth m othei words Proforti6n tt the equality 
,of two ratio* Thus a,b,c, d are said to be proportionals 2 when 
® wa3 usual formerly to use the sign ' for the 
P™P ort ' on “ * e d, or its equivalent 

?' " ‘ h " s a 13 to 6 as c is to cP' The two terms 
are called the Extremfs. and the two'terms b and c, e th 
also the term d is called a Fourth Proportional to a , b 


a 5 = c 
sign of 
a b — c 
a and <2 
. Mfans , 
J and c 
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as?) 


^ Four quantities are said to be 

first and second are ProportionalTib the 



fourth Thus I This is equivalent to '« . h^d\^ 


hence four quantities aie iu inveise proportion when the first lias | 
to the second the same ratio as the fourth has to the third 

\§ 

252^' Proportion I If four quantities , a, t>, c, d ho propor- 
tionals, 1 the product of the extremes i« equal to the product of the 


means. 


a C =• , ct c * 

i~d~ l 


We ha*e a . h=c ; d, that is, 

. a=lb aud c = kd, whence lad—lho or ad— he. 


Corollary Hence it is evident, that any three of the fmu 
quantities a , b, c, d being given, the fourth can be found* 


Examples 

Ex 1 The last 3 terms of a proportion are 4, 5 and C ; find the 
first term 

Denoting this term by x, we have 


*14=5 16, whence 6r=4x5, or *=3 




2 Find the fourth propoitional to 8, 10 and 12. 


3 The ratio 11 : 18 becomes 2 l 3 when a certain number is 
added to its terms , find the number 

4. Two numbers are in the ratio of m to » , and if cbe subti acted 
from each, the ratio is a l b , find the numbers. 

5 If ax+by ax—by^m I 1, find the ratio x\y 
Solve 10 + t ' 4a? " q 


1 f 

7 If 2* + 3 I 5e-2 m the duplicate latio of 2 l 3, find * 


= 14 ; 5 


sWpxoposition II If the product of two quantities be equal $ * 
to the product of two others, the four are proportional rf, the extremes f £ 
beinq the factors of one of the products, and the means those of the U 
other t t\ > i. he */ 


TheProrosition is the converse of the Proposition of § 252 


Let ad=bc ; divide by Id, thus 5=1, ox a \b-c \ d 
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Similar)' bi diriding by ac, cd and ab respective!', we shall 
obtain three other proportions Time if ad*=bc, we get the following 
four proportions 


ana 


« t*=c * d 


(1), 

b : a=d : c 


(2), 

a . c—b I d 


Oh 

c ' a**d ‘ b 

• 

(4) 


Hence if any one of the proportions be true, all the others are 
true for any one of them will give nd=hc 

From (2) of § 253, we base Proportion III If four 
quantities a, b, e, d, be proportionals, they are proportional vhen talen 
inversely [Inverjendo ] / 

,255 From- (3) of £ 253, we have Proportion IV If four 
quantities a, b, e , d be proportionals, they are proportionals vhen 
talen alternately . [Alternando ] y 

BniAfK. From tnedefimtion of ratio [§ 2473, *t may seem that if the 
lour quantities a, l, c, d, be concrete tins alternation cannot take place 
unless they be oj the same Land But when once the ratios are obtained, 
the numbers representing them become ahstrart numbers, and then alt»r 
nation may take place. 

Proposition V If four quantit ie> a, b, e, d be propor- 
tionals, then a+b l b=c + d . d [Componendo ] 

We have 

therefore 
that is £ 


a b—c ; d , that is, , 

o a 

« , . c «+6 c+d 

6 +1 “rf +1 * or t r- 

o-rb l b = c + d ; d 


1 S5 ?V? ro Position VT If four quantities a, b, c d be propor- 
tionals, then a-b b^e-d’.d [Dmdendo ] 


We have 

therefore 
that ia f 


a b=e l d, that is, ; 

b a 

a i _ c . a-b c-d 
b-'=d-'> or ~=— ’ 
a-b i b*=c-d l d 


\, 25YXProposition VII If your quantities a, b, c, d be propor- 
tionals, then a-i-b . a-b=e+d . c-d [Componendo and Divi- 


Idendo ] 


i 


^For proof see § 227 , see also § 262, Ex.T$\ 


'vi' 



2GI] 


ratio aso proportion. 
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239. Proposition VIII. If the term* of one proportion be 

compound'd with the corretponduvf term* or another proportion, the 
product* will be proportional}. 

If a b—c I <2 and m \ n-p : a, then will am bn=cp I dq 

Now "by definition, and — therefore ~ » 

that is am l fri*=cp l iq. 

Similarly tt may he shewn that 
if « b—c l d 

e : /==? : K 


and w t > -i 

then ae ,.r> l bf. .x=cg...y ", dh...t 

Corollary. If rt l b—c d and b I x—d I y, then a I x=c * y. 
[Es os gusli.] 


209 In a similar way, many other Propositions in Proportion 
mav he proved. We give below gome of them which the student 
will have no difficulty in proving, 

fl) If a ; &=c * d, then a * a-*-&=*c l c+d 

(2) If <t ; b—c l d, then a l a— 6=*c * c—d [ Conicrtcndo ]. 

(3) If a l b=*c l d, then ma I mb**nc l vd. 

24) If a l b—c d, then ma nb=*mc ; nd 


(5) If a * b-=*c l d, then a" ; 5’* =c n l d r . 

(6) If o &*=« ! <2, then ma *-vib * pa +g&*=jnc+tt'2 1 pc+qd 




SJQ Continued PronnrtH mi Quantities are said to he in 
< onhnvedfpropor'tion wu^'n^hehrst * the second =■ the second * the 
third = the third . the fourth =&c. Thus if a . b=b c—c l d—d \ e 
—&c., then n, b, c, &c rre in continued proportion 

If three quvnfc’ties a, b, c, he in continued proportion, b is «aid 
to he a "Mean Proportional between a and e ; and c h said to be 
a Third Proportional to a and b. i 

If o, b, c aTe in continued proportion, we get/ / 

(i) b z ~ac ; (ii) a \ c=a ! ; W^b "- ; c % '/ 

/I * J ^ * A iVIWnta W Jm ft* . 


a res 


a b T ,g 6 a 


V’—ac [§ 252] ; 

h 5 * 
?■ * 


a 1 
! fi* = 


For 

and taking 
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The last result may evidently be generalised , for if a numbeip 

of quantities, », b, c, v be in continued proportion; giving M 

ratios, then ■• r/\ "g 

= l , ‘A M 


For let 


ale 

b~c~d~' 

a b e 

rx-x^x, 

bed 


x - s=Lk&. 
x 


to n factors —IP, 




Jr 


Examples 


1 Fuid a mean pioportional between 12 and 48 , also between,. 

■t?y and ay s |-? 

2 /Find a third proportional to 14 and 35 
JC If r-1, x and x+3 be in continued proportion, find v. 


k 


f ,V» 4. Given that a, 6, c, d aie in continued pioportion, prote that 

'■ Ih 


« 6 s . I . ,-§• 

and o J =r*d . 

d c 3 


M 

ft 

'vt 

t w v« 

6. If n, h, c, d are in continued proportion, then also ci+b, b 
Attdc+d are m continued proportion £* >■ 


5 If a, b, e be m continued piqpoition, then 

b+c Jc 


Theorem 


TB ^ C C 

b~d~f~ 


Let 


. fp« n +qc n +re"+ .. 1 ,l 

ratl0b " Xp&r+t&+rf*+.. 7 * wheie ft ff* r » 

quantities whatever 

ace, 

rrr • -*• 

a^lb, c=*ld, e<=kf, , t 

.. <?»=(&*)• e»-(*/h .. 

gc"= ? (H)» rectify)*, 

> P«"+gc tt +« n + , +>/«+.„ ,) f 

1 *" f - i' 

( PJ*±q£±r£±. A« *JV e - ' , V 1 
Vph’ , +?d , ‘+rf l, +. )- j ftf s 2 fa ?* s .v;?" .->l 


then each of these-? 

'f'rt 

>'fvi 

» are j anvr 

* • $ 
i *»■ 
l v«,pr„t 

k;“* 
i ff 
’ ‘'l#* 

r* *U V\ 

V *~ 4i 
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Tiie following three deductions from this theorem are very useful. 


Cor. 1/ If then each -S5f Hete - 1 * i 




Cor. 2.'/ If “J* then each Here » = 1 andjp = £ = - r.’ 

Cor. 3. *'If n — 1 and p=q~r=. ., it is easv to see that] 

(3 G ft + C + C-j’ * •• 

6 == 5 =s / = " '°b+d+f+... * 

That is, if any number of quantities be proportionals, as any owe 
antecedent is to its consequent sou the sum of all the antecedents to 
the sum of all the consequents , 

These results can of course be obtamul immediately bj the method 
emplojed to piove the theorem 


a + c-e 


[ 


f Examples 

Ex. lMlf a i b=e d, then a + 6 I a~b=c-*-d c — d [§ 258] 


Let 

^=^'•=1, . tt~kb, c*=*Ld , 

a+b lcb *■ h 6(1 + 1) jt + 1 

(1), 


ffl-6 il6-6 5(Z, — lj» i-1 

'and 

c + d LZ + <2 rf(/ u + i) £ + i 

(2) , 

c-d id-d rf(/ — 1 ) / — 1 

from (1) and (2), 



” ^ v w ^ ^ 

IS * i 

Ex 2 If a . b=c \ <£, move that ?a« +nc .pa+qc—mb+nd l pb + qd 


Let , 


a c 


b~d~ ^ ’ fc ^ us a —M, c*=*kd 


( 1 ). 


How ma + ne _ mlb + nld , ns _ l(md+nd) mb + 7id 

pa+qc plb+qld w l[pb i qd) ~~fb+qd 

Ex 3 If a . b—c . d, prove that a l'C—\fmaP+nb s ; \Jmc s +nd* 

CL C ^ 

’ Lefc 5=^ =/ “. then a=kb,c—ld , J ' ' 


. s Jma* + nV \J m m+ nb » "b’lTm&ZZ. h a 
‘ VmcHnd 3 %Jm?M*+nd 3 5“ c ^ 255 J 
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E* 3 0) .888) 


.Assume 


thus 


and 


= then a =16, c = kd , 

b d 

(fl+c) 8 (Xb+^d^ffib-fd) 3 
fb + d; 3 " (6 + d) 3 (6 + d) 3 

a(a-c) 2 lb(lb-ldr- Pblb-d)*_ a 

6(6 -d)* 6^6 — d) 2 6^6- d) 2 

(o + c) 8 a(a-c? 

(6 + d) 3 ~i(6-d) 2 




]E x* 4( 


If 5 = - prove that 
b d 


2a 2 +ab+ 3b* 2e 2 +cd+3d 8 


Put 


and 


2-5-1. 


2a s -a6 + 36* 
then a=lb, e = Xd , 


2c 8 — cd+3d 8 


6 d 

2a 2 +ab+3b* im-+lh°-+W 2 r + i+3 
2a* - ab + 3b» ~ 2/fe*6* - lb 2 + 36 2l= 2F -1+3” 
2c 2 +cd+3d* 2X*d 3 +ld 2 + 3d 2 _2l 2 +;i+3 
*2L l d? — Id 2 t 3d 2 21 2 -l+3’ 
2e 2 +cd+3d 2 


2c 2 — cd + 3d* 

2a 2 + «6+36 8 


3# 

V7 

8 

9 

10 

-Al 

13 

14 
16 
16. 
17. 
18 
19 


2<i 2 — a& + 3& 2 2c 2 - cd+ 3d* 


If a ; 6=c I d, shew that ^ 

5 H : «-c = b ; 6-d 6 

3a+4b ^ 3c+4d=5« + 66 5c + 6d 
14n + 196 14e + 19d = 6*c ad 1 

7(e-56 7a + 5b = 7c-5d 7cf5d 
a 2 +6 2 a 2 -6 2 =>a<r+6d cec-bd 


c = a + 6 J c + d 


a 2 + c 2 . b~ + d ! -ac I 6d. 


a 2 +6* o* + d J = (a-6/ 2 . (c-d/ 12 

a 2 + ab c 3 +ed = ab-b 2 cd—d 2 
V^ae \f bd — a - c 6-d 
ma-nb l ma ¥nb—mc-nd Uma + nd 
ma + nb'l mc+nd=pa+qb \ j)c+qd 
ma + nc ; mb+nd-V «-+«•■ v r b* + d a = a ; 6 

fl + V^ + b 4 * a-V o 8 + 6* «=<;+>/ (? a +d 3 * c-Ve*+d*. 

(« 8 +« 2 b+6 8 )(a+6) (c 8 + c"d + d s ,(c + d) = a 4 + 6 4 ; c 4 +d 4 

1 


RATIO, AND PROPORTION 


357 


263] 


If a t b=c : d=e ./, shew that 
p ! b=*mc-ne ’/ md-nf 

21 cc+3c+2e t a-c=l+3d+2f b-d 

22 « : 6 = ma+«c+j3e I mb+nd+pf 

23 c ", d*=ab+cd+ef b s +d s +f t 

24 e . + n 4 c* +p*e* l Um 4 b*+n*d*+p*f* 

25 ra s + c 2 +e 2 ab + cd+ef=ab + cd+ef . 6 s +<$*+/* 

26 (ff s +ffc + e\/acj s * (ac- + ceJae+^) i 

tfj- ^(V+bd+fJW . {bd? + dfJbf+p)-. 

)|p27 jja ! +gc 2 +re 2 I pab+qcd+rcf=/ab+mcd+nef . lb z +md 2 +nf~. 
Jjj28 If a: ; a=y b = z : c= shew that each of the ratios 

i 

' _ { **+ 3 /*+**+ • • 1 " l 

— \a"+5' n +e ,n + . . ./ 


2C3 Examination upon Chapter XXI 

1 Define the terras Ratio and Proportion What are Incom- 
mensurable Quantities ? Illustrate your answer by examples 

2 When can concrete quantities have ratios to one another ! 
What kind of numbers are ratios between concrete quantities ? 

3 When can four concrete quantities be proportionals ? 

4 If a ; b—x l y and b . c—y " «, then ff . c— . z 

6 If a and b be inversely proportional to c and a fourth quan* > 
tity, find this quantity 

0. What is a duplicate ratio * Give examples 

7 State how the ratios 3 t 5 and 14 ; 11 will be affected by 

adding 3 and —3 respectively to the terms of each ratio. ' 

8 Compare the ratios 3 . 4, 5 ‘ 6 and 2^3 

9 Shew that the ratio a+c . b + cZUes between the ratios a . b 
and c ’ d 

10 If 7(r— y)=3(x+y), what is the ratio of r toy ? 

11. Having given b -a l b + a =4 « - b . G« - b, find the ratio a \ b. 

12 If the ratio a ’ b lemam unchanged when x and 2x are added 
to a and b respectively, finely the value of a I b 

13. When are quantities said to be in continued proportion ? 

,, 14 ; I£ h > c » be m continued pioportion, then a has to c the 
» duplicate ratio of a+b to b+c 
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IS What is a m con proportional ? If y be a mean propoitioini 
between x and then r+y j - . y — ‘ 

18 When in a rat>o '•nd to be compounded of two or more 
ratios ? Find the ratio compounded of 2 3, "> l 8, and 12 l 2 r » , 
of 3irr : ■% ,a s -r I * c* -x* bc+br . <?*+«* and c- an 1 

of 1 - r 1 . 1 +y, 1 -y- ; *•+ r ! , and 1 + ^ j- ; 1 

17 What is a third proportional ? If a 1 v — c d and r be a 
third proportional to a .and h, and v to b and c, proie that the mean 
proportional between i and y is e'ptal to that between c an! d 

rt b4r( (4-o a + h . , , 

18 If — , , shew that <i = 6«=»e 

a b r 


19 


If a 


n> and 


1 1 m 

a + 7n,' 


shew that « 


b—e * J, and ljnd 


the valne of tn in terms of a, b and <• 

20 If r*-H r * •y— 85 2 -12, find the latio j l y 

21 The first and fourth terms of a proportion are 5 and 54 , the 
sum of the second and third is ">1 , find them 

22 If then ha- alwnis the same aalue, whateaer 

valne he given to r 

23 What is the least mtegei that must be added to the teir < of 
the ratio 9 I 23, so as to make it greater than the ratio 7*11? 

24 A number of two figures is altered in the ratio of i to r,t, if 
its digits be lnteicbanged , shew that the digits arc to each other in 
the ratio of 10m — n to lOn -m 


25 age is 25 jears and 2?’» age i« G j ears , find the lei't 
number of \eare after which the ratio of their ages will be less than 
the ratio 7 ; 3 


26 If 
terms of c 


&!_<l i.(3 5i_ n s + c s 


b—c 


<1 + <• 


find the \ahie of each ratio m 


27. If 


a-L-c c 


a 

c~b 


, deteimme 


the ratios ti 


b . c 


. Es 1 
shew that 


Miscellaneous Examples VIII 

if L__ y _ _ - 

b-i-c—a c+a — 6 a ^b— c’ 

(b-()(+(c-a)y+‘a-b}z =0 [CW, 18733. 
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Let each o£ the given latios = l , thus we have 

i'=/„(5 + c-n) (*)> 

y—l{c+a—b) t2), 

z—J[a+b—c) 0 )> 

multiply mg (1) by b — c, (2) by c —a and (3) by a — b, and adding, wo 
aet (b-c)x+\e~ a)y+(u~b)z 

_ _ ,, , , ay— bi er,-ae bt-cy . t y z 

c o a a b g 

ay-bx cx—az bz-cy_j 

: u — „ “*» 


Let 


«c y — bcv bov—ahz abz—acy , -- 
. "5 — w — = — Zi U 168 ], 


5 s 

, . a „ , sum of numerators _ 

by Cor. 1, § 262, j-j r — “0 , 

J ° * sum of denominators 

hence each of the given iatios=0 , therefoie 
ay — bv—0, cv—as** 0 , bz-cy — 0 , 


whence 


* y s 
■" - — “ B= “"*» 
a b c 


Bx 3 If m . n=p ; gr, prove that— — — =(»H-2)-(«+p) 

[<?«? , 1859 ] 

(m-n)(m—p) m t ~m(n+p ) +np _ . . «p 

m m ~ m '■ H ^' + wT 

* =m-(n+j7)+^2 [ np—mg, ij 252] 


=m-(n-fp) + g = (m+g)-(tt+jp)[§ 46]. 

Ex 3 (1) If prove that 

(ab +bc + cdf = (a 2 +’6 2 + c 1 )^ -» c ! +d*) [(?«?., 1887] 

Let each of the given ratios =k , thus 

^ 168 ]“~6 t +V +5 t§ 262 > ° 01 7 3 

also '"55-^-^tS 168 3 ra < 7 6 -+6 c +cd:[ § 262 ’ Coi< 

fiom (1) and (2), g2 +& a + o* 

6 s + c 2 +tZ !! a6 + 5c + cd’ 

01 + 5c + td? => (« 3 + 5 2 + c®)(&® + c® +d s ). 


(1) ; 

( 2 ) 
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Ex 3 (2) If a l b—c . d, shew that 

4(«+W«+i)-M( 2 f‘+ i r) S C<’«i.l874] 

Let each of the ratios =1 , thus a— lb, c=ld , 

4(a 4 b)(p + d) = 4(7 b + b){kd + d) = 4 bd{L + l) a 

= bd{ 2(1 + 1)} 2 = M( (* + 1) + (*■ + !) }* 

„ . ax+by cs+cn by +«_ 

E* 4 Solve 

sum of numeiators _ 

Bj § 262, Cor 1, r+y+e— gnm 0 j denominators 

. , ax+by C 2 +av 6y+c* 

And __+l = _^-- + l- — +1, 

aa+&y + es C8 + «. t + iy by+cz + m 
•* by at ’ 

or a\=by—ci=h suppose 

/l 1 1\ , , 2a6c 

. («.»,(!), 1 (^+ 5 +;)-*. 

Qttbc 

\ from (2), =%= co = + , 


( 1 ) 


(2)^ 


Ex 4 (1) -4 and 5 compared then incomes and found that 

Tl’s income was to that of B as 7 0, and that the third of d’s in- 

come was Es 30 greater than the difference of their incomes. Find 
what each received. [ Cal , 1871] 

Let v rupees =d’s income, and y rupees =Z?’s income , 

thu( - . (!)• 

and Ja=(y-r) + 30, y>> bj hypothesis (2) 

From (1), r=£y , tlieiefore from (2), 

&x£y=(j/-'t30 + 3O, nliencey=810 
And from (1), x=ly^x 870=630 

Ex 6. Two globes of gold w hose radii are r, r\ are melted and 
formed into a single globe , find its radius, having given that the 
volume of a sphere is proportional to the cube of its radius 
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Let v, v' denote the volunies of the given globes, and Tand R, the- 
volume and radius of the required globe 


V i v' t»+r* 
** ■ff !== r 5 “f 7 ' _ r s +r' E 


g 262, Oor. I] , 


An d / F=r + v\ we get ZJ 1 = r* + r' s , or R=\/r il + r' s . 


Ex 6 If from a cask of wine containing a gallons, ^gallons be 
drawn off and the vessel filled up with watei, and this operation be 
repeat-d n times successively , find the quantity of wine then 
remaining 

Let a v a s , a 3 „ a n denote the quantities of wine remaining 

after thejfret, second, third, » lh , opei ition lespcctively , then it 

is easily seen that 

a l a l ='i . a-b (1). 


but since the wine m the cask decreases, every time m the ratio of v 
to o — b, we have 


a, I a s =« : a-b, ■ 
s# . • a *-" fij 

•• • it •••• • 

ffii-i . «n=« , ft-i 


(2/ 


Therefore 


whence 


compounding the n proportions m (1) and (2), we get 
o .««=«* I («-&)", 




(«-&)» 


a»- 


7 


8 


9 . 


K a * ; d, prove that 

(1) ac I bd—(a+c)(a—c) : (5 +d)(b-d) 

(2) a+b+c+d I a + b — c-d^a—b+c-d , « — 6-c+ci 

, 3 x , 

(4) «(« + Z> -f c + cZ) =(« + &)(« + c) 


(5) 


L + 'I + I + JL = i 

ma nb pc qd be \q pnm j 


If a, b, c , {Z be in continued pioportion, shew that 

(1) (&+c)(6+cZ) = (c+o)(c+dj 

(2) (a + d)(b + c) — (a + c)(6 +<Z)=>(J- c)®. 


If a , 6=c ; <Z— c I /j shew -that 

a 2 I 6 2 »ft(« + »nc)+ncc . b(b+md)+nfd. 
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10 If a L b L =a 2 : h=a~ b s , prove that 

h Ja l b l + \/a s b. >+ JaJb 3 = n /( a 1 + a 2 + a s )(i> l +6 2 +6 3 )* 

11 If (a+b+c+d)(a-b-c+d)={a-b+c-d)(a+b-c-d) J shew 
that a, b , o, d are propoi tiouals 

12 If a + b ‘ 5+c=c+d : d + «, it is lequued to prove that 

a — c oi a + 6 + e + (i = 0 

13 If «'+a: a— v equals the duplicate ratio of a+b I a — 6, then 

r — b „ « — i = b(a 4- 6) ft(ft — b) 

14 If x be to y in the duplicate iitio of »i to n, and m to n m 
the subcluphcate ratio of p- + v- to p 1 -y 2 , shew that 

1> 3 I .ry=s+y . x-y 

15 If x has to y the triplicate ratio of ft to b, and « to b, the sub- 
triplicate latio of a + v to d+y, prove that x y=c . d 

T .ft b c , , !a ! -nn&V + ncs 2 pa + qb + rc 

10 If , prove that 7-5 — ■ — r ~ — . 

v y « r tft 2 ! +mby+m 3 pv + qy+rz 

17 if d~ a . d—b d-c a+b+c+d 

1 - u~y-u » - u i.a+r+y+s)’ 

prove that — - — = — - — = — - — — 

«+y + - u+x+z u+t+p i+p+z 

18 If ^ — -«=- — then each of these ratios ^ ~ 


19 If -=£=-, shew that 
a b r 


/1N ax+by _by + csc: + ax 
' ; ft*+& 2=a ^d-c 8 " c-+«* ’ 

(2) (o i, + &y + C 2) 2 - (ft 2 + 6 s + c 2 )( r 2 +y® + 5 *) 
on 1t bx—ay cx-"s s + y ,, ... 1 . 

* uT^r^bf^i “ r? »/ then each ° f tbese rat,os= p un,e ^ 

i+c=0 * 


21 If 

bz + cp _cx+ctz ny+bx 


b — c c—a re — 6 ’ 

shew that 

(o + 6 + c)(r+y+8)=at + Jy + cs 

22 If 

&+«-« c+ft-J ft+&-c , 


* + *+*- 3 , * +y _ a > then each 

otpial to 

o_ 6 _c 


t~y“s ’ 

also to 

b+c-3a c+a-3b a + b-3c 


y + s-Ii e+r-3y j+y- 3 s 
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23- w ? Mve & "--k = 7 ~W 

r.—a, r—h a-*-b—<’ t , t a ^ 

“• » sn-jn-sFTi^)’ pro h frrtr* 

25 If -=f=-- and ar^by +r Z =p, 

"00 


y 


prove that 
28. If 

shevr that 

27. If 
sne-v that 

28. If 

T/ror® that 
29 Solve 


A ft? a «?)<?-./ 




r 2 .<2 - 2 

and : 

e ,■)•• « o A® * _,2 

g g; r « — p -*• 7 

«* I? ’ c 1 jr— « ,J -3 S * 
la— mb mu— lb 

Z *» C ’ 

fr.<?W+&% '-2) ««=«* j- J* 

_ r— j* _x^-v_ 
‘ib— e~2o -H 'ia—b' 
r*-y—z n—b—o 
as,-‘-by—cz~a-—lr+c r 

1 7 — 4x . 15-»-2r 
4 


— 2x= 7 I 4. 


.. , ax+by—rz bi^-cz—ar cz+ax—by . , , 

SO. Solve — jjrrs — - — . •.--*= rrjv--«a A J+« 

o- , +<r o--*- a- a-^-b- 


31. Solre 

32. Solve 

33. If 
-hetr that 

34 If 


b c c a a t b 
o' z z £_£ y 


then 


c,-rb- s -c a b o' 

y*-z : z+x : x-*-\ /-a ; b : c ^ 

^ {z-nfHz+ur— l J * 

br+ay-cz fy^rbz—ax az-^cx—by 
a'-r? ~ V-c- c-J~a- ” * 

x— y—z ax—by—cz 
a—l—c ffb-i-bc—ca 

£ y_ a 

l{mbJ~nc-la) m[ic-la-n>b) n ! J.a+ml-ncf 

- _ m _ = £ f , 

^ly-z-cz-iiT) y'oz+as~byj z[ox+by-cz) 
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36 if — =o, rh=h tfcat 

# T : s — r j t!) 

r* : y ! : c s =a(i-H : Ki -'*) : 

36 Find two numbers such that their snm, difference and th^ 
«nn' of their squares, may- be as the numbers 5 3 and 51 

37. A parson bn\s t*a at 6« alo and also some at J* alb , m 
vrint proportion mn»t he mix them so that bv selling his tea at 
=>* Id a lb 5 he may gain 20 per cent on each lb sold r 

38. The lergth of a certain rectangular field is to its breadth as 
6 i "> Or.e-sixth part of the area bang planted there remains for 
ploughing 625 sqnare yaids What are the dimensions of the £e T i. 

39 A bill before Parliament was lo-t on a division, there being 
609 votes recorded Afterward-, there being the same voters, it was 
carried bi twice as mam votes a« it wa- before lo-t by and the new 
roajoritv’was to the former as . 4 How manv member* changed 
their minds * 

40. Two casks, A ana B, contain mixture* of vine and water, 
A «n the ratio of S l 3, and B in the ratio of 5 ; 1 In -what pro- 
portion most hqnid be drawn from each cask to give a mixture 
containing wine and water in the ratio of 4 I 1 * 

41 A packet, sailing from Dover with a fair wind, arrives ar 
Calais in two hours , on its return, the wind being contrary, it 
proceeds six miles an hour slower tnan it went When it is half wav 
oveT, the wind changing, it sails two miles an lionr faster, and reaches 
Dover sooner than it wonla have done, had not the wind changed r 
in the ratio of 6 I 7. Find t^e di* ?nee between Dove’* and Calm* 

42 Havi-g given that the illumination from a source of light i» 
inversely proportional to the -qi are of the distance, how much rearer 
to a candle must an object which « now 10 irclie* off, be placed «o 
as to receive just 9 times as much light i 

43. Given that the area* of plane triangles are proportional to- 
the product of their bases into heights, compare the areas of two 
triaugles who« bases are as 3 and 4 and heights are as 8 and 7 

44 Three globes, who-e radii are 3, 4 and a inches, are melted 
and formed into one , find its raJms, having given that the volume 
of a sphere is proportional to (radins^ 

45 If v? shillings m a row reach as far as n. sovereign*, and a 
pde of p shillings be as high as a pile of q sovereigns comDare the 
values of equal bilks of go'd and silver, having given that the volume 
ot a com u proportional to the product of .ts thickness into (radius) 5 . 


V 
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CHAPTER XXII. 

Miscellaneous Theorems and Examples. 

1'1'hus Chapter, though interesting to the student of Algeha, is not designed 
foi average Entrance students and mag be left out ] 

804 Theorem. It the sum of any number of real pontiee 
■quantities be zero, each of the quantities ts severalty zero 

Let A 3 +B 3 +C* + =0, where A, Zf, C, are all real 

quantities 

Now whether the expiession foi which A stands he, after reduc- 
tion, positive or negative, Hs square must ahdai/s be positive ; hence 
.d® is essential^ positive Sinnhuly IP, C 2 ,.. . .. are all essentially 
positive Now the sum of positive quantities cannot be sero, unless 
each of thembe severally zero Hence ^l-^O ltr « 0, C 2 «=* 0, &c *, whence 
.4 = 0, B— 0, 0—0, . ...which pioves the Theorem 

Examples. 

Ex 1 If rt a +& 2 +c 8 = 2«6, shew that «=6 and c«0 
By transposition, we hate 

(«-&) 2 +c 2 =0, whence (« — 6) 2 =0and c 2 «= 0 , 
a — b-=Q oi a — b, and c*= 0 

2 If ^ 2 +y 2 +s ! +« 2 +J a + c s =2{«A + &y+c5), shew that 

x “ (i, y=b, 0 " c 

3 If « ? +l I +c 2 =«i+&y + cs=a 5 -ty 2 +i: 2 =l, 

prove that 

a b o 

4 If 

(s - «) 2 + (a - ft ) 2 + (a ~c) 2 =(*—«)(■, -b)+(x-b)(t -c) + ( i -c)(s -a) 
find the relations between a, b, c 

6 I£ + { a: -rr^} =0 * &l,ew that 

6 Solve (l+c 2 +& 2 )(l + r 2 J-y*) = (l + «a: + ^)S 

7 Solve (^-«) 2 +(y-& / 2 + (« s +6 2 -l)(a: 2 + ? / 2 -l)=-0 

^•SLo anlr™ U A ' r =°> th6U (1) 0lt7ier - 

For lf x~a, r-oi 

sir if X«=0, Y-b) th ° n AT =°; 

ancl lf Xs=t % F =0, then also Zl r =0. 
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Hence when nothing it Inoicji o* to the i<tlues of X and J r , (1) w 
the only legitimate conclusion 

Corollary Hence if XYZU =0, one at least of the factors 
must be zero , and conveisely, the product XYZU . cannot be zero, 
unless one at least of its factors be zero 

iSx 1 If x*+y*+i s -3xys*=0, then must v+i/ + z = 0, supposing 
>, v, and i all unequal 

Kow ar" +y s + z s — 3xjz 

+ z){(y - zf +(> - rf +(i -,ff} [ 5 } 130 ], 


~(x+y + s){(f/~z)"+(z-rf+(x-i/) 2 \^0 

Thus either the first factor or the second factor is zeio , if the 
second factor he zeio, we have 

(»/-s)*+(«-*) 2 + (t-y) 8 = 0, 
whence (y — s) a =0, (s— 1) 2 =0, (a -?/r = 0 fJj 264], 

that is, y-3=0, ?~r=0, t-y = 0, 

or %c= y~ 

which is contraiy to hypothesis, theiefoie r+y + 3«=0 

Ex 2 Solve U»] 

Add 1 to both sides , thus 

(x— q) 3 + (r— Z>) 3 2t-g — b 
(v-b? ~x-Z b + a' 

v. hence (2 j , -a — b) __1 \ . 

I ( ■z-bf r-2b+aj ’ 

or aftei slight leduction, 

^-a — 6) for . ? 1 )* ... =0 

then fore either the fust factor=0,' or the second factor =0, hut the- 
»econd factoi cannot be 0 , foi then (a -b) z would be equal to 0, i c , it 
would be equal to b, which is contain to supposition , therefore 
2r- « -0=0 , whence * 

r=3(a + 6) 

111 l 

- + - + -= i 

x y z x+y+ 3 ’ 


Ex 3 Given 
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Multiply m g out, we have from the gn eu relation 

■ (x+y+zyi/z+tx+^-xys^Of 

or (y+-Xe+a,)(v+y) =0 [& 132, Ex 7] ; 

hence one at least of the factors must be 0 Let 7/ + * = 0, whence 
y= -sand therefore y ,l+1 =(-2) 2n ' rl =-2 InTl > since 2n + l is alvrav-, 
odd, [see $ 187, Ex 6 ] 


Now 



1 lx 251 " 1 /If 1 

l + i) -U) 


1 

^»+i 


1 1 
*“ ^a^l— s*>‘ +1 + s 2n+1 V* n +l+g*'+l+ s» n *l* 


2<i(i Meanings of o, 


o 

o' 


(i) Ordinarily 0 stands for the difference of two equal posi- 
tive quantities which is evidently nothing There is, however, 
another meaning of 0 not incompatible with this meaning. Sup- 
pose Ji represents the difference of a and r v, here «>r, then 

a — r=h 

Nov it is cleai that as $ increases and approaches to a; h conti- 
nually diminishes, and by giving to sa value sufficiently near to 
that of a, h nmv be made smaller than any assignable quantity 
This is expressed by saying that the limiting i alue of the difference 
li 7 rhen a and x are made to differ as little as we please, is 0 

(n) t e , an infinitely large quantity 


By actual division we get [§ %] 


a 

a~% 


, X X“ r- 

1 + --J — ,+ ~5 

a a- ar 


+ 


Now horn what lias been said above, it ib easy to see that s 
is equal to c, when the difierence between "them ultimately 

vanishes , but then also each of the latios i<= pm , a i 

to 1 [§ 249, Cor ] , therefore 


q— 1+1+1+. ad infinitum = « 


Illustration 5000000000, a large quantity 

"We shall now examine the equation 
av+T>=as+&' 
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■Clearly this equation cannot lie satisfied by any finite value of 
x, but may be satisfied when x is infinite [§ 249, Cor ] , and as 
its solution shews that x is infinite, the equation is satisfied, for 

b'-b P 

* X= =-=sec, 

a— a 0 

(in) ^ is the symbol of an indeterminate form i e , when 

■an | expression nssumes this form for a particular value of any 
symbol, the value of the expression cannot be definitely determined, 
unless ive transform it into another of equal value , such that, for 

•the proposed value, it may not take the form - 

We shall illustrate the above by examining the solution of 
« r 4 - 6 = 0, when « = 0 and 6 = 0 From the equation, we get 

_ -b 0 
l “ a "O’ 

■which shews that x may have any value whatever , indeed when 
•a*»0 and 6=0, the equation takes the form 

0r=0, 

which is evidently satisfied by any finite value of x 


N 


Examples 


Ex 1 Evaluate — , when *=0 

Vl+x- Vl-x 

If at the outset, we substitute 0 for r, m the given expression it 
becomes 

0 = 0 

V r l + 0-V r TTo 0’ 

and we cannot find its value , therefore we rationalise the denomina- 
tor , thus the expression becomes 

1 + t W 1 - r)_V i+aj+V 1 — £ 

2, " 2 

Now put a«=0, thus its value is 1 

3 Evaluate , when x=a 

x—a 


3 

4 


Evaluate 

Evaluate 


.■r s -2^+2a:-l’ ^ len x ~^ 
t*(y — 1) - X\y — 2) — l’ 
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SGT Number of terms of an Expression. By the term 
expression is general!} meant a ration'll integral expression [g "*■”]» 
We know that a complete or natural expression is one in which 
occur all the power* of the symbol of reference ; thus i?+(tx‘ + bv+c 
is a complete expression [$$ 220] An incomplete expression is one 
in which some of the powers of the s} nibol of reference are wanting ; 
thus aa^+s+g is an incomplete expression 

Tfrom the first example as well as those given m tj 220, it is easy 
to see that the number of terms of an expression n equal to the 
number denoting its degree increased hf one Thus the expression 
<rr ■\- bx l +cx+d, which is of the third degree, consists of 3 + 1, 
i.e,/o«r terms, vit , +at s , + &£ 3 , +e* and +5 

The truth of this statement is clearly very plain m the case of 
expressions which are complete, but not so plain m the case of m* 
complete expressions But it applies likewise to them, if wo only 
suppose the place of the absent power supplied by 0, or rather 
by the power with the coefficient 0. Thus * 3 +l, which is of the third 
degree contains four terms, vis., +« 3 , +0x 3 , +0x and +1, for 

a 8 +l=(a+l)(a: s — a; + l) 

=® xP + a 3 — * 3 + x— #+ 1 
+(1 - 1)* 3 + (1 - 1)* + 1 
=a^+0j; 3 +0a!+l. 


Hence to write down the full form of an incomplete expression, 
we have to supply the place of absent powers bp those powers with 
the zero-coefficient 


Corollary 1 Hence if an expression of the m lh degree bo multi* 
plied by another of the n lh degice, the product will consist of 
(m+n+1) terms, for it will be of (m+n) dimensions [§ 90] 


Corollary 2 Hence also if an expression of the m th degree be 
divided by another of the n‘ h degree, the quotient will consist of 
<m-»+l) terms , for it will be of (m-n) dimensions [§ 97] 

Note It is well to remark hevo that the numbci of terms of an expres* 
Sion depends on the symbol of reference Hence the same expression may 
contain different numbci of terms according as it is considered with refer- 
ence to one or other of the mvolvod symbols Tims the expression 

(a- + 1)* 8 + (« + 2)k 9 +3* + 1 

V*' +(f +1J*», +(a+2)® 9 , +3* and +1, when 

itSeathofoim enCe “ *’ tcma whcn lfc 18 a > m casc 


» 9 a* +® 9 fi+{a;® +2» 3 +3«+l), 
and its terms are +a a a®, +as*aand +(a s +2* a +3a;+l) 


■ 24— B. 1 
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3<SS. Method of Detached Coefficients Multiplications 
and Divisions may be conveniently performed by writing down tlic 
coefficients only, as illustrated below 
Remark. In applying this method the student must be careful always 
to supply with zeros the place of the absent powers in incomplete ex- 
pressions 

Examples 

Ex 1 Multiply 3^ + 2 r 2 — 4 jj + 1 by x 1 +3.v+ 2 
Here the given expressions are complete , therefore put down the 
coefficients as they are given , 

3+2— 4+1 
1 + 3 + 2 
3+2— 4+1 
+ 9 + 6-12 + 3 
+ G+ 4-8+2 
3 + 11+8- 7-5+2 

required product = 3« B + 11** + 8js 8 - lx 2 — 5r+2 
For the highest power of x in the product is x s [§ 90] which heie 
occurs m the first term, and the other powers follow in ordei, the last 
term evidently not containing any of these powers 

Ex 2 Multiply 2r s +i;-3 by 5®*+2 

Here the expressions are incomplete , therefore the coefficients are 
as given below [§ 267] 

2+0+1 —3 » 

5 + 0 + 2 
10+0 + 5-15 
+0+0+ 0-0 
+4+ 0+2-6 
10+0 + 9-15+2-6 

required product =10i,5 + 0^ + 9-^- 15 ^+ 20 - -6 
= 1 Ox 6 + 9x® — 15a: 8 + 2# — 6 
Ex 3 Divide 35a s + 47a 3 + 13a + 1 by 5a + 1 

5 + 1 ) 35 + 47 + 13 + 1 ( 7+8 + 1 
35+ 7 

40 + 13 
40+ 8 

5 + 1 
5 + 1 

.*. quotient =7a 3 + 8a+l 
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Ex. 4. Divide 6® + 5 by -e 9 — 2a:+l. 

Since tlie dividend is incomplete, the coefficients are to Tie put 
down as follows [267] 

1—2+1 ) 1+0 +01-0+0-0 +5 ( 1+2+3 +4 + 5 

1 - 2+1 

2 - 1+0 

2-4+2 

3-2+0 

3-6+3 
'4-3-6 

4-8+4 

5-10+5 
5-10+5 - 

quotient =■ u* +2 ;e 3 + 3;e s + 4 «+ 5 " ~ ~ 

2G9 Symmetrical Expressions. An expression is said to 
be symmetrical with respect to a pair of symbols, when their inter 
change does not affect its value and with respect to all its S 3 mbols 
when the interchange of any pair does not affect its value 

Thusrc+y+ms is symmetrical with respect to x and y, but not 
with respect to x and 2 , or y and 5 , for the interchange of randy 
gives y+*+ms which is equivalent to the given expression [§ 47J, 
whereas the interchange of, say, y and z gives x+z+my which 
differs from the proposed expression. 

Again the expression bc + ca + ab is symmetrical with respect 
to all its symbols, for the interchange of any pair, say', b and c 
gives cb + ba+ac which is the same in value as the given expression 
[§§ 67 and 47] 

The following are other examples • x-by+z, ft 9 + fr* + c 5 - Zabc, 
(b + c - 2«)(c + a - 2&)(cs + b - 2c), &c. 

It is worthy of note that the expression x-bybmz would be 
symmetrical with respect to r, y and 2 , if m*=l, or if x and y have 
each the coefficient m Thus mx+my + mz is the only general form 
of symmetrical expressions of the first degree in r, ?/, 2 , where m is 
independent of x, y and 2 

Similarly it is easy to see that the expression 

or 2 + hf + C 2 2 + dyz + ezx-bfxy-bgxyz * 

would he symmetrical if a=5=c, and ; or in other words, 

if the expression assumes the form 

Ax'-bAy 1 + Az 9 + Byz + Bzx + Bxy -bqsyz 

It is needless to multiply examples, tlie above being sufficient to 
shew that in symmetrical expressions all the terms of the same type 
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must Lave tbe same coefficient Tints in the second example x > y , s ", 
winch are of the type of r 3 , all have the same coefficient A , and 
yz, zx, xy winch are of the type of yz, all have the same coefficient B , 

Again from the nature of symmetrical expressions, it follows 
that the sum, product, or quotient of two symmetrical expressions 
is symmetrical Thus the sum, product and quotient of r 2 +y- + s* 
and a+b+c are respectively 

e?+y i + z 2 +a + b+C, 

(x? +y 2 + s 2 )(a + b + c), 

(x 2 +y 2 + 2 s ) — {a + b + c), 

which are all symmetrical, as the student can himself see We thus 
obtain the following Laws of Symmetry — 

( I ) In a symmetrical expression, all the terms of the same type 
must have the same coefficient 

( II ) The Sum, product or quotient of two symmetrical expressions 
must also be symmetrical 

Remark The expression (y-d)[s-x)(x-y) is also called symmetrical 
though by the interchange of a pair of symbols its sign is changed 


37® Homogeneous Expressions In this article we shall 
give a more convenient definition than that of § 86 A homogeneous 
expression of the r th degree is such that when each of its symbols 
is multiplied by r, the expression itself is multiplied by r, the deqree 
of r n , viz , n, denoting the degree of the expression Thus v 2 +xy+y 2 , 
^ 9 +y 5 )— [x+y), and (x 2 +y 2 + z-)—(yz+zv + xy) are lespectively of 
the second, first and zeroth degrees, for when each of the symbols of 
these expressions is multiplied bv r, \\ e obtain respectively 

r^+xy+y 2 ), 

r 2 (x 2 +y 2 ) __x 2 +y 2 ^ r 2 {x 2 +y 2 + z 2 ) __ 0 x 2 +y 2 +z 2 
r{x+y) x+y' r i [yz+zx+xy)’ = ‘ r yz + zx+xy 

Thus though the quotients are not ob\ ions in the second and third 
examples, yet their degrees are apparent We have thus the follow- 
ing Laws of Homogeneity — 

( 1 ) If the homoqeueous expression of the m 11 ' degree be multiplied 
by another of the n th degree the product mil be a homoqeneous ex- 
pression of the (m+n) ft degree 


(") homogeneous expression of the m‘>* degree be divided by 
Z°n of the Im-n^degrel 2 “‘ wU U B homo 9 ™ous expres- 


rsT??! fJS l , i « fle ? . by a11 Talues * We have seen 
PllS" Identity holds whatever value be given to any of the 
symbols in it Thns the identity s?-{a+b)v+%b={x-a){x-b) is 
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satisfied ■when ■we put v or a or b equal 0, 1,^2, 3, S.o. Hence as a 
particular case it is clear that an Identity it by any value 

whatever of the Symbol of Reference 

2'iJ Theorem. In an Identity the coefficient t of the l He powers 
df the Symbol of Reference arc equal 

Suppose A -i-Bx+CsP-i- Djr+......’ a a + br+cx 3 +dr s + 

to be an identity. Since this is satisfied by any value of t [§ 271], 
put ar=0, tliU6 A— a, and 

Bx+Cs?+Dr?+ .. ..—bx+cw+dx*-*- ; 

now divide by x, and we have 

B+Cx+Dt*+..... . .=b+cx+djr- 5-......, 

hence, as before, j 5=i Similarly it maj be sbei.Ti that <?*=£, 
D—d, &c 

This theorem is called the Ppincifle of i s* dfterhin' at e Co- 
efficients 

Remark 1 A and a may be considered as coefficients of tr haring 
the zero poaer, for they may be written respectivclj* Ax° and ax°. 

Remark 2 In incomplete cxprasion s, the coefficient of the absent power 
is 0 Thus from the identity 

Az s +Bz- +Cz- i -D=ax s -rbx* -*•</, 
weget Ax i +Bx*-rCx+D=:ax z —bx i -i-Ox+d [sec § 207] ; 

therefore A —a, 5=6, (7=0, j D—d. 

Examples 

Ex _1 If asP+b3 s +cx+d={2x+l)(j> s — 4) for all values of x , 
determine «, 6, c and d 

We have 

oar+&r 5 +cjr+d={2x+l)(jJ 2 -4) identically =2x 3 +x s — Sx—4 ; 

. re— 2, t = l, c= —8 ami c£= —4 

2 If ax*-i-bx s +cx 3 +dx+e=3r l -i-2{x^lXx-l)+7 identically, 
find the values of a, b, c, d aud e 

3. If pjp+qx^+rx+t be identically equal to 2(a;--l)(s-i-2)(s*+3), 
what are the values of p, q y r and s ? 

4 If ar 1 +fft s +Sa:2+cj'+eZ=(x 2 +a:-l)(x5+2a;+3), shew that 
c + i/=0 and 6 — 4c=0 

6. Find the values of a, b , c, d, when 

as? + bx- + cx + (2a? + 4r + l)(ir - 2), 
and shew that a + d= 0. 

8 Determine l, m, n in order that js +lx l +mz+n may be equal 
to tlie cube of x — 2 J 1 
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Ex 7 If one of the factors of r 8 +5a;+$r he r+8, determine q 
and the other factor 

Since the proposed expression, is a quadiatic, it can have hut two 
hnear factors therefore the other must be of the form x+a 
Hence „ , * 

a? + 8a:+g=(a;+8)(a;+c0 = a; 2 -f (a + 8)a.+8o , 

a+8 = 5 and 8 a = q 

■whence a - - 3 and g «= - 24, and therefore the required factor is % - 3. 

8. If x - 5 he a factor of 2z? - lx + a, what is the other factor and 
what the value of a ? 

Ex 9 If x* + 5v+a be the square of x+b, find sand b. 

We have 

a; 2 +5a:+a=(a;+&) 2 = 'E 2 +26a;+6 2 , 

26=5 and b^—a , whence 6=5 and 
10 "Find pandgm terms of a, when x 2 -i-px+q—{x+a) 3 , and 
hence shew that p*=>4q. 

Ex 11 Determine a and 6 m order that 3A 3 +22a^+oa; + 6 maj 
have a quadratic factor a? + 7 x t 8 

Since the extreme terms of the given factor are a: 3 and 8, the le- 
quired factor, which is linear, must he 3a:+-, whence multiplying out 
and equating coefficients, we get a = 31, 6=8 

12 If 4X 3 - 9a: 2 + ax -12 be exactly divisible by 4a; +3, find a and 
the other factor 

13 If 2x*+a?+lx 2 +mx+n he divisible without remainder by 
a^+Sa^+Sai+d, find 1, nt and « 

Ex 14 If z?+x~+px+q be divisible by (x— l)(a;— 2), determine 
p and q 

Since the given expression is a cubic, we must have another factor 
of the form .-e+a , therefoie multiplying out and equating coeffi- 
cients, we have " ' 

a -3=1, 2 -3a=p, 2a— q , 

whence p= - 10, g = 8 , and therefore the other factor = a; + 4 

16 If 2ar 4 +3r 3 +oa: 2 +5j;+e be divisible by (a.-3)(a; 3 -l), find the 

values of a, 6 and c 

18 "For what values of a and 6 will the expression 
ar 4 +4a£+as 8 + 6a;+25 be a complete square f 

17 If z*+a3?+b3?+cx + d he a perfect square, shew that 

d=^;, -+2,ytf=6 
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Ex. 18 If as+flr’+fex+c be exactly divisible by jS+px+q, 

shew that V\P~ tf—hq—cp 

The other factor must e\ idenily be ;r+~ ; therefore multiplying 

dnt and equating coefficients, we have 

p+-=a (1), and g+p~—h (2) 

q 2 

From Q),-=a-P ; from (2), q+p(a-p)=>b The second re- 
lation at once follows from (2). 

273 Degree of Semamder From the definition of Re- 
mainder Qi 96], it is clear that if the Dividend be of tn dimensions 
and the Dvnsor of n dimensions in the symbol of reference, the 
Remainder will be of dimensions lower than n, i e , it will be of 
* n — 1 or of even lower dimensions, and the quotient will be of m — n 
dimensions Hence as a particular case, if the divttor he of the firtt 
degree , say as+a, the Remainder cannot contain x 

Corollary From the Corollary, § 90, we luv\c JD—dQ+R, 1 1 . 

JT) J> 

Now since Q is integral, D will be exactly divisible b 
d, when ^ is cither integral or 0 But the degree of R being low 

than that of d, is fractional j therefore ^=0, ic, A’=0 Hence the 

condition for exact diimbilily of one expression by anotfor is that the 
remainder shall vanish If therefore the I*ni«or bo of n dimensions an 
consequently the Remainder ox « — 1 dimensions, the Remainder wi 
contain m general n terms [§ 267] and therefore n coefficients of tli 
symbol of reference, which mutt each lamsh ident'call’t if the remainder 
vantskes. 


Examples 


Bsc 1 If one of the factors of ** + 5 v + q be #+8. determine a 
and the other factor [Ex 7, & 272] * 


v+8 ) zr+Sx+q ( a;— 3 
g 2 +8;c 
-3 x+q 
-3g— 24 
2+24. 

The required factor must be the quotient *-3 
remainder vanishes, $+24 =0 or - 24. 1 

2 Work Ex 8 of § 272 by this method 


and since the 
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3 Find for what value of v, the expression a s +4a: 2 +7.¥+21 is 
divisible by v s +3?” +5 

4 Find the value of a; for which 21x* — 29a 5 + 1 6a: 2 +14 v— 236 is 
divisible by 3ar 1 -5a;+8 

6 Find the value of x for which .v 4 + as? 4- bx 1 + cx + d is divisible^ 
by i?+px+q 

Ex 6 If x*+5x+a be the square of x+b, find a and b 

[Ex 9, §272] 

By actual division, the quotient is seen to be «+(5 — b), and the 
remainder to be a -5(5 -6) Hence, since the gnen expression is a 
square, the quotient = the divisor , thus r + (R — b)—x+b, whence 
6=4 , and since the remainder vanishes, a*=b(5 — b)=~f, substituting 
thevalue of b 

7 Find the relation between the coefficients p and q m order that 
x^+px+q may be a perfect square 

Ex 8 Determine o and 6 in order that 3a J +22a: 2 +iM;+6 may 
have a quadratic factor x 2 + 7x+8 [Ex 11, § 272] 

By division, the remainder is found to be (o-31)a:+(6— 8) Now 
this remainder vanishes , therefore each of the coefficients vanishes 
identically , lienee a- 31 «=0 and 6-8=0 , thus a =31 and 6=8. 

9 "Work examples 12, 13, 14, 15, 10 andlS of § 272, by thismethod. 

374 A Convenient Notation An expression m v is some- 
times called a function of x It is often aery conveniently represented 
by /(a:), where the letter within the bracket stands for the symbol of 
reference Thus jfifc) may stand for r 2 -t-pr+g, orfoi or 3 +6a;-+cr+cf l 
oi for any other expression m x In accordance with this notation, 
therefore, fa), f(b\ &c , represent expressions m a, 6, &c 

Similaily an expression in x and y may be represented by f(a, y) , 
an expression in x, y and s by /(r,y s) , and so on Thus/(x, y) 
may denote ax+by+c, or qa?+hry+fy*, or &c , f\x, y, c) may 
denote ax+by + cs+ d, or lx- + my 1 + n: 5 + pxys, or &c 

If necessary, other letters may be used instead of /, thus r[x), d>(r), 
&.c , represent functions of x 

375 Bemamder Theorem When an integral expression in 

05 is divided by sc - a, the remainder is obtained by putting a for a> m 
that expression 

Let Q represent the Quotient and R the Remainder, when 

Js n+pj.«-l +?r n-2 + < ,+l s f( x ) 

is divided by x—a, then [§ 96] 

f{x)=Q{x-a)+R, 
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where R cannot contain v 273] Now this being an identity > is 
satisfied by any value of x [§ 271] ; pnt therefore x=a ; thus 

f(a)=Q(.a~a)+B as Q'>iO+R=B , 

i.e , R=f(a)=a*+pa n - 1 +qa"-*+ +1 

Foi particular cases, see examples 2 and 3 of § 96. 

Corollary If the divisor be a+Oy since x+a=x-( -a), the remain 
der is obtained by putting -a for x in the given expression. 


« Examples 

i 

Ex. 1 Find the remainder when 2a; 8 - 7a; 2 +8»- 9 is divided by 
x—4 

R=* 2x4 8 -7x4 a + 8x 4-9=39 

Ex 2 Find the remainder when 27a£ — 18a: 2 +3a; — 11 is divided 
by 3#-2 

^=27(5)= - 18(1)2+3 X 5 - 11 = - 9 

Ex 3. Find the remainder when -c 4 + 5s 3 + Sr 2 + 7a;+ 6 is divided 
by .*+2. 

IZ=(-2) 4 +5( — 2) 8 + 8( — 2) 2 +7(— 2) + 6=0 

Note* Evidently the given expression is divisible by x+ 2, 

4 Find the remainder when a; 8 + 5a: 2 — 16 is divided by a?— 2 

6. Find the remainder when a: 4 + 2a; 8 + 5a; -3 is divided by a: +3. 

6. Find the remainder when txP+ 3r 8 + i 2 -a;+8 is divided by 
ax+h. 


Ex. 7 Investigate whether 2a? - 3a; 2 - 2a; + 3 is divisible by a? - 1. 
The factors of a? - 1 are a; - 1 and a; + 1 If the divisor be x- 1, 
Remainder =2 - 3 - 2 + 3 = 0 ; 

* the given expression is divisible by x- 1. If the divisor be a;+l, 
Remainder® -2-3+2+3=0 ; 

*. the expression is divisible by a; + 1 Hence it is divisible by the 
product of x-1 and a?+l, t e, by a?-l. 

8. Shewthat 6t?-6a; 2 -8a;+3 is divisible by (2r-3)(a;+l)(3a>-l). 

9. Shew that x* — 2aa? +(] — ot)cti; 2 +(2a:— l)a 8 is divisible by a: 2 — a* 


Ex 10. If one of the factors of x 2 +5x+q be r+8. 
[Ex. 7, §272] * * 


determine q 


R-(-8) 2 -5x8+3 “0 by supposition, 
2 = -24 
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U Work Ex 8 of §272 

12 Determine & so that 3x 4 +8x?--47x+i piay be divisible by 
x-2 

13. Work Ex 14 and Ex 15 of § 272 

Ex 14 Shew that x B -«x+n-l is divisible by (x-l) 3 , if n bea 
positive integer 

Given expression = (.-s’ 1 ■- 1) — n(x — 1) 

“(*-l){(^ _1 +* nJ * +**'*+ ...+!)-»} S 

therefore a)— 1 is a factor of the proposed expression Now if x— 1 
be also a factor of the quotient, then the whole expression is divisi- 
ble by (x- 1) 2 Pat .t = I in the quotient, thus the quotient 

=(1 + 1+1 + . ,to n terms)~n=« — n—0 , 
therefore x— 1 is a factor of the quotient , therefore, &,c 
16 Shew that (1 — x) 3 is a factor of l~x— x n +x n+1 , n being any 
positive integer 

10. Shew that (x- 1) 3 is a factor of ni n+1 -(« + l)» n +l, where « 
is a positive integer 

’ 276. Divisibility of a3 n ±a" by *+« where ins aposi- 
^ tive integer We have four cases to consider, winch we shall do 
' W the following order — 

' (i) When x”-a n is divisible bj x—a , 

‘ (n) When x"+a w is divisible by x-a , 

< (iu) When x'‘ — a n is divibible by x+a , 

(iv) When x" + a" is divisible by x-ba 

By the Remainder Theoiem [§ 275], we have, when 

(0 Dividend =a n - a" and Divisor =x - a, Rem ■*= a" — a" = 0 always , 

. x B - a n is always divisible by x-a , 

(ii; Dividend =x ,, +a" and Divisor »x-a, Rem =a n +a n =2a" 
tlways , 

x M +a B is never divisible by x—a ; 

(m) Dividend = x n -a" and Divisor *=x+a, Rem =(-a) u -« n 
§ 275, Cor ]=0 or ~-2a B according as n is even or odd , 

, x n — a n is divisible by x+a only when n is even , 

(iv) Dividend =x B 4 a n and Divisor «= x + a, Rem = ( — a) n + a" 
A 275, Cor J=0 or 2a B according as n is odd or even , 

x" + a n is divisible by x+a only when n is odd. 
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The following is another proof ot the above theorem by the method 
of Mathematical Induction 

(i) To investigate when f • - a n is divisible by x-a. 

■We have x n - a n = x n - ax*' 1 + ax"* 1 - a" 

— t*' J (x - a) + «(x"" 1 - a"' 1 ) 5 

. x n -a n . x n ' 1 -« tt_1 

• -a 

x-a x-a 

Now since r n “ 1 is integral, 3f n — a n will bo divisible by x — a, 
if ® — fie mtcaral , or in other words, if x n * 1 — o"* 1 be divisible 

X *“ c? 

b\ x-a ; that is, if x-ts. divide a quantity which v> the difference 
between any the fame power of x and of a, it irt ll aho divide a quantity 
which if the difference between the next hiqhcr power of x and ofti . 
Bat we know that r— a divides x - - « s , therefore it will divide 
X s - a? ; and since it divides x?-n ! , it will divide x* — a* ; and so on. 
Hence 

x n —a n is always divisible by x-a. 

(n) To investigate when £"+0” is divisible by t— a. 

"We have Jx n +a n ‘=x n ~a*+2a n , 

. x B + a B x n -a n 2a M 

-- — — - K3 # 

** x — a x— a x—a 

Now since x"-a n is divisible by x-a, r*+«“ will be divisible by 
-x — a, if 2a n is so j but 2 a" is never divisible by x— a, 

x"+a B is never divisible by r+a. 

(m) To investigate when x” - a n is div lsible by v+a. 

From § 1 86, we know that ( — o) n = -f- a'* only when n is even ; 
therefore x n -a n *=x n -(-a)” only wlien * n is crcu : and x+o 
=x— (— a) Hence from (i), 

**— o B is divisible by x + a only when n is even. 


(iv) To investigate when x n +a n is divisible by x+rt 


As proved above, (-o) n = - a’ 1 only v\ hen « is 
x B +a B «=x n — ( - «) B only when n is odd ; and x + a = 
from (i), 


odd j therefore 
x— ( — a). Hence 


x“+a n is divisible by x+a only when n is odd. 


Examples, (i). 

1. Shew that 8 n - 1 is always divisible by 7. 

2. Shew that (23)" + 1 is divisible by 24, if n be odd. 
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3 Shew that (21)"- 1 is divisible by 20 or 22, if n be even 

4 Shew that (24) n -(19)" is divisible by 5 or 43, if n be even. 

6 Shew that 7 2n -l is always divisible by 48 

8' Shew that 8 2n - 3 2 « is alwaj s divisible by 65. 

Note It is important to lemomber the form of the quotient m each 
of the above cases By actual division, we have 

(1) (®"-a n )-(aj-a)=a n ' 1 +aa;"* s H a s a:’ , ; 3 + . . +a n * 1 - 

(2) (a n -a n )— (a:+a)=a:" -1 -a* n '’ s +a !! a: n "®-.. . -a"- 1 

(3) (* n +a n )— (sB+a)=»"’ 1 -na n “ a +o 1I a: n ' 0 - +a B_1 . 

[Mark that in (1) all the signs in the quotient are +, and m (2) and (3) 
the signs are alternately + and - 3 

Examples (u) 

Write down the following quotients 

1 (o 4 -6 4 )— (a+6) 2 (a s +b 6 )—(a + b) 3 (a®-5®)— (a±b) 

4 (tf+yl)— {v+y) 5 (s 8 -# 8 )— {x±y) 

0 (u 8 +y 8 )— (®+y) 7 (a 10 -a- 10 )— (o+a:) 

8. (a I1 +a: 11 )— (» + *) 0 (a: 1 ® -k 10 ) —(»+») 

877 Theorem. If an integral expression in oc vanish when 

00 = a, then so — a is a factor of that expression 

Let f(x)=v n +pv n ~ 1 +qx n ~ i + +1 

Suppose f(x) = Q(x-a)+R, 

where Q is the quotient and R the remainder (if any), when f(x) is 
divided by x—a 

3y § 276, R=f(a) , and when x=a, f(x)=0, that is ,f(a)=0 , hence 
R=0 , 

f(z)=Q(z-a) , 

1 e , x - a is a factor of f(x) 

This consequence of the Remainder Theorem is very useful m 
factorising Homogeneous Symmetrical Expressions 

Examples 

Ex. 1. Prove that (b-cf+(c- a y i +(a-b) s *=3(b-c)(c-a)(a~b). 

[§ 130, Ex 5]. 

Put b = c, ie, Buppose &-c=0 , then ' 

(6 - c) 8 + (c - a)S + (b - o + (c - a) 8 + (o _ fl)s = o , 
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5—<j is a factor of + — «’>*+(« — Similarly itmay 

be shewn that c-a and a -b are each factors of the expression. 

Therefore (b — c) s + (c — a ) s + (a — b) s =l(b — o)(c — <t)(o — b) (A ). 

Now since the proposed expression is of the third degree in <r, l 
and c, L cannot contain a , b, c and therefore remains constant for 
any tallies that may be assigned to these symbols And since (A) is 
an i dcntitu, we can give to a, 1, c any value we please. Suppose 
then «=0, 6**1, <5=2, thus from (A) 

— l+S-l=ilx — lx2x -1 ; whence A=3 , 

(6 - C; s + (c - a) a + («“ by --=3(6- c)(e - a)(n- b) 

Ex 2 Eactonso « 8 (6 + c)+6 ? (c + a)+c 5 (<i-f 6)+2d6e. 

Denoting the given expression by /{a, 6, c) [£ 274], we have, by 
putting &<=» -e, 

/(«, b, c)=c\c+o)+c , (n-e)-2rtc , '=0 ; 

thus 6+e is a factor of /(«, 6, c) Therefore from the symmetry of 
the given expression, we see that c-f a and o+6 arc likewise its 
factors 

Now f(a, 6, c) is of the third degree ; therefore it has three linear 
factors, and consequently if it has any other factor, that factoi must 
not involve a, 6 and c. Hence , 

/(«, 6, c)=£(6 + c)(c +«)(«+ 1>)* 

where l is some constant. To determine l, proceed as in Ex 1 j or 
more simply, compare the coefficients of tome one term on both sides 
0> 274] Thus hy compaung the coefficients of a~b, we have /• = ! ; 

given expiession*=(6+ c)(c+a)(a + 6) 

Ex 3 "Factoi ise a s (b - c) + 6 s (c — o)+ c 9 (a - b). 

Denote for shortness the given expression by /(a, 5, c) [§ 2741 
Put b—c in f(a, b, c ) ; thus 

/(a, 6, c)»0 + c s (c— a)+c s {a-c)=0 ; 

therefore b-c is a factor of /(a, 6, c) [§ 277] Similarly it may bo 
shewn that c-a and a-h arc factors. Now f(a, b, e) is of the fourth 
•degree , therefore besides the 3 factors b-c, c-a, and «-6, it has 
another linear factor , and /(«, b, c) being symmetrical, tins factor 
must also be symmetrical m a, b and c, and therefore it is U + ll + lo 
[§ 289] Hence 

/(«> h c) = (6 - c)(c - o)(a - b)(l a+lb+lc) 

=l(b-c)(e- «)(a —b)(a+b+ c). 

Compare the coefficients of a l b ; thus /(,= -! Therefore 
given expressi on = -(6- c)(c -a)(a- b){a + b + c). 
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Ex 4 Factorise o(5-c) 3 +6(c-o) s +c(o-J) s = a /(«i c) 

As in Ex 3, b-c, e-a, a-b are factors of /(a. b, o) Bat f(a, b, c), 
being of the fourth degree lias another linear factoi , and as/(o, b, c) 
is symmetrical in a, b and o this factor mast also be symmetrical, 
whence it is La+lb+lc [§ 269] Therefore 

f(a, 5, e) a (6 - c)(e - a)(o — 5)(I a + LI + lc) 

=1(6 - e)(c - a)(a - 6)(a + b + c) ; 
whence comparing the coefficients of a6* we get £= 1 , 

' given expression = {b - c)(c - et)(a - b)(a +6+c) 

Ex 5. Factorise (x+y+ef- (y+i-x) a - (s+ar-y) 8 - (x +y-s) 8 

Put a:=0, thus /‘(ar,y,s,) = (y + a) s -(y + *)*-(* ~^)*-fy-®) s — 0 , and 
from the symmetry of f(x,y,t), it is clear that f{x,y,z) becomes 
zero, when y=0, z—0 thus a;, y. z are factors of f{x,y,z) There- 
fore since f(x,y,z) is of the third degree, we have 

f(x,y,z)**lxyz, 

w here L is some constant Comparing the coefficients of xyz, we obtain 
/ =24 We might obtain L as in Ex 1 above, Pat x*=y=z=l, thus 

(l + l+l)»-(l + l-l) s -n + l-lj s -(l + l-l) s =f.lll , 

whence 1=24 

0 Prove that 

(6o + ea + o6) 8 — (6c) s - (co)* — (a 6) 8 = 3a 6c(6 + c)(c+ a) (a + b) 

7 Prove that identity x(x+y-3)(x+e~!/)+y(y + g-x)(y+x-e) 

+ z(s+x-y)(s+y-x)+(y+z-x)(.z+x-y)(,x+y-s)*=4xyz 

8 If n be a positive integer, shew that (ab) n — (bc) n + (cd) n - (da) r ‘ 
is divisible by ab — bc + cd—da, 

V 3Y8 To investigate -when sc-1, m+l and as*- 1 are 
factors Let 

f(x)=*P(,X n +P 1 X n - 1 +poX n - 1 + . +p n 

be an integral expression Divide /(.?) by v-1 , thus by the Re- 
mainder Theorem, 

R~Po+Pi+Pz+ M* » • +P«, 

Now if x— 1 be a factor of f(x), R must vanish , therefore 

Fo+Pi+Fs+*“ •+Pn=0 (1) 

i when r — 1 is a factor of f(x) Hence if the algebraic sum of the 
coefficients of cm integral expression vanish, the expression hat a 
factor x — 1 

•Again divide f(x) by , thus by the Remainder Theorem 

fl=(_l)«Po + (-l)»-ip 1+ (_i / -s i , a+ , +pn 
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Now It must vanish iF .r+1 be a factor of f(v) ; therefore 

( - 1)%+ ( - l) n -^i+( “ + +P« ■= 0 (2) 

when *•*-! is n factor of f(x) Hence tf the ahjcbraic sum of the 
coefficient* of the odd pavers of fix) be equal to that of the coefficient* 
of the even pavers, the expression has a factor x+1 

Lastly from (1) whether » be even or odd, we have 

P 0 +P 1 +Ps + +p«“0 («) ; 

and from (2), supposing n to be even, we hav e 

Po+Pi +P« + +P« ”Pi +Pj +Po + +Pn-i (ft) 

Therefore from (<i) and (ft), vv e have 

2 (Po+Ps+P4+... • + pn ) “ o ; 

which shews that the left side cannot vanish [§ 265] unless 


’•> =0v 


(3), 


P0+P2+P4 + +p« 

thus If Po+Pa+P« + * ...+P» 

and from (ft), Pt+p 3 +Pr.+ +P« 

f(v) has a factor (x— l)(x+ 1) or i s -l 

The same result will similarly follow bj supposing n to be odd 
Hence*/ the alqcbraic turn of the coefficients of the odd powers and 
that of the eien powers sex cr ally vanish, the expression has a factor 
x ! - 1. 


Examples. 

Ex, 1 Factorise * 4 + Or* — 12r 9 + 2x + 3 

Here the alqebratc sum of the coefficients of the several powers of 
t is 7“ro Therefore the cxpresion has x-l for a factor. Hence 

given expression -■^{r-l)+7j‘V‘- 1 )’*53(a:-l)-3(r~l) 

- (x - 1 )(jr> + 7jtf s - 5a* - 3). 

The algebraical sum of tbo coefficients of the second factor is al*o 
zero ; therefore it has a factor t — 1. Hence 

it s 4-7r’-rM;-3=* 2 («-l)+8r(ar— l)+3(x— l)=a(ar— r(**'48fl?+3) , 
,t. the requited factois are (x-1)" and t 5 +8v+3 

Ex 2 Factorise 2^ + 11^— 26 j?— 35. 

The sum of the coefficients of odd powers is 2-26= -24, and the 
sum of the coefficients of even poweis is 11 -35= -24. Thusar + l 
is a factor of the given expression ; therefore 

giv en expression =2r 2 (v+ 1) 4 9x(x + 1) - 35(*+ 1) 

= (x 4 1)(2 rr + Dr - 35) = (x + l)(2ar - 0)(a + 7 ) 
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Ex. 3. Factorise IS.’’ 4 - 38a? + 9t?+ 38a: - 24 

The sum of the coefficients of even powers is 154-9-24=0, and 
the sum of the coefficients of odd powers is 38 — 3S=0 Thus* 8 — 1 
is a factor of proposed expression, which is therefore 
- 15a?(a? - 1) — 38t(a? — 1) + 24(a? — 1 ) 

= (a? - l)(15a? - 38*+ 24) = (r 2 - l)(3ar- 4)(5*- 6). 

Factorise the expressions 

4 « 4 +3a?~ 7a?+a;+2 5 12a? + 13r s +4a;+3 

6. 20a? — 29t? - 5 + 17* — 3 7 3a? + 34T 4 -32a?-94i?+29i;+60 

7 3a?-10r s +15.r+8 9 5a?-27a? + 54a?-15r ! -27a:+10 

10.' a s + iarb — 5a& 2 - 25 3 1L 8i? + 34a?y + 41:n / 2 + Uf 

12 3a 4 — 2c?a; — lla 2 i?+ 2ot s + 8« 4 13 * 4 -6aV-8a s *-3a* 

Ex 14 Factorise i? — 15i?+71t— 105 

Now 5 is a factor of 105 , pat r=5, thus given expression 
= (5) 3 — 15(5) 3 +71 x 5 - 105=0 identically , 

therefore v-5 is a factor of the given expression Hence the expres- 
sion may he depressed to a quadratic and its factors may be found 

Ex 15 Factorise Gt 4 - 41 1 ?+ 95 1 3 - 86* +24 

Now 2 is one of the factors of 24, and bj trial we Bee that when 2 
is substituted for x m the proposed expression, it vanishes , * v-2 
is a factor of the expression . Thus 

given expression ~ 6 i?(* - 2) - 29 c®(a7 — 2) + 37 x{ v - 2) - 12{a? - 2) 
=(*-2)(Ga?-29r 2 +37*-12) 

Let us resolve the second factoi One of the factors of 12 is 3 and 
by trial we see that 3 being put for x, causes this factor to vanish , 
therefore *— 3 is a factor of this expression Therefore 
6a?— 29i?+37*~12>=6i?(*-3) — 1I*(*— 3)+4(*— 3) 

= («- 3)(6a? -ll*+4)=(a:— 3)(2x - l)(3x - 4) 

Therefore the proposed expi ession = (x - 2)(x - 3)(2* - l)(3x - 4) 

Ex, 16 Factorise a?- 8i?+l7a?-8r+16 

The proposed expression \anishes when 4 is put for a; j therefore 
*— 4 is a factor of the expression , thus 

x* - 8a? + 17a? - 8* + 16 = a?{* - 4) - 4 x^x - 4) + x(x - 4) - 4{s - 4) 
=('C-4)(a? — 4a?+x— 4) 

Now ® s -4a? +*-4 vanishes when again 4 is put for a: , therefore 
a:— 4 is a factor of this expression , thus it 

= x?{x - 4 ) + (x - 4) «= (a; - 4)(a? + 1) 
proposed expression «=(*— 4) 8 (* 8 +1) 
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Factorise tlic expressions 

17 2x < -9jc 3 -4jc s + 51«-3G. 18. 6x 4 +x s y-xy-9xy R +3 1/ 

19 a*— 10a s x+35o*t 9 — 50sx s +24x l 

279 Consistency or Equations We have seen that two 
equations are noces=ary to deternnne two variables. But suppose 
there are tw o such equations as 

2x+3y«*14 and Gx+9t/=42 

A glance at once shews that the second equation is derived from 
the first b> multiplying the latter by 3 Hence we cannot sohe 
these equations definitely, as there is in fact onlj one independent 
equation [§ 237] Hence these equations arc not sufficient to 
determine x and y, for w Inch purpose, we must have another equa- 
tion independent of the first, t e , one which must not be deduced 
from it by multiplying it by a constant. 

Again let there be another pair of equations 
2x+3y = 14 and 4x+6y=*2G. 

By dividing tlie second equation by 2, we get Dx+3y=13, there- 
fore from the first equation, wo obtain 14=>13, an absurd result. 
Hence the proposed equations aie not consistent, and the values of 
x and y cannot be detennned from them 

These simple cases present no difficulty , but the gencial ones, 
rtc, those where the coefficients of the \anables are letters, are 
not so bimple. We therefore proceed to investigate them. 

Let there be two equations in their general forms 

flxS + ftjy + c^O (1), 

a 2 r+h 2 y + c a =0 (2). 

Solving these we get 

__ ftjCa - b^c t .._£i®5”'V 4 j , 

^ a l b i -a s b l ^ 

Now* if eqfcj— i e , if the denominators vanish, we get 

suppose, </;•=»*«„ 

Substitute the values of « s and l> 2 in (2) , tlins 

la l x+lb,i/+c 9 =0, 

or 0 (4). 

Now* (4) differs from (1) only in the constant term ; therefore (1) 
and (2) are inconsistent equations. Hence the condition of inconsis- 
tency of the proposed equations is 


«!&# - a i b l = 0, or — « 
<» s 


25— B 1 
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Again if f =<>! or-eZ, then (2) is conuitcnl with (I), but 

now it follows from (1) and is therefore not independent of (1). 
Therefore, if this condition hold, the proposed equations nre in 
sufficient for finding the values of a and y lienee the conditions or 
insufficiency and consequently of consistency of the proposed equations 
are 

5Li = (G). 
flj &j c * 

The conditions (5) and (G) of inconsistency and msufficienc) 
of the given equations may he expressed m another form, for if 

P 

(0) is satisfied, the \ allies of x and y assume the forms r*=» 

y , and if also (G) is satisfied, the) assume the forms x>=0, 

[Jj 266] The latter forms shew that the values of x and y are 
indeterminate as the) should lie, since now the equations aie no 
longer independent of one another. 

Let us now mscstigate the condition under which 

a 5 a: + & s y4-c s «=0 (7) 

is consistent with (1) and (2) It is clear tint if (7) be consistent 
with (1) and (2), the values of x and y sotisf) mg these, i e , the 
sallies (3), must also satisfy (7) Thus the required condition, after 
reduction is 

a,(6 s e s - b 3 c s ) + 6t(cj(ij - c 9 a s ) +• c,(er,t 3 - a t b.) •= 0 (8) 

The above investigation shews that unless this condition is satisfied, 
(7) will not be consistent with (1) and (2) , and (1) and (2) being two 
independent and consistent equations to determine r and y, a third 
equation is not at all necessai) for the purpose Thus to determine 
two variables two, and only two, independent and consistent, equations 
arc necessary and sufficient 

Reasoning similarlj w e arrive at the general conclusion that to 
determine n variables , n and only n, independent and consistent equa- 
tions are necessary and sufficient 

Exawtlfs 

Ex 1 For what valuo of X will the equations Dr+3y«=21 and 
15® +Xy= 57 be inconsistent ? 

The condition of inconsistency is [see (5)] 

5X — 45 *» 0, whence X «■ 9 

Ex. 2 Find for what values of a and b, the equations ®+0y<=27 
and 2 ® + ay <» b will be consistent 
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The conditions of consistency are [see (6)] 

1 6 27 

-whence c = 12 and 6=54 

2 a o’ 


Ex 3. If the eqnations 


x 


, y , x y i 

x-a=v-b, 4-s~— - = 1, +■=■ — =1 

y a+c 6+c a-o b-o 

be consistent, shew that e a — «6=0 

"We may apply the general formula (8) , or we may proceed 
thus • — Subtract the second equation from the third, thus 

(— — V + (r~ — rr~ V =0 * or -9—5 +£r~» =s ° ; 

\a— e a+c) \b—c b+cr o a -c s 6 2 — c* 

whence x—k(a- — c*) t y=k(c 2 -b i ) 

where L is some constant Therefore from the second equation 

M=* i+Bfcfi-,, 

a+c 6+c a—b 

a 1 — c 1 c a — 6 a 

?- and w*= =- 

a—b * a—b 


and therefore 


Substitute these, values in the first equation , theiefore 

a 3 — c a c a -6 a . , _ , . 

~~ — a= £ — 6, whence c a - o6=0 

-6 a -6 


a- 


280 Elimination It is the method of finding a relation 
among the coefficients of the variables We shall explain how this 
relation may be obtained when the variables occur in expressions of 
the first degree We have seen that n independent equations in n 
variables are sufficient to determine the n variables [§ 279] Hencp 
if there be one more consistent equation involving the same number 
of variables, the variables can be eliminated from the given equations 
by simply substituting their values in the (n+l) (ft equation This 
is the general method of elimination when the given equations are 
noii'homoqeneous , as for instance when they are of the form 
ax+by+c — 0, a'x+b'y + c'=0, a"x+b"y+c"=0 
But if they be homogeneous, only u equations are sufficient, for then 
by dividing each of the equations by one of the variables, we can 
reduce their number to one less, and thus have a sufficient number 
of equations to eliminate the variables Thus 


a«+6y=0, a'x+Vy—0 become u?+6=0 and a^+6'=0, where the 

y v 

SC 

ratio - ( = ? say) may, for the purposes of elimination, be considered 
as one variable 
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Examples 


Ex 1 Eliminate v and y from the equations 

ax+by = c, a'x+ b'y = o', a"x + b"y = c". 
From (1) and (2), T?e get [$3 244] 

Vo — be' c'a - ca' 

Xam aV^V ^ = ab r ^a ! b ’ 


substitute in (3), thus 




ab' — a'b ' “ ab'-a'b ” ’ 
a"(b'c - be') + b"(c’a - ca') = c"(ab' - a'b) 


Ex 2 Eliminate x y and c from the equations 

x y , s 

— -—*=«, - ■= o, — — «=c 
y+z z+x x+y 

From the given equations, we have 

x — ay — i i3=0, —bx+y — bz*=0 ( 1 ) , 

-cx-cy+z- 0 ( 2 ). 

These are homogeneous , hence the three are sufficient to eliminate 
the variables x, y and z We have from (1) by § 244, 

ab+a~ ab+b~l — ab~^ BU PP ose > 
x = l(ab +a),y=h{ab + b), z^l(l-ab) 


Substitute m (2), thus 

— cl{ab + b) - cl[ab + 6) + £( 1 — ah) =0, 
whence by dividing by L, and transposing, 

ab + 6c + ac +2abc •= 1 

3 Eliminate x and v fiom the equations 

a«4-6(/=c, mx—ny*=d, nx+ay=m 

4 Eliminate x between the equations 

(x - a)(x -b)=(x-c)(x-d)=(x- c)(x -/). 

6 . Eliminate x, y and s from the equations 

ax+by + c2=0, bx+ey+ae= 0, e:c4-a#+6«=0 
8 . Eliminate a, 6 , c between the equations 
bz + cy—a, cx+az=b t ay + bx t =e 

7. If y+c * s+a ; x+y=a b I c, and ax+by+cz=Q, 

shew that 2(a*+6 s +c ! ) = (a + 6 + c) s 
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8. Given that 

x^by+ct+du, y=ax+ci+du t z*=ax + by + du, ?{ = a*+Z>y+c:, 

, ^ , a ' b , c . d 

1 l + « l+o 1 + c 1 + a 

We shall now ghe some examples of elimination where tlie vari- 
ables occur in special expressions of higher degree 

Ex. 9 Eliminate x, y and s from the equations 

*+£. 

s y 

We know [§ 1S3, Ex. 9] that 

. . a s +b , + e 1 ^4 +abc 

Ex. 10 Eliminate x between the equations 
ffx 3 +6j;+c=0 1 ei-s+at + t^O 
By $ 244, we have 

r- x _ 1 

V—ca^c' — ab a* — be’ 


z x , v y 
-+-=ct, - + - = &. - + -«=» e 
s y x a y r 




l--ca 


c 1 - (tb 


o s -f;c’ a- -be 1 


whence a *—bc ^ x ^\ a J -lic ) » or r5 +“ s + c3 -3«&c= 0 
Ex 11. Eliminate % from the equations 

By addiition we have 

(i)‘+»©’^ +1 o ?+ ,(!y + (2 


or 


Squaring (1) and (2), we get 


* s „/ 

'c a\l 


re a? \ 

kO c/ 

(1) 

* o „ 

/c a\4 


«=2 

« JS 

(=~)* 

(2). 

0 

_ L. O _ 

_ ( c . 
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12 


13 . 

14 


ie. 


16. 


17 , 


18 . 


10 . 


then 


Eliminate x from a; +- =>a, r 8 + 3 = &* - 3& 
x ST 


Eliminate x and y from x-y<*a, aP+y*^*, xy*=c* 
Eliminate x and y "between the equations 

px-qy+q*=py-qx+p, a?+Zxy*=p* t y s +Zx t y—^ t , 


Eliminate x t y and & from 

x*(y + 2 ) =• ce s , y*(z + a;) = 5 a , z*(x+y)-c\ xyz—abc. 
Eliminate x between ]the equations * 

a ? a* a\ t® a* -(x a\ 

-,+3+3[-+-)=»i, -5-3-31 )=» 

a* t? \a xt a* x 3 Vo x) 


Eliminate x and y between the equations 
ax+by^cj{x* +y*), a'x +b'y-c' ^( 3 ? +y *). 
Eliminate x and y from the equations 

a=x*y, b*=xy\ xy + l=c(x+y) 

Shew that if 


ax t +by i +ce i =ax+by+CB*sys+£x+xy—0, 
ohc— (6+c-a)(c+a-6){a+&-c) 


281 Examples 

Ex l If ax 2 +\x+c be a pei feet square with respect to *, find 
the value of X 

It is evident that the proposed expression mast be the square of 
>Jax+ Je, which —ax* +2 J(ac)x+c , 
whence by § 272, X = 2 Jac 


Otherwise . — Proceed as in the exti action of the square root. 

X 


ax* 

+ X® + c 

as? 


X 

2 Ja 

Xar+c 

Xs+~ 

4a 


« *x* 

c— 

4a 


Now since the proposed expiession is an exact square, the remainder 
must vanish , therefore 

X* 

C ~4a = 


0, or X**=4oc 
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Ex. 2. The expression ax z + 2hxy + by* + 2gx + 2fy + o will be an 
exact square, if dbe—af i ^=bq i —ch i . 

Let the proposed expression be the square of \x+py+ Jc. By 
expanding its square, we get 

XV+2X./J xy+ y- i y‘ i +2X Jex+2fz Jcy+e j 
•whence equating the coefficients [ij 272], we have 

\ 2 =o, 2\fi—2h, /t 8 = 6, 2X N /c=2p, 2fzjc—2f 

Therefore from the first three, h z — ab , from first and fourth, 
g J =ac, and from third and fifth, f a = be Hence multiplying res- 
pectively by c, b and h, we have the required relations 

Note We might have assumed the proposed expression to he the 
square of *Jax+\y+ sjc. 

Ex 3 Shew that aaP+Zbx^+Zcx+d will be a perfect cube, if 
ad— be 

Let the proposed expiession be the cube of \x+/i By develop- 
ing the cube of \x + /», and equating the coefficients [§ 272], we get 

\ a =a, \ 2 /t=5, X/t 2 = c, /i s =cZ , 
whence ad «=» X*/t 8 «= be 


Note Instead of assuming \x + /t as the cube root of the given ex- 
pression, we might have evidently assumed 'Jax + 3 Jd as the cube root 

Ex 4. If 2a-3y<=» — — — and 2a-3s = — x,y,z being un- 

r . 

equal, then will 2a -3a;=— and x+y + z^a. 

Subtract the first equation from the second, thus 
3y — 

s y 

or 3 (y - z)yz *=y(x -yf - z(z - a) 2 , 

whence by dividing by y-z, which is not =0 by supposition, we get 
/ &+y s +z*=2yt + 2zx+2xy (a). 

Fiom the first equation 

0 _ («-*)*.„„ z z +x z — 2zx+3y z 2y z +2yz + 2xy 

2 a — - ~ l- 3y ~ 3 using (a) 


or 


= 2 (tf+y + s) , 

«+y + s=a 

Again from (a), y 8 + s 8 - 2y ® = 2zx + 2xy — x z 
(?/ — zfi 

— — -2e+2y-x—2a—3x f from (/3). 


03 ). 
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Ex 5 If-+i+-=0,and(b-c) s a+(c-a)fy+(a-&) 2 £=0, 

x y * 

then will (6-<s)a?-(c-a)y=(a- &)« 

Eliminating z between the given equations, we have 

(&-c) 2 *+(o-ffl) 2 #-(a-&) 2 ^= 0 ; 

whence after reduction (6 - o^x 1 - 2(6 - o)(o - a)xy + (c - a) 51 ?/ 2 = 0 » 
or {(b-c);r-(c-a)y} 2 =0 , (6-c)^=(c-a)y 

And since the given expressions are symmetrical, we have 
(fi-a)y=(a-b)z , 

(b - o)x = (c - a)y = (a - b)z 


Ex. 0 If a—bz+ey, b = cx+at, c — ay + bx, shew that 
a 2 6 s c 2 
l_ r s = l_ !/ a“i_ 8 s 


By transposition, we get 

— a + bj + cy = 0 
aa-b + e*=0 
ov + 5*-c=0 


(Dr 

( 2 ), 

'( 3 ) 


Thus from (1) and (2), and (2) and (3), we get, by Cross Multiplica- 
tion [§ 244], 


whence 


a o a c 
zx+y~l~z %1 l-* 2 zx+y ’ 
a 2 e 2 
1— 


( 4 ) 


Similarly fiom (2) and (3), and (3) and (1), we have 
a _ 6 a b 

l— a? xy+z' xy + z~l~y-’ 


whence 


a 2 JL. 
1 — -c 8 = 1 —y* 


( 6 ) 


Thus the leqmred lelations follow from (4) and (5) 

7 For what value of l will 3T 2 + Ia;+1 have two linear factors ? 

8 Find the value of h which will make 2a’ 2 + 7ta!+3 a complete 

square. 1 

9 For what value of X, /tand i» will 4^ + X.aw + 9y 2 +w.r;+i/j/ + l6 

be an exact square ? a 

, 10 * H wP+btf+cx+d be a perfect cube, shew that & 2 =3ac, 
c J «=3oo and c 2 =27aa 2 
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11 Extract the cube root of x® — Or 5 4- 1 Or 4 - SOx 2 + 15 v- — 6x+l 

12. Slier that o(*+ 1) 2 + 6x s -h2flx(z 4-1) is a perfect square with 
respect to x, if c s -a&= 0 

13 If x‘+or ! -f bx' + ex+d be an exact square, then the relations 
between the coefficients are 

Se=a(4& — o ? ), (aft — « ? ) ? =64tf 

14. If ax* -i-bj? + a? be sbutracted from (z s -f 2r-**4) ! , the re* 
mainder is an exact square ; find a, b, c 
15 Shew that Ax[t i- a){x Jrb)[x + r)-i- a'-b” is a perfect tquarc, if 
c=«4-h and a perfect fourth power, if also c*«=2«6 

10 Find the value of y which will make 
2 (y s +y)z 3 + (Uy - 2)z +*4 

and 2(y z +y-)i? + (1 1*/ * — Sy)* 3 4- (y t +• 5 y)x +• 5y - 1 

have a common factor, and find the factor 

17. If z+i=a + -, shew that .r**-}- ~<=a n + ^ 
x a x» o" 


18 If a X s =5i/ s >=>£..* and r' l +jr x +c* 1 =l, shew that 

J 1 is 
ax 2 +5y 5 + «*®*(cr* b 4 + r J ) . 

19 If i r— yr=a, tf-zx^b, z'-xy^c, shew that 

(a + b + c)(r +y + «) «=• \f a s + 6 s + e 3 — 3abc. 

20. If (a*+bcy(P+ca)*{c*+ab}i~(a s -bc) t (b’-ca)*((?-ab) s , 

then cither n&c=0, or a~ J + b~ s + e* s + o* 1 6 _1 c _l «= 0 

21. If (a s — 5e)(6 3 - co)(e 3 — ab)=0, 


prove that 


1_ 1 I_ + 

a*b*e 5 


22 If a , +6 5 +e ,J - to n terms =2x^a4-& + e + 

then Bt=»J=3Cm a, b, c, . r being all real 

23. If (n 8 +6 s +e 5 )(ar+y , T-c , )=(nz-*-i|y+«) s , shew that 
x . y : s -0 : b c 

24 If . ..+a n *=*fM, prove that 

(* - +(* - «»)* + -*-(#- a n ) z *» a t 5 + «* 2 + .... . +a„ 2 . 

25 If •Jay' l — a 1 °‘i/: and Jar*— a^^xy ,' then >Jaz- —a-~xz 

20. If <+“=*2 „/l +m 2 , y+^-— 2 ^/l+n* and — ==r, 

* 3/ a o 


shew that 


b m a 
ay + ~**bx+~ 
* V 
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27 - If ^ Kr °- the "^ + ^ + ^ -0 

'as. If .+J.+.-0, tUcn 2^ t +5jrr5+sq^“' t^ppl 

29. If xy+yz+zx**^ then will 

x , y , z _ Axys _ _ 

1 _ % * + 1 - y t + 1 _ s i (l _ «*j(i -#*)(1 - *®) 

1 z 

30. If £*=- and y - =- shew that ’ 

i —y i—z 

s=l+®+2a a +4's 3 + . 

f/ 2 2 *C XV 

31 If a=6- + c-, 6=e-+o-, e=a-+b ~ , prove that 
z y x z y x 

i*?+i + £i- a Mw3 

*" 32 If 6c + at + a6 — 1, shew that 

f « 2 6® e® 1 *_ 4a*6®c* 

V “ 1 + a* ~ 1 + 6* ~ 1 + c®J "(1 + a s 7(l + 6®)(l+c®) 

33 If then eacU “K°+ 6 + c+d >* 

34 If (a + 6)(a: +y) = 2(a6 + xy) and (fi + d){x+y)*=2(cd+xy), 

pro™ that i W-«X>-<9 

r \ 2 y (o+b-c-d)® 

*•'36 If ye+8*+ty=l, prove that 

* {!!±M} * +y f±M} i + , {S1±M>} *= 8 

36. Given [7= Jl+a*- */l+7* and F= £ 

*yi+y s -i x' 

I £7 


(o+6-c-d)® 


shew that 


l xy ~ V- v-i 


Prove that two of the quantities a, 6, c, must be equal to one 
another, if 

6-c e-a a~b n 
l+6c l+oi l + o6 — 

38 If ?(? + J) *) = M|+f)> shew lhat each 
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^9. If 2 =-rrT> shew tlmt 

(1 + a*)(l +y 2 )(l -f *) (1 4- a a )(I + S s )(l + c 8 ) 

( l + a^)(l +f/s)(l + 2 .-c) (1 + ab)[l + 6e)( 1 + c«)' 

40 If r, v, s, be unequal and — , shew that each 

* • ’ y * * x—xyz y—xyz ’ 

of these ratios is equal 

g2 m— £ y T T X 

to -S to x+v+s. and to -H — } — 

z-xyz x y z 

^ <g2 

41. If x, y, 2 , be nneqaal and +z — ~ prove l that each of 


these _*=£. 
x+y 


42. If 


£=£-2 and 

a - o 2 «— fl 


y 2 — 2 s _y2 . . 2 2 — a: 2 


then 
* e— a 


2# 


43. If a+6+c=0, and 

a(by + C2- ax) <=&(c2+ax— &?/) = c(ax + 6y — cs), 
then will x+y+z***0. [4pp.] 


CHAPTER XXIII. 


Quadratic Equations 


282 Quadratic Equation A Quadratic Equation in a 
certain variable is one in which, when the equation is reduced to a 
rational -and integral form, the second and no higher , power of that 
variable occurs [see 220 and 221] Thus x s +px+J=0 is a 
quadratic equation m one variable, viz,x, and xy + v+y — a is a 
quadratic equation in two variables, viz , % and y [see § 229] As 
has been pointed out before, to ascertain the degree of an equation, 
we must see whether it is m a rational and integral form as far as 
the variable or variables are concerned Hence the following aie 
other examples of quadratic equations — 


(i) 



(li) x+-=m, 

y 


(m) x+ Jx+c** 0, &c 


Note. It Is well that the student should at the outset distinguish 
between a quadratic expression and a quadratic equation. In the quadratic 
expression ax 2 +5ss+c, the variable x may have any value whatever but 
when that expression is equated to zero , it becomes the quadratic equation 
ax- +6x+c=0 and then the variable x must have a definite numbei of 
values. 
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383 Different forms of Quadratics The most general 
form of a quadratic equation in one variable x is 

ax 3 +ba}+c—0 (1) , 


for -when the equation is reduced to a rational and integral foim, 
all of its terms may be transposed to one side, .and then the terms 
involving x- maj be collected together, those involving x may be 
collected together, and the constant terms maj be collected toge- 
ther, and thus the coefficients of v- and x, and the constant terras 
ma> be bracketed togethei, thus the a, b and c \m11 be found [^ee 
222] Hence a quadratic equation in its general form consists of 
only three terms [§ 267] » 

"For particular a alues of a, b and e, the equation (1) may assume 
special forms Thus bj dividing this equation b} a, we have 


.r a + -x + - = 0, 
a a 


which, when p is put for - and q for becomes 

c a a 


x a +pr + g = 0 

Thus when the coefficient of x a is made unity by di\ ision, (1) 
assumes the form 

x*+px+q=0 ( 2 ). 

When 6 = 0, (1) reduces to the form 
' ax- + c ~ 0 (3) 

When c—0, (1) has the form 

acc s +&a3=0 (4) 

Lastly when 6=0 and c= 0, the form of (1) is 

ax"- = 0 (5) 

Thus it appears that any equation which after reduction assumes 
any one of the above forms is a Quadratic Equation 

Sometimes equations of the form (3) are called Pope Quadratics and 
those of the forms (1) or (2) are called Adfected Quadratics Thus a 
Pure Quadratic is one in which only the second power of the variable occuis, 
and an Adfected Quadratic is one in which both the second and first 
powers occur 


384 Theorem The quadratic expression ax*+bx+c has two- 
linear factors * and no more 

Let «-a be a factor of the given expression ; thus it is divisible 
by x — a, therefore 

ax a + bx + c = Q{x — a) t 

* By factor is here meant a factor in t 
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•where Q is of (2-l) lh degree tn x, ie, linear. Now if x-ft be 
Another factor of the given expression, then Q is divisible by x— 8 ; 
therefore 

* Q&qfr-ft); 

thus aar+bx + c~gr(r— a)(x— ft), 

where q is of (2 -2) 11 * degree or tcrolh degree in v, that is, q is a 
■constant Hence if the proposed expression has auj other factor, 
that factoi must be independent of x, and by comparing the co- 
efficients of v 2 [$j 272], we find q*=a Thus 

o r 8 + bx + e e a(x - a)(j; - ft). 


28i5 Thcorom. A quadratic equation has only two roots, 
and no more 

Let the quadratic equation be aj~+bx+c<=0. 

Then since axP+bv+cma{v— n)(s — ft) [§ 284], we have 
o(t — «)(a* —/!)*=* 0 

How a 4^i ^ or then the quadratic will reduce to 5 jc+c*=> 0, which 
is a simple equation, therefore a(x-a)(r- ft), cannot «=0, unless 
.r-«=:0, or v- ft**0 [45 2G5], that is, unless #«=a or x=*ft. Thus the 
quadratic has only tiro roots, a and ft. 

Hotel From this and the lost aiticlo, it is ciidcnt that the qua- 
dratic cxpiession or* +bzi c^a[x-a)[x-ft) always, w hero a and ft are 
the roots of the quadratic equation as® +kc+c=0 

This Theorem, « usually proved otherwise thus — 

If possible let the proposed quadratic have tlnee different roots, 
a, ft and 7 , then each of these roots wmII satisfy it. 

Hence «a 2 +&a+c= 0 (1), 

afP + bft+c^O ( 2 ), 

07*+ 57+c=0 (3). 

Subtract (2) from (1), thus 

a{n i -ft , ) + b(a — ft)~O t 

or dividing by a- ft, which is by supposition not 0, 

«(«+/?}+ J =*0 ( 4 ), 

Similarly fiom (2) and (3), we get 

«(/*+'/) + &=0 (5). 

Subtract (5) from (4), thus 

«(«- r /)=0 (6). 

How either »=> 0, or n — 7 =* 0 ; but a cannot be equal to 0, for the 
reason given above • therefore 
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Thus a and 7 are not two different quantities but one and Ike mme 
quantity Hence the quadratic equation has only two roots a and ft 

[This proof fails, when the roots of a proposed quadratic are equal ] 

Note 2- If, liowei or, a bo different from r /, then from (6), a=0 [§ 265] 
and therefore from (4), 5=0 and from (1), c=0 , and then the equation is 
clearly satisfied by all values of x Thus when a quadratic is satisfied bj 
more than two values of the \auablo, it is not an equation but an identity 

88 G Special forms of Quadratics Before we proceed to 
solve the general equation a3? + bx + c = 0, we shall notice Borne of 
its particular cases as being simple 
If e=0, the equation tabes the form 

at£ + f>:e=>0 (l) , 

whence x{ax+b)= 0 

thus either x~0, or ox+b=0, which latter gives t=> — - 

a 

Hence the roots of the equations of the form (1) are 0 and-- 

a 

If b=» 0 and e=0, the equation leduces to 

0 (2) , 

whence, since o is not supposed to be 0, ar s *=0 Hence the roots 
of equations of the from (3) are 0 and 0 

If b=0, the equation takes the form of a pure quadratic 

n* s + c«=0 (3) 

To solve this, transpose c and divide by a, thus x 2 — — or 

a 

ic=± k/ - C - , that is, the roots are + * / -- and _ /_£ Hence 

v » v a / V a 

the roots of a pure quadratic are equal in magnitude but of opposite 
signs. 


Remark. In extracting the square root, it is sufficient to affect with 
the double sign only the right side of an equation and not loth of its sides 
Thus from x*=a*, wo put x=±a, and not ±x=±a, as the first 
virtually includes all the cases of the second Tor from +*=+0, wc 
hu\ e “ 


+®“ +0 
+*= -a 


(*), 

(n), 


-x— +a 
—x= -a 


and when the signs of (m) and (iv) are changed, they are 
same as (u) and (i) D J 


(in), 

(iv); 

respectively the 
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Examples. 


Solve the equations 

1 3* 2 -7=41 

3. 5* 2 -121=4(26-**) 

_ „ .17 7*— 10 . , 

5 2*+ — = — 1-4 

* 2 § 

r- a?-l _ 2*4-1 
/ *+2 5*-2 

* 2 * 3 

g _q — =r + - 

2 * 3 * 


2. 6* a +5=68-* s . 

4. 3(2*-3) 2 =4*(2*-9)+43. 

6 (*— 7)(*+7)=31 — 4* 2 

2*— 1 *— 5 

8 * r-2 3*— 2* 

10 (*-«)*+(*— &)*~a*+& s . 


II (*+4)(2*+9)=(2*+-\f)2x-13. 12 


(*— a ) 3 (*- 6) 3 


9 

13 (2* — 5)(3* — 2) — (* — 2)(2* — 3) = 4 14 - + -=2. 

* — 55 * 

_ *-7.5 2 1Q *+7 *— 7 _ 7 

*— 4 + 2+*~* s — 2*— 8‘ XO * *(*—7) *(*+7) a?— 73" 

17. *+—— y=3 18 Jte+1- 

1 +- 

x 

19 Jzx+6- a/* — 1=2 20. *^**4- 12 +*^*2+6 =3 

21. ./l+^+ Vl-^=1|. 22. 7== + - ?==* 

V a 2 V a 2 *W2-* S x- s!z-a? 

_ a */l — * */l+* fj\+x — 1 , n/T-*+1 

23 ==•= 7=. 24 > — -•» — 7== =2a. 

2— vl+* 2+vl— * vl— *+l vl+*— 1 


25 (TT^ + (r^ =so * 26, ^+ 9+ ^“ 9=4 +-v/3 4 

[For other-exampleg, nee §§ 225 ancZ 227]. 

f' 

287. Solutions of Quadratics by Fraetorisation. "We 
have seen [§ 282, Note] that a complete quadratic expression, when 
equated to 0, gives a quadratic equation whose terms are all trans- 
posed to one side. Hence a quadratic equation may he solved bv 
factorising the corresponding quadratic expression, as exemplified 
below. 
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Es 1 Solve the equation # ! - 12#+35=0 
Now t 2 — 12#+35 = (# — 5)(# — 7) , 

*. (#-B)(#-7)=0 , 
whence [S$ 265], # — 5=0, or #—7 = 0 , 
that is, # = 5, or r=7 

Ex 2 Solve the equation # 2 + 3#= 5 4 
Transpose, thus # 2 + 3# — 54 — 0, 

(#-G}(# + 9)=0, 
whence # — 6=0 oi #+9=0, 

#=G, or #= -9 

Ex. 3. Solve the equation 8 1 2 + 3 = 14# 

Transpose, thus 8x 2 - 1 4 v + 3 = 0, 

whence (2# - 3)(4# — 1 ) = 0, 

thus 2#— 3=0, or 4# — 1 = 0, 

#=Aor#=£ 

Note. From these examples it is easy to sec that if an equation be 
given as the pi oduct of Jac/ori equated to 0, w e can at once put dow n its 
roots 

Example Soli c the equation (a - 1 ){# — 2 ){jc— 3)=0 
Hcic cither a =Jj=0, or k - 2 = 0, or c - 3 = 0 [§ 2C5] , 
thus a = 1 , or 2, or 3 

888 Solution of Quadratics by Completing tho 
Square There arc two methods of completing the square — (1) the 
“Common Method ” and (2) "Undhara't Method ” which is commonly 
known as the Hindu Method P* [see >$ 127] 


Common Method 


Rule . — Reduce the quadratic to the general form . , transpose the 
constant term, divide by the coefficient of v s , and add to both tides the 
square of half the coefficient of x 


Example , Solve a# 2 + 6# + c «. 0 
Transpose c, thus ax • + bx = - c, 


divide by a, thus 


„ b c 

ar + -v= 

« a 


add of - j , that is, to both sides, thus 

^ + h- ,,+ (^)* = (4)’- c o’ ° r (* + ^y = 


2 _ 6 s — 4ac 
“ 4a* ’ 



290] quadratic fqttatioxs. 

extract the square root, thus 

'« + —= ± sj - £S86, Remarl] , 

. & , b--Aac —b±\/ V 2 — 4qo 

** 55=0 2a “ 2a 2a 

„ ,, , — b+y/ b--4ac 3 -a-yf b 3 -4ac 

Hence the roots arc and -rr- . 

2a 2a 

Hindu Method 

• 

Rule — Reduce the quadratic to tie general form , transpose the 
contlant term, multiply by four times the coefficient of x 2 , and add to 
both sides the square of the coefhctcnt of x 
Explanation, x- has aln ays a coefficient, wliotlier it be unity or some 
other number 

Example Solve ax 2 +bx + c *= 0. 

Transpose c, thus ax 1 + bx= — e, 

multiply by 4a, thus 4a*# , +4ab:r~ ~4ac, 

add b 3 to both sides, thus 

4a 2 a; i + 4a5:e+& , *=»& 2 — 4ac, or (2a*+b) s =b , -4ac, 
extract the square root, thus 

2 ax 4- b—±\fb' i - 4ac t 

transpose b, and divide by 2a, 

. -b±'Jb' t ~4ao 

ffi CS "* B 1 “*** • 

2a 

889. Omitted 

290 Examples. The methods of solution given above will 
of course apply to each particular case as ■will be presently seen. 

Ex. 1. Solve x 3 +'1x+ 12 =0, 

Common Method. 

Transpose, thus « s +7ar=® -12, 

add {h of 7) 2 , thus ® 2 +7'C+($) 2 ==(!) 2 -12, 
oi V-- 12 

extract the square root, thus 

.« + $■= ± = ± 1 , 

x— — = —3 or -4 



transpose, thus 
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Hindu Method 

Transpose, thus x 1 + 7® *= - 1 2, 
multiply by 4x1 [see Explanation, § 288] or 4, thus 
4a; 2 + 28a; = -48, 

add 7 a , thus 4a; 2 + 28a; + 7 2 = 7 2 - 48, 

or (2* + 7) s = 49 — 48 = 1, 

extract the square root, thus 

2a; + 7= ± Jl = ±l, 

transpose, thus 2a;=— 7±l s =—6or —8, 

divide by 2, thus .r= -3 or -4 

Exercise (i) 

Solve the equations 

1 a? + 5r+4=0 2 aH + 3a;+2 = 0 3 i^+lOA + SG^O 

4 a: 2 + lla;+24=0 5 a; a + 10.B+21=0. 6. ‘C a +12*+35=0 

7. a; a +24a; + 80~0 8 a; a + 105* +2000=0 

Ex 2 Solve x 1 - 48# + 527 = 0 
Transpose, thus x* - 48a — - B27, 

add of 48) a or (24) a , thus 

x- - 48a: + (24) a = (24)* - 527, 
oi (a; — 24) a = 676 — 527 ■= 49, 

extract the square root, thus 

a; — 24 = + ^49 = + 7, 

transpose, thus r=24±7=31 or 17 

[Solve this equation by the Hindu Method ] 

Exercise (u) 

Solve the equations 

1 a: a -9a:+20=0 2 a; a -7r+12 = 0 3 a^~ 27a; +170=0. 

4 a: a - 12a; +35=0 5 r 2 -24i'+80 = 0 6 a; 2 — 50a; +429=0. 

Ex 3 Solve a£—§a; — l =0 
Transpose, thus -c 2 — §a;= 1, 

add (| of !) a or (£) 2 , thus a; 2 -Jja; + (£)*= (§)*+!, 
that is, (*-|)*=V+ 1 = B 5 S , 

extracting the square root of both sides, we get 

*“3=± <s/¥ = ±S. 

*=£±§=3 or -£ 
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Exercise (in) 

Solve the equations 

L . t ? — \ x — 8—0 2 i: a + 1 jp'C + 5*=0 3. * 2 +^ 8 *= 3 

4. a*+Y*=Sl. 5 **-^*+6=0. 6. « 8 r |v'=}. 

Ex 4. Solve 2* 2 — 5*+3=0 

Divide by 2, thus * 2 - 4 1 4- 8 « 0, 

transpose 5, thus * 2 — £*= - ®, 

add (* of ()», thus 
■or ' 

whence * - £ = ± = ± J, 

*“f ±}-=5 or 1 

Ex. 6 Solve 3* 2 +10r« 88. 

Di v ide by 3, th us r* + 

add (§) 2 , thus * 2 + 1 3 °*+(§)M 5 J ) 2 -K 8 , 
whence (* + $/■> "p 5 + */* ■» s § J*, 

•extract the square root, thus 

v + a^i A/ £ u a “± V* 

/. v= — 5± J s T =4 or - ”jf 



Exorcise (iv). 



Solve the equations 
1 4**+ 11* +6=0. 

2, 0* 2 +19i:=4. 

3. 

9 r 2 + 02* =12. 

4. 6s 2 - 11*= 10 

6 42T 2 — 41a «» 20. 

0. 

10* 2 — 3l*= —15, 

7 12* 2 — 13*=4. 

8. 24* 2 -55r=-14 

9 

3r 2 — 26*=>169 

10 2a- -3* -64=0 

11. J^+f*- 105=0. 

12 



Ex. 0. Solve t 2 -G*+7=0, 

Transpose, thus * 2 - 6* ■= - 7, 

add 3®, thus a- 2 - Or + 3 2 ■=* 3 s — 7, or (*- 3) 2 = 2, 

■whence *— 3<= + J2, 

*/2 

KrwARK Here the two roots are motional but ; cal ns */2 can be found 
though approximately. 
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Ex. 7. Solve 9a: 2 - 12a: +8=0 
Transpose, thus 9* 2 - 12 # = - 8, 

divide by 9, thus x^~^x = — §, 

add (ixg) a , thus * 2 -&»+(3) s “<§)*-§. 

or (*-*) s 

extract the square root, thus 

-hyf* 

8, J-i 

*8* 3 3 

Remark, Sere the two roots are not real but imaginary, ns - 4 has no 
squaro root 


s/-4 


Ex 8. Solve s 2 +p»+j= 0 
Transpose q, thus ar+px=* -q, 


add (ip) 2 , thus 

x*+px+ (Ip)* = (ip) 2 - J, 

that is, 

(■«©’ -S-f-*?*, 

whence 

. p V. /p*-4q , fJp*-4g 

*+sT± v 4 


p , Jp* — 4q _ — p± *Jp 3 — 4q 

*“”5* 2 ~ 2 

Remark From the lost two examples, it is clear that the roots of this 
equation "will he real if p a > 4q, and imagmai y if p° < 4q , also in tho 
■pi at ease, they will he rational or irrational according as p 3 - 4q is a pa 
feet squaro or not Thus u hen p = -9 and 7=20, the roots are real and 
national , •whenp=4 and 7=1, theyare real hut irrational, and 1111011 
p=2 and g=3, they are imaginary 


Exercise (v) 

Solve the equations 
1 2a s +3a; + B=3a; 9 + 4r-l 
3 16* 2 +3p 2 =I6pi:. 

5 5a s +7o»=20a 2 -a; s 


7 

10 

13 


Mr-" 

nt . 96 
IBird — =76 
X 


2. 5a(a;+l) — 2 =>t(i;— 2) 

4. 12* 2 + 6«*=»3a 2 
8. 12(« 2 +BS!-2o 2 )=n«(a+a!> 


11 


8. --lx-- 
x 

23 

«+ — +4=»2r-7. 
x 


x , 3 

7+-= 

4 x 


G 9 -+2x~7 

X 

18 l-*_! + « 

X X X 3 


U 

5 .r 5 3 


IK 13 

15, x — =- 
x 2 


16 


*+-«4. 

x 




290 ] 


QUADBATIC EQUATIONS 


405 


Solve the equations 

17. 3?-2ax+a, s — l?=0 18 nx s +2&x+e=0 

19 (a s -2%?+l)-2(0 s 4-Pjx. 20. (a + &+x)*=2&x+a s +2& ! . 

21 (x-7)(x-16)=0 22 (2x+3)(3x-4)=0. 

23 (a-x)(2m-x)=(K-x)(x-2»). 24 ^ +f) + 1+ f =0 

25 (x— l){x— 2)=12 26 (x-8)(x-l0)=5x3 

27. (x — a)(x — 2a) = 12a 2 . 28 (x - 1 )(x - 2) = 2(x - 3)(x - 4). 

29 (x - l)(x+ 3) = (2# — 5)(3x — 5). 30 x s -(a-6)x=(c-a)(c-&) 

31 (a+x)(x— b)—2(x— 6) s +o6. 32. (a-&)x*-(a+&)x+2&=0. 


33 £±Il = 7_i±i* 
x a r 

35. |+?=5(£zl). 

6 x 4 

37 a— 7 a; — 6 
* 2ix+3) — x+24 


10 14 — 2a; 22 

34 - g- 

3ft 2r ~ 1 - 5jg+2 
X — 3 T+l* 

x+1 4x— 3 
38 x~l“x+9* 


39.2* 

40 * . g + x - g i 

40 x+l + “ 235 ' 

41. £aJ+-5-_5 
x x-2 2 

42. ‘ + V* 

x— 2 x— 1 r 

43 £±*-4f£-s* 

x— 1 2x 

44. - + -L- = -^-. 
x x+1 x+2 

45 2 , 3 „ 8 

If? 6 l 7 , 16 

x+1 x+2 x+3' 

£+3 iC + 4 

2 , 1 7 

x-3 x— 4 6 

49 

48 4 1 j. 3 . 

x -1 18 x +7 

so 5±- 1 +£±2 ==lT 6 jr 

x+2 + x+3 

x -1 «-2 

2x+3 2x— 3 

3x+2 3X-2" 1, 

52. 55+2 + 2 *- 3 J* 
x -2 2 (x-l) 6 * 

co 235 — 7 t 5 3r-f 1 
2x-8' r 2 3(x - 5)* 

2x+7 0 x +6 

3(x -3) ^2x-3* 

4A2*-3)+3_ 

2 {x s — l)-x 1 

1) + 15. 56. axfe--)+-(- 

\0~ 6/ C'C 
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Solve tlie equations 

5 1 _2 

' 2x-a^2x—5a a 

59 _A_ + ® =2 
x—a x—b 


ro aHx-b ) , & s (a,-a)_„ 9 

58 -^rr + Tr^— 

60 t+-=ff+ - 
a: a 


61 (6 + c)**+ax-fl-6-c=0 62 (6-e)r s + (c-a)a: + (a-6)=0 

63. a[b-c)x-+b{c-a)a, + o{a-b) =>0 64= (« + &)**+(«-&)*= 

__ 1+a 1— a . 1 . b . b n 


66 i±i + ir£ ,i 

1 — aa? l + at; 

fi7 i_\„? 

\6 a)\x— 1 a; + l/ a; 

__ a:+2 v— 2 6a?-t-16 
x— 2 + a:+2~ 3a: 


88 ‘ a^a?+a&"^2a:+a6 ^ 

68 -+t+~= .1 X~ 

a b x tt+o+a: 

„ 2a?— 1 a?— 7 . 3r-l 

a:+l a: — 1 — r+2 


71 2 * i+ 3 *- 1 _ 5 *-”.o 
a:— l t + 2 a;-2 

72 7a:- 11 *3a?-2 
4r— 7 12a; -1 

73. a: s -2(a a +6* + c 2 )a:+(o + 6+c){6+c-a)(c+a-h)(a + 6- 

74. (fi+a- 2&)a^+(«+6-2c)a:+(d + c-2a)=0 

75. (x +a)(x+ b)(x + e) = a&c 

76 x s =(x-a)(x-bXx- 

77 ^ ^ ^ —0 

no x+a , x+b . «+c 

x—a x—o x—c 

#o T . ■! ’ 

a: — ct x — b x—c 

, 9 . f 3 5_*_i')|i_2 + ?£)_o 

\x a J\ x a / 

so ° + \-x+- 

x—a x-b b a 


fti (£+gX^+g+j) t (a;-a)(a;-a-5) Q1) a + 6 , a + c 2(a+b + c) 
(a:+c)(a:+c + &) (x—c)(x—c — b) x+b + x+c~ x+b + c 


„ _ a+lx* 2 (a 2 + 6°) 

ar + 6 a — bx a i ~b l 


84 i;* 


4 —a; 

85 ^ 16 ~’ c+ ^ Zx _ 5 ^ 6 89 Va?+3 + */3aT^3= 10 

87. JZx+l- s/4x+5 + >Jx- 4=0 

88. n/ 2®+7+ */3x — 18= \/7a;+l 
89 *j3x — 3 + \/5x — 19= <J3x+4 

90. \/a-x+ tjb — x= Ja + b — 2x 

91. fja+x— J2a—x = s/4 a+x * 
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291 Formula for Solving Quadratics The solution of 
the general quadratic ar s + 6a + e=0, viz , . 


X* 


-7)± \/&»-4ac 


2 a 


may be used as a Fobmuoa to find the roots of any paiticnlar 
quadratic 

Ex. 1. Solve o* 3 +7i?+ 12 = 0 [§ 200, Ex. 1] 

Here a=l, 6=7 and e=l2 , therefore 

— 7±V 19-4 lj2 -7±J1 — 7±1 „ 

2.1 ^ * 

Ex 2. Solve 3s* + 10i =88 [§200, Ex 5] 

By transposition, we bate 3 c ? + lOi -83 = 0, which is of the form 
OT 2 +6r+<?= 0. 

Hence here a >=3, 6=10, c« -88 , therefore 

-10±V(10) 3 -4.3(-88) - 10 + V r T6oTl05G 

23 6 

-10±V r fT5G -10+34 24 44 . „ 22 

6 6 o‘ >r- e =4or -3- 

Ex. 3. Solve J^i+?£i^-3- 7 ’'!+2 
2*+l 2a -1 4** — 1 

We must first reduce this equation to the general form. 

Multiply by 4** — 1 , thus 

(7 - a?)(2o?- 1) + (3a; + 2)(2r + 1) - 3(4 e 3 - 1) = 7a: - 1 + 2(4 r 3 - 1), 

clear and transpose all the lernib to one side, thus lG-c 3 — 15a? — 1=0 
How proceed as before 


298 Theorem. In a quadratic of the form x 3 +px + q=0,* 
the mm of the roots is equal to the coefficient of the second term with 
its svjnchanqed, and the product of the roots is equal to the constant 
term. 

Let a and ft denote tho loots of <ra? 3 + 6i?+<5 = 0 < that is, of 

a? 2 +-i?+- = 0 , 
a a 

b c 

then we have to prove that a+/? = — and nft — - 

a a 

* That is, one in which the coefficient of is made unity by division 
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Put for a and ft respectively the roots found m § 288 ; thus 

— 6+ \fb°—Aac , a — 6 — W - 4ac 
«*= -- 1 and p=— 


2 a 


i+P’ 


— 26 
2 a 


6 

a 


and 


( — 6) 8 -(V 6 8 — 4ae; s 4gc c 

a P 4a 3 " 


( 0 , 

(») 


4fl* a 

If the quadratic be of the form 0, then of course 

a+p** -p and aft—q. 

This Theorem, which gi\ es the above relations between the roots 
and coefficients of a quadratic , is very important One of its uses 
may be seen from the following examples. 

Ex L Solve (a — 6)r* - (a + 6)* + 26 =0, [§ 290, Ex (v), Ex, 32] 
Evidently v*=l satisfies the given equation , therefore 1 is a root 

26 

of the equation The pioduct of its roots is — — ^ , therefore the 
26 


other root is 


a— 6 


a6 


Ex 2 Solve (a + 6)s a + (a-6)*=-^. [§ 290, Ex (v), Ex 64 ] 

The equation maybe written s s +^^v—^^^==0 

Hence the hum of the roots is — ff — which are therefore — and 

«+ 6 ’ «+& 

, for their product is - - g as it should be 

E * S ' S » lv « 83] 

Here a-=l obviously satisfies the given equation , therefore 1 is a 
root Again after reduction to the integral form the equation 
becomes 

(a 8 + 2a6 - & 8 ) r 8 - (a 8 - 6 8 )a: — 2a6<=0 

Hence the product of the roots is - ■ and as one of them 

a a +2a6 — 6* 

is 1, the other must evidently be ■ ■ ■ ~ 2 f^ - 

o ! +2a6-6 8 

[Solve equations Nos. 61, 62, 63, 74, 80 and 82 of § 290, Ex (v) ] 


X 



APPENDIX. 

Misofllaneous Examples Worked Out, 

Ex. 1. Prove tliat (av -bby + cs) 2 + (ay - bx)* + (6s - cy)- + (ox — az) 2 

= (ei s + b 2 + c 8 )(* 8 +^ s + e 8 ). 

Expn. = (ax+ly) 2 + 2cz(av+ by) + c a r s + (ay -lx)* +(bz- cifY + (cx - at) 2 
*= (ax +■ by)* + (ay - hr) 2 + 2nw£ + 25c < i/c+c ! t 1 +& s o ! + c 9 f/ 2 — 26cys 

+ o 2 x 2 + oV - 2aoxz 

«=* (a 2 + S*)(x s +y 2 ) + c\j? + v s ) + (o 8 + 6* + c 5 )c 8 
=(a s +h 2 + c 3 )(x 3 +y s ) + (a* + Z»* + e s )8 2 
*= (a* + h s + c ? )(«® +y 2 + 1 ~) 

Ex. 2. If x**(b-c)(a-d), y—ic-a^b-ti), t «(«-6)(c— d), find 
the valno of a s +y‘ , +c B -3r^s 
We have 

v -by +£ =(6 - e)(« - d) + (e - a)(b - d) + (a - b)(c - d) 

— a(6-c)4-6(e— a) + c(a~b)— c?{(6-e)+(c— a)+(a — &)}=0 [§ 116 ] , 

thu3 x+y + z which is a factor of tho proposed expression, is 0 , 
therefore the proposed expression is 0 

Ex. 3. Shew that (x 1 -yt) 2 +(y 2 - :r) 9 + (; J - ry) T ‘ 

- 3(* ! ~yz)(y 2 - sr)(s ! - ry) = ( r 8 +y 8 + ? -3 r#s) ! . 

Left side 

—tyaP-yt +y 2 -zx+t 3 - xy) x 

{ [y s - ^ + % - =) j ~ + [ £ * - x ~ +.v( 3 - •5)3® + [ r -y~ + z(x -y ) j 2 } 
-$(x 3 +y 2 +z l -yz~z%-ry)x 
{ (x +y + s )*(y - s) 2 +(.«+# + s) 2 (s - s) s + (# + y + z)‘(v-y )‘ } 

«* 3(^ a +y 2 + c 2 - y i - cx - ry) x 

{ (x +y + s) 2 x 2( r 2 +y 2 + c 2 ~yz - tx - ry ) } 

= (r +y + c) 2 (af +y 3 + s 2 - y z - tx - ry ? 

, = {(x+y + z)(x 2 +y 2 + t s -yz -zv-xy) } 2 <=(x 8 +y*+ e 9 — 3 xyz) 2 . 

Ex. 4. If 2it«a + 6 + c, prove that 

a(x—b)(s - c)+b(s - c)(« - a) + c(t — a)(s - b) 

■=> a(s - a) 3 + b(t - &) 2 + c(s — c) 2 . 

I’rom the given relation, we have 

a = (*-&) + (*- c), 
b=(s — e)+(«-a), 
c**(t<-a)+(s~b ) ; 

o(s - 5)(s - c) ■= (s - &) 2 (r - c) + (g - b)(s - <j) 2 , 
h(a — c)(* -»)=(«- c)Hs - a) + (s — c)(* — a) s , 
c(s - a)(e -b)=(t- a)\» -b)+(x— a)(s - Vf j 
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whence by addition 

a(s — b)(s - c) + 6(8 — c)(« — o) + c(s — a){s — b) 

= (s — a) 2 (2g — 6 — e ) +(* — b) 2 (2s — c — a) + (« — c) 2 (2s — a — b) 

= a(g — a) 2 + b(g - b) 2 + e(s - e) 2 

Ex. 6 Prove that 

(i) {(*-y) s +(y-®) 1 +(*-*) s } 2 =2{(*-y) 4 +(y-®) 4 +(*-*'/^ » 
(u) (*-y) 4 +(y-s) 4 +(s-«) 4 

= 2 { (« - y) 2 (y - tf +(y- «) 3 (8 - x) 2 + (« - x)H x -y)* }• 

Put a—y — 2 , h—z—v, c-=x—y , thus a+b+e=0 , 
whence a 2 + b 2 + c 2 +2be + 2ca + 2ab = 0 [§ 115] ; 

transpose and square, thus 

(a 2 + 6 s + e 2 ) 2 = 4(be + ca + ab) 2 

- 4(b 2 c 2 + cV + a 2 b 2 ) [115, Cor 2] 

expand, thus a* + b 4 + c* = 2(b i c 2 + c 2 a 2 + a*b 2 ) ( a ) > 

add a 4 +b 4 +c 4 to both aides, thus 

2(a 4 + 6 4 + c 4 ) = a 4 + 6* + c 4 + 2 (b 2 c 2 + c 2 a 2 + a 2 b 2 ) 

= (a 2 + b 2 + c 2 ) 2 [§115] 03) 

Thus (a) proves the second identity and Ql) proves the first identity. 

Ex. 0 If ( by - cx) 3 -(b 2 -ac)(y 2 - cz), 

* prove that {bx-ay) 2 ={b 2 -ac){x 2 -az) 

Prom the proposed relation, we get 

b 3 y 2 — 2 bcxy + c 2 X 2 = Vy 2 -acy 2 — b 2 es + ac 2 s , 
whence cancelling b 2 y 2 , and dividing by c, we have 
— 2bay + cas* = - ay 2 - b 2 z + act , 
multiply by a, and add b 2 x 2 to both sides , thus 

bV — 2abxy + acx 2 = 6 2 a; 2 — a 2 y 2 — ab*s + a 2 cz , 
transpose, thus b 2 x 2 -2abxy +a 2 y 2 =b 2 x 3 -ab 2 z-acx 2 +a 2 cz , 

(6a, — ay) 2 = V 2 (x i -az)~ ac{x 2 — az) 

={b 2 -ac){x 2 -az) 

Ex 7 Pmd the n c u of 

{ax + by) 2 - (a - b){x + z){ax+by) + (a - b) 2 *® 
and {ax - by) 2 ~(a + b)(x+z){ax- by) + (o + b) 2 xz 

Pirst expression 

= {ax+byf -{(a-b)x+{a~ b)z}{ax +by)+{a-b)xx{a-b)z 
= {{ax+by)-{a-b)x){{a'c+by)-{a-b)z} [§ 109] 

= b(« +y){ (aa: + by) - (a - b)s} 
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Similarly second expression 

= {(ax— by) — (a + 6)x}{(ax— by) - (a + b)z } 

= -b(a+y){(ar-by)- {a+6)s}. 

The n. c n required evidently = b(i +y) 

Note The second expression differs from the first only in the vgn 
of 6 ; therefore its factors might have been ^obtained by writing -6 for ft 
m the factors of the first expression 


_ _ . . a+l-c b + c-o c + a-b , ,, , 

Ex 8 Assuming that 7 = ; , and that 

* a+o o+o o+a 5 

ot+6+eis not=0, shew that o=*b = c [Cal, 1873] 

From the given relations, we have 

„ o+ft - c n 6+c-o n c+o-6 

2 — ■ — ; — 7- — ’ — 2 — 


or 


a+6 “ 6+c “ c + a ’ 

o+6+c a+6+c o+6+c 


o+6 6+c c+a * 

divide by o+6+c, which, by supposition, is not 0 , therefore 

1 1 1 


whence 
that is, 


o + 6 6+c c + a’ 
a+6=»6 + c=c+a, 
<j = 6=c 


Ex« 9 Shew that if ~ — -+- — -+^r^=*l and o-6+o is not=0, 

cab 


then 


irH 


"We have from the given relation, 


or 

whence 


— +1+— -l+-+i-l-0, 

cab 
a-b+c b-c-a , c+a-b _ 
co 6 ’ 

(»_ 6+ c) 

11 1 


thus either a- 6 + c=0, or -£+-- - = 0 [§ 265], 'but by supposition 

o — 6 + c is not =»0 , therefore 
11 1 


1 1.1 
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1_*I0 

Ex. 10 Shew that (l+«)(l+a; 2 )(l + «*)(! + 

Let y=0- +•«)(! + .^)(1 + **)(! +^ 8 ), 

(1 - x)y = (1 - *)(1 + tf)(l d-^X* + - b 4 )(1 +afi) 

- (1 - x*)Q. + **)( 1 +**)(! + «*) 

=(1 - -r^l +a:*Xl +a 8 )=(l - tf 8 Xl +3^)=1 -s lc , 

l-*« 

y = T^x 

Ex. 11 Express a/3+ \f (a*-l)(/^-lJ in terms of x and y, when 
2 a—x+x’ 1 and 2ft=y+y~ 1 . 

Proposed expression 

J {1RM «'->} 

-K a ’ + i)(j' + j) + j(*-*)( y_ ?) 


-K !b » + 4)-i(^ + 5) 


Ex. 12 Find the first 4 terms of the square root of a i +x t , and 
from the result deduce the square root of 101 correct to 6 places of 
decimals. [ Gal 1877]. 


„ of ■&* a 4 t° 

M \ “+s-sr> + iw 



O xV 

a+ H~8a* 


2a+ a“4J 8 + 16^|i 


64fl° 

1,0 a 8 a 10 

C *" i o-e.—~ s + : 


X 


.12 


16o° 64« B "*"256a 10 
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101 = 100+1=(10)*+1 8 ; thus here a =10, x =1, therefore required 

square root = 10+ 2 la 0 “ 8 x( 10 ) s + 16x(10) 6 

•5 -125 0625 

“ 10 + 10 "( 10 ) S+ ( 10 / 

_j0+*05 — 000125 + 000000625 

=10+ 05 - 000125 (rejecting the last term as it cannot 
affect the required result, for there are 6 zeros after 
the decimal point) 

=10 049875. 


Ex 13. Divide a? l —y in by « sn " 1 +y sn ' 1 . {Cal , 1879] 

Dividend =(x sW ' 1 )*— (j/ 2 "" 1 ) 8 [for by § 185, Or 5 ”"’ 1 )* is x raised to 
the power expressed by the number 2 n_1 x 2 or 2"] 

= (a 5 " -1 +y 8n “ 1 )(s 8 "‘ 1 -y 1 ”' 1 ) ; 

the second factor «= quotient required. 

f 

X It 

Ex 14 A man receives -ths of 10 rupees and afterwards / ths 

y r 

of 10 rupees He then gives away 20 rnpees. Shew that he cannot 
lose by the transaction. {Gal , 1881} 


He receives ^ 10^+10^ rupees and gives away 20 rupees , there- 
fore he has ^10^+10^ rnpees — 20 rupees 

=lo(-+--2^ 

'y x ) 


. r .x i +y' 2 -2xy 10(x—y)- 

rnpees => 10 z — rupees = — - — dL. 

vy v xy 


rupees. 


Xow x and y being supposed positive, (x-yf- is always positive what- 
ever values x andy may have ; hence i 8 a positive quantity 

?y i J 

Therefore (l0? + 10|^ rnpees is greater than 20 rupees {£ 45] ; and 
consequently the man cannot lose. 


Ex. 15. 


Solve 


x 2o a 

Vl+«+ V 1 -x° 1- V r I3?" 
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Rationalise the denominator of left side, and multiply numerator am 
denominator of right side by 2, thus 

t(VT+s- -/l^) 4a * 4a 8 

2« ~2-2\A-* a (sA+a-V'l-s)*’ 

- ( / \fl+%— Vl — #) s =8a 8 > 

V 1+a— y/'l-x**2a, 

2-2 V" 1 — r 2 = 4a 2 , 

V^l - a: a =» 1 - 2a 2 , 

1 -a s = l -4a 2 +4a 4 , 

,z 2 =4a 2 (l — a s ), 

* x-=1a\f 1 — a J 

Ex. 16 Solve yf a'-x'+xs/ a*-l — a 1 '/ l-'t* 

We have the identical relation 

(a s - x 1 ) - *V - 1) = a 2 (l ^ a 2 ) (1) 

divide (1) by the proposed equation, thus 

• yf aF-tf-x'f a*-i== y/T^x 1 (2) 

•subtract (2) from the given equation, thus 

2a \Zo--l = (a 3 - 1) \/T^ 

2«= V a* - 1 yf 1 - r s , 

4a 2 = (a 2 — 1)(1 — x 2 ), 

T 2 (a 2 + 3)~a 2 — 1, 

. /P^T 

37 s0 A / “V 

V a * + 3 

Ex 17. Solve (a 1-x) \fl + a + (a - a) yf~T^a = 2 y/W+x* 

Since a a +a“=l(a+a") 2 +^(a — a) 2 [§ 101, (iv)], we have by squaring 

(a + «)=( 1 + a) + (a - a) 2 (l - a) + 2(a 2 - a 2 ) \/ l^a 2 = 2(a +xf (a - r) 2 , 

whence by transposition, 

(a + a) 2 (l - a) + (a - a) 8 ( 1 + a) - 2(a 3 - v-) y/ l-a* = 0, 
or {(o+«)\/'l-tt-(B_^y f i +fl p = .o i 

«l‘us (a+;r)\/‘l-o-(a-r)v r r+^'=0 1 

o+-c _ Vi+g 


whence 
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X fjl+a- Jl-a nnyl— . 


x 

a 


Ex. 18 Solve 


— [§2273 „ a 

Jl+a+Jl-a za 

l+x- Jix+x 3 _ s 1 J 2 +X+ Jx 
J2+X- Jv 


; &c. 


l + «e+ JZx+sP 
Multiply numerator and denominator of first Bide by 2, thus 


2+2x—2 */2x+x” 3 >J2+x+ Jx 

V + 2x+2,j2x+x*~ a *J2+x- Jx’ 
( J2+X- Jx )* _„ 8 J2+X+ Jv 
( J2+x+ Jv? J2 +x- Jv 

(j2+r- */*)* _ q* 

{J2+X+ Jx) 9 ’ 
v 2+r- Jx 
J 2+x+ Jx 

J2 + V . 1+0 
1 — a* 


-=a. 


2+x 

x 


/1 + oV 

Al-J* 


2 /l+a\ 2 , 

rfeJ -1, 


4a 


(l -a)*’ 


&c. 


Ex 19 Solve cx+(a + b)y+(a-b)t=a 

ov+(b+c)y+(b-c)z=b 
bx+(c+a)y+{c-a)z=c 
Adding the equations together, we get 

( a+b + c)x+2(,a+b+c)y—a+b+c , 
or * + 2y = l 

Again multiply (1) by a-J, (2) by b-c, (3) by c-a, and add , 
{(a— &)*+(& — c) a +(c-a) 2 }s=a 2 +6 2 +c 5 — bc-ca-ab,' 
■whence z—\. 

Substitute the value of s in (1), thus 

cv+(a+b)y=a-$(a-b)=h(a + b) 

Multiply (4) by o, and subtract from (5) , thus 

{a+b-2c)y=$(a+b)-c=l(a-*-b-2c) , 

« . y=\ 

x=l -2y=0 


( 1 ), 

( 2 ), 

(3). 


(4). 

thus 


( 0 ). 


Hence from (4), 
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Ex 20 Solve 

( 6 + c)x + by + es — (c + a )y + o t + ax = (g + 5) z + ax + by 

^2 | - J2 r |— 

xys-(c+a- b)yz -(a + 5- o)zx -(b+c-a)Ty= 2xys ^ — ^ ^ 

From equations (1) by transposition, we get 

(6+c- g)# = (o + a - l)y = (a + b - c)z = l suppose 
From (2) by division by xyz, we have 

, / , -r,l / i ± /t J 2(g s -+6 3 +e s ) 

1 — (c + a~* o) — (a + 6 — c)- — (6 +■ c— aV=— r- — 5- , 

' X H « («+d+c>* * 

or (o+ft ^5)l + (a + 6_ C )I + (6 + c _ 0 )I = i_2|iJ^^ 

26c+2cg+2g&—g*— 6 3 --c 3 

“ (g + 6+c)* 

substitute the values of x, y, z m teims of l from (3) , thus 

, . ,,5+c-ff v c+g — b ,, ,8+5-c 

(c+g-6) — j — +{g + 6-c) — j — +(6+c— a) — j — 

_ 25c-h2cg-+2g6-a 3 — ft 3 -c 3 
(g + 6 + c)* ’ 

i{c* - (a - 5) 3 +g 3 ~(i-cf+V>-(c- a) 2 } 

26a4-2ca + 2a6-g 3 — 6 3 -c 3 
* = (g + ft+cj* * 

whence i=(g + 5+c) 2 (4) 

Thus from (3) and (4), the values of x, y, e are known, 

Ex, 21 Solve (h + e)(y + s)=g(r+l) qi 

(e + g)(8 + *)=% + !) (2) 

(g + b)(x +y) = e(s + 1) (3j 

B\ transposition -ax+(b+c)y +(&+c)«=g, 

tf+a)x-by+(c+a)z~b, 

(a+b)x+(a+b)y -cs—c , 

whence by addition, 

(g + i + c)#+(g + & + o)y + (g + i + c)8=g + J + c, 
or x+y+zz* 1 r (4) 

From (1) and (4), (i + c)(l-*)= 0(71+1), 

~ a+b+c 
a+b+o 

Similarly from (2) and (3), the values of y and z may be found 
Note. Observe that (1), (2) and (3) are collaterally symmetrical 


or 


x~- 
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Ex 22. The expression ax - 36 is equal to 30 v. lien v is 3, and 
to 42 when x is 7 , wlmt is its value when «=4 3 , and for what value 
of x is it zero 1 [Cal % 1874] 

By the first condition, 3a - 36 —30 (1)* 

By the second condition, 7a — 36=42 {%)- 

Subtract (1) from (2), thus 4a = 12 or a= 3 Hence from (2), 6 = - 7 
Therefore when x—A 3 = 4$, the required ialue 
=»3x4$— 3x -7 = 34 

.Again, 3:c-3x —7=0 gives, when solved, &= — 7. 


Bx. 23 If *+Jl+.-0, then 

From the given relation, x— -(«/+:) ; *. r 1 = — x{y + z) j hence 
2-t? +ye =* 9 + x* +y t = x* - x(y + «) +y s «=* (x-y)(x - s) 

Similarly 2y-+sx*=(y-s)ly-x), 2 * 1 ■» (s - ,«)(# -y). 

\ Left side=; ~ c +7 * , = 1. [See § ISO, 

(*-yX*-a) ly-*)[y-x) [i-x){z-2f) 1 

Ex. 1 ] 

Ex 24 If then each of these ratios^ 

cy-ac by-ax s+x 

unless 6 +c«= 0 . 

Let each ratio =7., thus 


163] 

cy-at by-ax aU+tf) LS J 
[bx-ay)+(cx-az)+(at+av) „ .. 

FiWFiiTtew) [§ 261, Cor 11 
= (5+^”f’ 5+<ris "° t “° 

0 x «t* 0 

Note If 6 + c=0, then 1=—-- . thus the value of l would be 
indeterminate [see § 2CC] 


Ex 25 If 


V 


l[mb+no-la) m{no+la—mb) n(la+mb — ncy 
l m n 


x(by+cz-ax) y(cs + ax - by)^7(ax + ly- cz)" 

' 27— B. 1. 


then 


Hi &> 
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"Divide the terms of the first fraction by l, of the second fraction by 
m, and of the third fraction by n , thus 

x y_ £ 

l m n , 

= — 5= ■=* y ; = L SJW } 

mo+nc-fo nc+ta — mo fa+mo-wc 

* 1+1 £+1 S+L 

, m n n l l m 

fee- = • y SS ' 

2ca 2 mb 2 nc 

ny+mz _ lz+nv mv+ly 

Zlmna Zlmnb~~ 2 Imno 1 

, ny+me h+nv mv+ly 

hence 2 limn — — — r — - , 

CL 0 C 

now multiply the terms of the first fraction by x, of the second frac- 
tion by y, and of the third fraction by s , thus 

2llmn = nx y+ mxz — _ mxz+lyz 
ax by cz 

Zlyz _ Zmxz 2 way 

by+cz—ax ez+ax-by~ax + by — cz 

Next multiply the terms of the first) second and third members of the 
last equality by v, y and z respectively, thus 

Zlxyz 2 mxyz Znxyz 

x{by+cz-ax) y(cz+av-by)~ z(axTby - cz) ’ 
divide by 2 xyz, thus the required i elations follow 

Ex 20 If a=£+c~, b=c-+a-,c=a- + b? 

z y vs y x 

1.1.1 1 


prove that 


a? "*"y s s 8 m/z ^ 


From the first two equations by transposition, we get 

— (i+5-+c- =0, a- — b+c-*=0, 
z y ' s * v ’ 

whence by Cross Multiplication [§ 244] 

y *, , »" r 1 snppose ’ 

z x + y y z + x i* 

• KH). . ' 

substitute o, 5, c in the third equation, thus 
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divide by 7 and transpose, tlms 

£! + !f + ^ + i=0; 

s 3 «r s 8 ’ 

divide now by xyz t thus the Teqnired relatton follows 


Ex. 27 Ifa+5+c = 0and 

a(by+cz - ax) — b{cz +ax- by) = c(ax+by - oz), 
then will ar-fy + z = 0- 

From the first and second members, by transposition, 
a[a +'b)x — b(a + b)y + c(b — a)z — 0 
From the second and third members, by transposition, 
a(]b-c)x—b(b+c)y+e(b+c)z=0 
Hence by Cross Multiplication [§ 244] 

x y 

— bc(a + b){b + c) + bc\b +c)(b-a) ca{b -c)(b—a)— ca(a +b)(b+ c) 


or after reduction, 


z 

— o6(o+6)(6+c)+a6(a+6)(6- c)’ 


whence 

thus 

therefore 


x v s 

- 2abc{b + c) ~ - 2abc(c + a) ~ - 2abc(a + 6)’ 

bh~zh-zh =l ”w° se > 

x=l(b + c),y=l(c+a), z—£(a+b) ; 
x+y+z=l(b+c)+l(c+a)+l(a+b) 

=2&(a+b+c)=0, \ a + b + c = 0 


MISCELLANEOUS EXAMPLES FOR EXERCISE. 

1. If a= 1, 6*=5» x=7, y= 3, find the value of 

5(a-b^ s J(a+x)y 2 -b>J[a + v)y 

2. Mul tiply (a^+r- 6) 2 by a 2 + 4a? + 4 

3 Shew that <3^ -4x+ 2f - (2a: 2 + 9a?+ 3) 2 is divisible by a; 2 +a? 4- 1 
without performing the operation of division ; and find the quotient 

4. Find then c u of a(o-l)a: 2 +(2a 2 -l}a?+a(a + l) 

and (a 2 -3a + 2)ar J +(2a 2 -4a + l)a?+a(a-l).-~ 

5. If 2g = re+ b + c, prove that 

(s-a)(s-b)+(s-b)(s-c)+(s-cXs-a)=s !1 - l(a 3 + b 2 + c 2 ). 

8. Shew that 

o 8 (& - c) 3 + b\c - a? + <?{a - bf =3a&c(& - c )[c -a)(a- &). 
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Shew that the sum of 

x v . v , a b . c 
x+a x+b x+c x±a x+b x+c 


is independent of r 
8 

, 1-2 ax+a* 


If x ± - —y, shew that a ? ± -4 =y s +3y 
X v* 


9 If 


1-a 2 


then 


x—y _ 


2a 


10 
11 

12 Solve 


1 — a 2 — l+2a#+a 2 ’ 1 —xy 1+a 2 

Find the square root of r 2 + 8 r - 64a _1 + 64a," 2 
Find the expression whose square is 3^-l + 2^/ 2x i +x— 6. 
Gs-7 5 (t — 1) 1 

= 12 


9v+6 12x+8 

. 5x+6 lly — 5 1 10> 7-c 

Solve _ f— = H, 25<55y-12H- 5 -37 

If a l b—c * d, prove that 

tPd—b*c+Wd . a-c+tfd—d l c + d 

An aiticle is bought and sold so as to gain 5 per cent If it 
had been bought at 5 per cent less and sold for Is less, 10 per cent 
would have been gained Find the cost price 

10 Find the value of 


13 

14 

16 


when x——l, y — 2 


17. Multiply 




sK2x) 


by 


18 Divide 


Ki+w) 


-i 


3a 2 -1 
nP-Sx 


+1 


by 


19. If 


\/(2x) 
9 33 - r 2 

S 3^+1 
3 2(^ + 3) 

x* ~ (.r 3 - .t) 2 


+ ^ 2 ( 2 *-!)- fj(2x). 


a 2 = (a +y - 2z)(y + z - 2 x), 


then 

20 


&=(y + z-2x)(z+x-2y\ 
c-=(s+v-2y){x+y-2t), 

(a 2 + 6 s + c 2 )(x +y + z) = 3(3^s - a? -y* - s?) 

If 2s=a+h+c, then U-a'^+^-bf+is-cf+Zabo^s 1 . 


21. If 
then 


-(6-c)+-( c-&)+i( a - h )=0, 

t(!/-*)+l(*-x)+l{x-y )= 0 
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22 . 


H (.+!)*- 


3, shew that a , + -g=»0 


23. Find the value of 27 v+48t 3 -8a 4 when #=£( ^21—3) 

24. Find the square root of 57 — 12 Jib 

„ „ , x , bi?-\bx-Q 5as— 9 , 

a6 ' So,TO s + TocJ^s) 5 +1 

26 Solve 1, *+*=„. 

«+ar 6+y o + 6+e 

27. If a; ; i/ = ts *. 6, shew that (a 2 - a 2 )(y 3 - 6 2 ) = ( 'ey - a6) 2 

28. 4 and B shoot by turns at a target , A puts m 3 arrows out 

of 7 and B 2 arrows out of 5 how many must each shoot, that they 
may put m 29 arrows between them 1 *■ 

29. Find the value of x 1 -6* + 7 when #«=>3- JS 
3 0. Shew that a{a - x){a — 2 r) 

—(a— b)[a -b— x)(a +2 b~ 2x) 4- 6(6 — ®)(3 a - 26 -2®). 
31. Find the coefficients of x\ a? and a; 1 m (•s+a) 3 (.'c— a) 6 . 

32 Find the value of 

( 0+ s)( J+ 5)(° + ^)-(“-s)( s -|)(“-i) 

33. Find the square root of (o 2 +6 a )(a! 2 +y 2 )-(aa:+6y) 2 . 

34 Given 2s=a+6+c+d, shew that 

4(6c + ad)" - (6 2 + c a — a 8 — d 2 ) 2 =16(s- a)(s — 6)(s - c){s — d) 

36 Prove that 

(* + ») + ( y+ l) + (’ 3 ' + i) s “ 4+ (* + i)(* ,+ j)(^ + |)- 

38 lf r — 

a-x _ 6-y a+y _ b + x 
l + a'B l + 6y n 1 — ay~l — 6®* 

37. Simplify {dp^L-dlZlX 

x l Jx — a Jx+aj J(x+af — ax 

38. Prove that f ( JS + 1) 2 - 2( J2 + 1) 2 = J&9-UJQ. 

30. Solve 3 * 2 +l 


3v-l x~l 


3« 2 — 4#+l* 


40 Solvea+y + s^O, ax+by+ct=0, -5-4.JLj._i o 

fS b-o^ c -a^a-b~ A 

41k If o 3 +c 2 : b 5 + C(Z=«6 + *Z . 6 3 +d 3 , piove that « ; 6= C ; d 



AL0EBBA. 


42 The ciew of a ship consisted of her complement of Bailors 
and a number of soldieis , there were 22 soldiers to cveiy 3 guiib and 
10 over i also the whole numbei of hands was 5 times the numbei of 
sailois and guns togethci. After an engagement m which the slam 
were £ of the survn ors, there wanted 6) to be 13 men to every 2 guns 
^Required the number of guns, soldieis and sailois. 


43 

44 

45 
40 


Find the value of 2- when «=-and — - 

Simplify |^(2a-6)+2(5-c)j-. 

Find the foiu factors of (1 +y) s - 2(1 +y 2 )'B 2 + (1 
If s = a + b + c, prove that 

(a - 3a) 2 + (g - 3b) s + (s - 3c) 2 - 3 { [a - If + (6 - cf + (c - a) 2 } 


47 


48. 

square 


49. 


Shew that^^)-^+^^ is independent of * 
b{a- + b*) ab a^+b^) 

If a:== "r~|> shew that (a— cr) 2 +(a, s — 1)(6 2 — d 2 J is a complete 


if 1-14+1+ 

8 a b o 


,to n terms, shew that 


s — a ' s — b , s — c ' 


„ + l, + +,„ 

a 0 o 

• •a vU 7t> uclUIo * i 11 


BO. If t = 


2 -to 1 


W=7 


! — S 




2-^ 


«y=o— then tc = x 

55 — X 


62 Solve x+y- 1-8=1, 

ax + by + cs^d, 
a^v+Wy+ch—d 1 . 

( w+^)(i l+ 5).,w + « 0 (^ + 5.) 

64 Two passengers Lave together 5 cwt of luggage, and are 
chaiged for the excess above the weight allowed 5s 2 d, and 9s. 10d , 
reepectively , had the luggage all belonged to one of them, he would 
li&VG been charged 19s 2 d Sow much luggage ib allowed free of 
charge and what amount of weight had each passengei ? 

55 Simplify 3a-[&+{2a-(&-c)}]+i+^!zi. 

2 2o+l 

50 Eesolve { ir - (6 * c)a + 1 c } 2 - ( ? - c )\x -af 

57 If s=a+ 6 + c, prove that 

(as + 6c)(6s + ca)(cs + a&)='&+ c ) 2 (c + a)\a + b)\ 


61 Solve «= G, 

2 l A ■■ 1 
~ x 

53. If a ; 6=c 1 d, prove that 
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58 Prove that 


(s+|jr)(*+^)(.r+^)-(^+^)(*+gy)(*+^) 
xi/(x—v)(a — b)\b - c)(c - a) 

S3 — i — ‘ • 

abc 

„ , , , , 3^+3^+l , 3^-3^ + l 

60. Find the \alue of ; — -r- 


3 Jj + l 


3^ — 1 


60 Simplify ^ 


?+i+s i+< 


a^ fg-fy) 9 
V s ' x l -y-' 


--i+2 i-s 

If x 1? y 

81. Find the ^alue of (g <, J 6 * c ('e 6 ) ^ ■ |, (aV , '^ 

62 The coefficient of x in the expansion of 

(x-a)[x-b)(x-c)(x-d){x-f) is 2(^ + | + ^ + S+j?)> 

find the aalue of A. 

83. If a+6 + c-O, prove that -^+-{-+- + -^0 

, 2x 1~S 8g + l 

64. Solve — s= 

3 Ax 12 


v/ 


65 Solve g+y+s=<M-&+c, 

bx+cy+ai<=cv+ay+bt=bc+ca+ab 

66 If a , b, c are in continued proportion, prove that 

(H) : (s + s) 

is a ratio of equality. 

67. At an election, -where each elector may give 2 vote 1 ; to differ- 
ent candidates, but only one to the same, it is found on casting up 
the poll that of 3 candidates A, B and C, A has 358 votes, B 132, 
and C 118 Now 26 electors voted for A alone, 30 for B alone, and 
28 foiC alone How many loted foi A and B jointly, how many 
for A and C, and how many for B and G V 

68 Find the value of \ when x—1, y—% £=*02. 

69 Resolve abtf+y*) + (a 2 + V*)xy +(a-b)(r -y )- 1 
70. Simplify 

(a+«) 4 +4(a + ^) s (« -«?)+6(a s - v 9 ) s +4(« + v)(a — g) s +(a— g) 4 . 
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''71 If 3 s=s + 5+c, prove that (s-a) 4 +(s-6) 4 + (s-e) 4 

=2{(s- cO ! (s - &) 2 + (s - &) 2 (s - c) 2 + (s - c) 2 (s -a) 2 } 


72 Simplify 


3—2 


73 Reduce 


3 — Z — 


g s +2a 4 3+g 3 3" 
a 8 * + 2& 2 3 2 + 2a 3 s + a: 4 


3- 


3—1 

3^2 


74 Find tlie value of c which will make 3 4 +B3*+7v 2 +dv— 2c 
divisible without remainder by 3 s +33 +2 
76 Establish the identity 

x 0 --xy+y* fl 1\ y s -yt + 8 3 fl . , r s +3a + s 2 fl _1\ 

\*jlj ^ s 3 2 2 J *'a 2 U gj 

7 6 Shew that (23 +jT 1 )(2y + 3 _1 ) = ( 23 -?/- + 3 “ -y ~ 


77 Simplify 

78 Solve 3- 


f -V 

| g*-* 


4 + 


n 
' a 


1 — r 


79 Solve g^£±g + 5 ^.*±y M io 3 , 

« y y 36 

80 If g ; 5=o ; d, shew that 

la+mb lc + md= s /(pa 2 + qV*) J(pc- + qoP) 

81 A letter carrier has to go daily from P to Q in a prescribed 
time If he goes a mile an lioui faster than his ordinary rate, he 
arm es at jQ half an hour before the time But if he goes a mile an 
hour slower, he arrives three-quarters of an hour too late Find his 
ordinary rate and the distance from P to Q 

82 Find the value, when a =2, 6=3, of 

ao-i&J+i - (a+l) l {6 - 1 )° + a &- 1 & 0+1 

83 Simplify (g+6 + cX3+y+s)+(6+c-g)(y+s_3) 

+ (c+a-b)[e+x-y)+(a+b-c)(x+y-z) 

84 Resolve into factors 

(3 -y)(3 - 2y)(3 - 3y) + 9y(z -y)(x - 2 y) + 18y 2 (3 -y) + 8y 3 

88 Expand {(3 2 +3+l)(3 2 -3+l)(3 2 -l)}= in powers of 3 

88 Find the square root of (3*-33+2)(3 2 -43+3 )(t2-5 6) 
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87. If 2s = a + 6 + c, 2* 2 = a* + b* + c 5 , shew that 
V s - a 2 )(<x 2 - 6 9 ) +(ff 2 - Wfc- - c 2 ) + (* 2 - e s )(<r- - a 9 ) = 4s(« - c)(« - 1) (s - c) 

f Jx 1 I . f jjl 1 lzL \ 

U-i a.+,/») i * ■ ^ +1 >J' 


88. Simplify 


VX" — i X*+X+ tjx) v. 

89 If x+y*=a and xy=b-, express a?+y s and # 4 +"y 4 m terms of 
and b. 


80 


91. 


Prove the identity 

1 . 8* . 4j? 


a+a:' r a 2 +ar ! ^a 4 + :s*"**a 8 + r® a — x 


8t t 


16x u 


+ 


7; 8 


If x~ -—== =. then t . , 

Jo ? + 6 2 1 + bx 1 i ox 


:(a + &X« 3 + & 1 )- 


92. Solve 


x 


a S + &2 + C 2 + «P 


cf*+6 2 e 2 +d 2 (ac+bcl)*+(bc~ad) s 


93. Solve 5 t " 9 +3 p ~ 9 =14 l 5* +1 -S» +2 + 104=0 

94. If a . 5*=c : <2=c ./, then 


(o 2 + 6 2 )(cc + df) z = (c 2 + d?)(ac + bf)- = (e 9 +/ 2 )(ac + 6cZ) 8 

95 A criminal having escaped from prison, travelled 10 hours 
before his escape was known He was pursued so as to be gnined 
upon 3 miles an hour After his pursuers had travelled 3 hours, they 
met an Express going at the same rate as themselves, who met the 
criminal 2 hours 24 minntes before In what time after the com- 
mencement of the pursuit will they overtake him ? 

88 Find the value of ®,/gt«36 + c){b z - 2 a - c)(2b~ a) 3 , when o«= 5, 
6=4, c=3 

97. Multiply zHta-lJs+Ca + l) by (a-l).r-(a 9 +ct+l). 

98 Shew that (a + b + c){ax- + by- + cs 9 ) - [ax +■ by + cs) 3 

= ab[x -y)- + bc(y - s) 2 + ca(c - x)-. 

99 Eesolve into factors (a V - b-y-)- + Aabxylfix* ayf - (fix + ay) 1 

100. Shew that 


6 a 


“ + g , c- 

{a - b)(a - c)(l + ax) (6 -c){b-a)[l + bvy (c-a)[c-b)(l+cx) 


1 


(1 + «a?)(l + bx){l + cx) * 

101. If 2s=a + 6+c, 2c s =a 8 +6 s +c , J prove that 

( ff8 - a 8 )(s - a) + (o* - 6 s )(s - 6) + (c 8 - c 8 )(g - c) = »* + 6 4 + c* - «« 3 . 

102, Extract the square root of + _fL+g/ L + L j.L\ 

H 6 V Va 8 a‘6 2 + 2 W 2+ 6 s + c 2 / 
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103 

104 


Simplify 


2 a 


“ . — < ; 

{x— a)"' 1 {x — a)' 


\n-2* 


■Find tlie value of 


(x“ + b i i (x i+c )-(x c+a ) i 
(x a rfixF)* 


106. If r=-^-, shew that the value of — — — — + 

is the same for all values of a and c 
106 Simplify 

fja+x- Ja-x ^ o Jar-x* „ x 
a- 1 rx+ *Ja*—x L \/®+ <Jx a— *Jo? — x* 

107. If a+y=«y=l, prove that -e®=^ s = -1. 


4ao 

(a+c) a 


108 Solve 

x x-a 

109 Solve fa + b)x—(a-b)y—2ab, (a+b)y — {a —b)x = ab 

110 If a b=x . y=y ; q, shew that “|g 

111 A, B, G start at the same time from P to run to Q, then 
lates being bucli that B ib always as much behind A a9 he is m ad- 
vance of 0 Aftei A has reached Q he returns at once to P at tlie 
bame rate, and meets Bata point whose distance from Q is equal to 
one-foiu tli of PQ Shew that A meets C at a dibtance from P equal 
to one-third of PQ 

112 Find the value of {dx i +i/* — , >)[iJt£ l +i/ i +z) i when a =4) 
y=B, s=6 


113 

114 
116 

110 

117 



Simplify 

Eesolve (l + .«) 2 (l-t ys) s + Ul - vz){l-yz)+2xyz}\ 
Find the equate root of 

x i + 2r s (y + s) + + s 2 + 4yz) + 2 xyz(y + z) +y 2 c a . 
Find the value of JI2 + *\j ^75+6^ 


Simplify 


J-JL 


H 

r x i-xi 

\l + x‘ X f 

Ll + r” x J 

1 

{ + l-xj 


-JL.) 
l+x ) 


If«+«/+3=0, prove that— +^+— 

ys zx xy 
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110 Shew that 

(ab- cd)(a 3 - y + c* - <T-) + jac - 6rf)(o 8 <F) 

(£t a _ &s + cs _ ds)(„s + - o* - d a J + 4(o& - cdj(ac - Id) 

» (g 4- d)(b 4- c) 

(<i + rf) s + (6 + c) 8 

120. If e=a Jl-b^ + b *J 1-a 8 , pro\ e that 

(a + b + c)(b + c - a)( c + a - 6)(a + 6 - c) = 4a*h s c% 

12L. Solve («-o)*+(v— &)* + (« — c/=3(*-a)(;r-&)ta;~c) 

122. Solve ax+ 5y+ec=a+i, lr+cy+tt8'= ! &-^-tfj<«;+a l y•^-&c= ^ c+a• 
123 If 2a — & i a+2h=3c — d I c+2rf, then 

3a+& I a -3&=4e + d l 2c-3d 

124. 4 was following 21, who after a time turned and without 
changing his pace walked in the opposite direction ; A now approach- 
ed B six times as first as before Compaie then rates of walking. 

126. Find the value of v i — 2a(a — b)z* + (a 5 + b*)(a — b)x — a 8 6 8 , 

when a=l, b— -2, ®=3. 

120. Divide 9a 2 & 8 - 12a 4 h + 36 s +2a*6 3 +4a B - Haft 1 
by 3& s +4a*-2a& 8 

127. Besolve into linear factors 


128. 

120 

130. 


(x - a)'(b -o) 3 +(i- b)*(c -af+(x- e)\a - &)* 


Simplify 


(yz - g) s - (ca -y 8 J(a& - z 1 ) 

(be - l)[yt - a) - (s - by)(y - ct)‘ 


Beduce 


(a 3g . ^-¥ 

\ y y 3 +3xy 


Find the fouith root of 




3aV , 27aV 27aV _ 81a s x 4 
6 + 8& 3 " lbh 3 + 256& 4 


131. Simplify 1+ JS+ J2- J21- J12+ 

5 > 

132 If x? pi ove that “* ; and that s/ = 2, 

if also u=2 y. 

find the value of a?+^ s . 

134 Solve , /-+ / W-Wac-te) . 

V a V a6c -1 


138 “*-»{•♦ 
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136. Solve (a+b)x-(a- b)y =m(x~- y -) , 

(a - b)x + (a + b)y=m{x~ -y z ) 

136. If s- — y . . = — ? , , then each 

b-o+a c—a + o a—b+je , 

a(y+e)+b(z+x) + e(x+y) 

2(bo+ca+ab ) 

137 A fruiterer sold for 19* 6 d a certain number of oranges and 
apples, of which the latter exceeded the former by 180 He sells the 
apples at the rate of 6 for 3 d , and 15 oranges bring him m 1W 
more than 35 apples How many are there of each sort, and what 
are the oranges worth a piece ? 

138 From {m(2m -3p)-2n(4n-3p)}a:+{m(p-»i)-p(2ii+p)}p 

take 3{p^2n--^)-|(2»i-3p)}a;- {p(p-m) + 2n(2»+p)}p , 

and find the value of this difference when x>=n—h, y=m— —2 
12:^ — 4a;s s — 23a s a: 8 +9a s a: — 9o 4 


139. Reduce - 


8a: 4 — 14o 2 r 2 — 9 a 4 


140 Multiply |-5|+^+3by f -*+3 

141 Resolve into linear factors 2x? -7xy- 22y 2 -5.r+ 36 y — 3 

(•E+lV ? 8 _ x t +1 

\y + ' x y* y 8+ 


142 Simplify 


2-* ^+2+i 2+*_i 

y x y i y y x 


143 If v be the ion and y the n c d of a and b, and if x+y 

b 7,s 

—ma 4 — , prove that T*+« s =ni 8 a s 4 — = 
m »n s 

144 Find the value of 

\6-*p 3=5 if’ 

146. If a(p-*)*- a (y + s) 2 = 0, then -^- + ^ Z JL 

>Jx — ijz z 

116 Solve !=£_§lz» ! 

1 2x 2x — 7 7— 16a: + 4 a 3 

147- Solve x+y+z=(a- b)(a — c)(6 — c), 
ax+by+cz=a s x+b' 1 y+ch = 0 
148. If a, 5, c, d be in continued proportion, shew that 
f a — b . g — c\ g /d— 5 d—c \ 3 / 1 i\ 

l— + — ) K~ <~r ) -<—*)■(?-») 
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149 The sides of a right-angled triangle are as 5 to 12, and the 
hypotenuse is 130 , find the sides 

150 Find the value of a 4 + 3o s 5+4a s 6 2 +3o6 3 + &S 

, 5+x/I3 ,, 5-^_13 

■when «= — 2 — nn “ jj 

1 51 Multiply xP+a B —ax('t?+ a 8 } by x* + a 8 - ax(x + a). 

162 Find (« 3 -2i^ + 4y 3 )- m teims of a and 5, where ;c=9a 2 +12a& 

andy==26 3 +6o6 

163 Multiply together Jx-Zjy, Jx—2 K fy, »Jx~ Jy, *!x+ Jy, 
*Jx+2»Jy, and jx+Zjy 

154 Extract the square root of 

9-— 24 . /-+34— 24 */-+$. 
y 'V y 'V x x 

-irk .■l-i. xh/-- - xy- 1 -v 1 y + *-y _ , ry 

155 Shew that a _ a + ^y 1 (x+yf’ 

166 If tja? +b 1 +a-bx, find v - v' 1 and r + ar 1 m tei ms of a and b 
157. Shew that */( J5+2) -*/( - 2) - 1. 


* + i 


3 


158. Solve -=— ■= — = -T — r 

* 9 +l u+1 ®*+2a?+l 

159. Solve a 8 +# 8 +g , ’-3xyg»=0, 3a— v + g=3&— y+a/= 3 c- 3 +y. 


160. If 
then 


x v g 

2a-6+2o”'26-c+2a~2c-a + 2& , 
o b 0 


2x+2 y—z 2y+2z-x 2g+2 »— y 

161 A has twice as many pennies as shillings B, who lia 9 Is 7ct 
moie than A, has twice as many shillings as pennies together they 
have one more penny than they have shillings How much has each ? 

162. Prove that (ax -by + cz- du ) 3 + (ay+bv-ce- du) 2 
+(«s -bu- cx+dt/) 2 + ( au + 65 +• cy + dv) 2 
•= (a 2 + b 2j rc 2 + iP)(* 8 +y 3 + s 3 + m 3 ) 

183 Divide * 8 + ^+~i i + ~b +- 8 ty a 4 - — + 

yt yi yZ yi 3 y-r y 2 yB + y t > 

184 Find a value of x which will make <c 4 + Or 8 + 11 <c 3 + 3« + 31 a 
perfect square. 
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166. Shew that the difference of (e* + fi-*) and (c x -c~ x ) ib indepen- 
dent of x , and that the sum of — ^ and (~+* T ^ dimi- 

nishes as » increases. 

166. Find the square root of (3t+l)(3a:+4)(3.i:+7)(3.t+10)+81 


167. Simplify. 


a 3 ( 

<b c) 

+ b ! | 

rl_I> 

^ c ai 

) + c 3 

\a bi 

«i 

(1-V 

^6 ci 

M 

n ~ 1 -) 
s.c aj 

i+«( 

'I-Vl 

^a bj 


1 + t 1 — % . hj 3 

168. Find the value of r~ — 7 ==+" > when v — — 

1 + Vl+a. 1 + V 1 -® * 

169. If m=«*, n=n v , a 3 ‘=(«i*n*)% show that xi/ 8=1. 

170. Prove that \fy+ j2ry-^+ 'J y- J 2 xy-'c 1 ‘= sftx 

. m. 01 a 5 5 * c a c 

171. Solve — —r — + — ~ — = — — + — -r. 

v+b-c -c+a-c *+a a +6 

172. Solve *+Z^ ^ + *rS ^ ltr - ! !-a + b + c 

0+0 c+a a +b 


173 If 
then 


V 


a+26 + c 2a-H>-c 4a — 46+o’ 
ah o 


x+2 y+e 2 x+y—t 4v—4y + z 

174. A waterman finds that he can row with the tide from A to 
By a distance of 18 miles, m an hour and a half, and that to return 
from B to A, against the same tide, though he lows back along the 
shore where the stream is only three -fifths as strong as m the middle, 
takes him just 2 hours and a quarter Find the rate at which the 
tide runB m the middle where it is strongest 


176. Multiply 


by 


(2a - 3 c)y 3 - (a - c)y + (2a + c) 
(2a + 3c)y 3 + (a + c)y - (2a - c) 

s 3 


!«\S 


4"" 8 + W 


176 Find the coefficient of r* m ^1 — 1+' 

177 Resolve 
(5 - c)(6 + c - 2a) 3 + (c - a)(e + a - 2&) 3 + (a - &)(a + 1 - 2c) 3 

178. Simplify 

a 4 , b* , c 1 

(a - b){a — c) + (6 - a)(b - c) + (c - a)(c -b)' 

179. Reduce ^pV^+V^+e^ 

scy- l (*-v+ S+yar^-* 
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180 If y=x+ express x s +^ i m terras of y. 

"t ^ 


2cm 


tnj.n 

n-n 


181 lf • 

prove tlmt z^-lx-i-a— 0. 

183. Solve 

(x - 9)(« - 7){x -5)(*-l)« (v- 2X« - 4)(«- 6)(a - 10). 

184 SoIvp *]y- \f y-x % 

V r y-r+ V ct-x \ \fa-x tl 5 l 2. 

186 Two persons A and 2} rnn round a field, starting^ from_ the 
same point in opposite directions ; A reaches the starting-point 4 
minutes and B 9 minutes after they meet ; if they continue to run at 
the same rate, in what time will they meet at the starting-point ? 

188. Find the product of — ^ an< * l^cv * 5UK * keep lfc * n 
an integral form * 


187. 

188. 

189 If 

then 


Reduce S^E=M+<E =1&Z&. 
pqx , +(p-+q*)v , +2pqv+p* 


Shew that p+r+M+i+^-L/l+i^p+^p+i). 

\y « x/\x y c/ v z xjyc y/'y c/ 


x jy _».i *0 -«) . V(>- b) , 

a 6 ( aa-*) + fi(l-y)“ ’ 

f_.V = 1 

a~~b~~j — s/{l-a){\-b) 


190 If « - ", then shall 1 “ r 


l+* I+n/ 1 -c 8 


191. Find the value of 

ff m-'-n - 1 V S \ "* f /m ~- ** 

\W*-a-ib-'+b- V f \te +6 -Tj ) • 


192. Prove that 1 £EE. . l/i 1 \ 

+ n/I — g? X \ j ' 

193. Solve <r - 2af +(*- 26) 8 =2(r - » - &)a. 
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194 Solve 

*+8 

y + 12. 24 -5a , „ v-2 19-y_2 y- 9 

T ~ 5 ' V ~ 8 1 • 5l ~2 " 3 6 “ 4 

19B. "Fifteen guineas should weigh 4 oz , but a parcel of light 
gold having been weighed and counted, was found to contain 9 more 
guineas than was snppnsed from the weight and a part of the whole, 
exceeding the half by foui guineas and a half, was found to be 1^ oz 
deficient m weight. What was the number of guineas 1 

190 If 4=c J (aa;+6) 2 {3a(c*+cJ)-c(Ba;+Z>)}, 

» JB = a 2 (ca;+d) 2 {3c(aa:+&)-o(c*+d)}, 

find the simplest value of {A - By* 

197 Multiply {a+b)r x -abxy+(a-b)y\ 

by (a-b)x 1 +alry+(a+b)y\ 

198 Find the coefficient of m the product of 

l+a:+a; 2 +.... andl-a+'c 2 - 


199 

200 
201 

202 


Resolve 

(y - zf(y + 2 - 2*) + (s- a) 2 (a + x ■ 


2y)+(x-y) 2 (x+y-2z) 


Simplify 

J %(y - *) + y ( a - *) + **(« - y) 

Reduce to its simplest form 


1-* , x-'J . y-1 . (l-3?)(g-y)(y-l) 
l+« -t+t/ y +1 ^(l 1;* 


Find the value of 


Jx*+a?+ six*— a* , 

- r=5=g ■■■■7 1 , when v 

s/ar+o 2 — six* -a* 

% 



203 If 
pi ove that 
204. Solve 


u — x rjl+y* +y Jl + r s , 

n/i+« 2 =t y+ v'(l + .r 2 )(l+y 2 ) 

(1) 2ax n - (b - l)t n+1 =(a - l)aj n +6a! n+1 


(2) fs/2+1— JL=0. 

2 * — 1 


206 Solve 
206 If 

then 


X m y" = a&n+nfln v n^m _ a nJ2m+n 


o(y + ®)=l>(s+a!)=c(r+^), 
y-z _ a-# _ -p-y 
o(6 -c) b{c-a)~ c(a-bf 


ATTKHDIX 


H3 


207. Two loaded waggons were weighed, and their weights were 
found to he In the ratio of 4 to 5 ; part* of their loads, which were 
m the ratio of C to 7, being talcen out, their weight-* were then found 
to he as the numbers 2 ard 2, and the fcum of their weights was then 
10 tons. What were the weights at first ? 

208 Shew that (x s +y ? - 1)* J-(^ s +y*- 1)’ +2(^'+yv') s 

»{-e* _ 1)* +{j*+ y** - 1 )*+2(jry+y/j 2 . 

209. Resolve into four factors a^+y’+i 5 - 2;*y - 2ya - 2 xs. 


210 

211 

212 

213 


Reduce 


(1 - jry)(l +xv) — (g-yXx+y) 
(l4-3y) s +(x— y) s 


to its lowest tetms 


Simplify ^ " £j+P(e»- a*)+*(a* - I'Y 

* 

-I x * 

Find the square root of — ~ — a n x em + — 

9a* 

If *ys=*l, shew that 

(1 4*ar+y 1 ) _l +(l 4-y-f r l )“ l q-(l +r+ar 1 )* 1 « l. 


214 


Simplify 


/ \ A r d-y )--t-(g~y)* x «/r- fr y — s/g- y] 

l (c+y)-+(r-y)- ^. 7 +y-N / I^yJ 


215 

218. 


Solve 

Solve 



if. 


217 'If x-z * y- : y s , shew that r-f i ; y + + 2 ! - +2 

y ar 

' 218 A pedestrian finding that he could walk fonvards 4 times as 
fast as lie could backward 0 , undertook to walk a certain distance (f 
of it backwards) in a given time But the ground being had, he 
found that his rate per hour backwards was ^th of a mile less than 
he had supposed, and that to have won Ins wager, lie must have 
walked forwards 2 miles an hour faster than lie did What was his 
rate per hour backwards ? 

219. If z+i/+a—0, ary -&K.0, then (1 +nr , )(l +y*)««>a*+(l 

220 Resolve (o+S+c^a&c — (fcc 

221 Reduce -**)-<*+ m)(v+ tx\( x 4- »/cl 

*1 - x? ~y* - jr - 2j*yr 


28 — B, 1. 
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J 

*'223 


Simplify 

be ac , db 

P 8 - c a ) + &(b a - a 2 x& j - c*) c(c a - 6 8 )(c a - a 8 )' 


Find tlie square root 



224 , Prove that 

J-3ft(» s -lWj i -4-2j!+I /■ c-2 

't 8 -3aJ+(a s -l)v'®^ :: 4 + 2“«-l V a + 2‘ 

225 If xJd 1 - y a +yN/a J -r s =o s , then a^d-gr^a 8 . 

^ 226 Solve 

V 227. The trinomial atf+bx+c becomes 8, 22 and 42 respectively 
when x becomes 2, 3, 4 , what does it become when i- — £ ? 

228 If -—-=o, and then o*+4ti a =6 8 

229 Reduce to its lowest terms ^ - 1 

230 If y= a — ," t shew that ?-#■ ■■- 

a — oar 1— iry a 

231 Solve (V v +a+\/x- a) s (\Jx +a-\Jx-a)*=2c 

232 Solve (a:-a) s (o-c) s +(a:-6) 8 (e-a) 8 +(v-<’)s( (l _6)s != o. , 

233 If -=»f =-, prove that 

<i 6 c’ r 



av-h/ , 6y- ca , ca-ea; 
(o-6)(aJ+y) + (6-cXy + s) + (c-a)(a + 'r) ==3 

If a?+»/ 1 3y~Gx-y 8a, find the ratio a; ; y 


235 A person, sculling in a thick fog, meets one barge and ovei- 

ssssus loisttr,™ Sdft&taEi. i ?,,■>! 
sySSJMcr t,,e t,mes ot ta « ~d d tr s r 


2 1.1 



ADDENDUM. 


SOLtTTIOKS OF UK1VERSITT PAPERS. 

1 Calcutta University, 1892, Q, l.(xi). 

By § 228, ve get 

x+a _ (x+2a)-(x+a) _2c_ n 
x+b (x+a +b)—[x+ 6) a * f 

a?+o=2(;c+&), 

whence x—a—2b 

. 2. Punjab University, 1887, Q, 4. 

By Cross Multiplication [§ 244], we have from the first two equations 

x _ y z , 

bc{mr-qn)~ ca{mp-rl) s= ab(lq-pm)~ “ sn PP 0ae ' 

Thus x^Tcbc[mr-qn), 

y—lca(mp-rl), 
z—lab{lq —pm). 

Multiply successively by ax, by and eg, and add ; thus 

azP+hif+czZ—Labc x{mr—qn)+Labcy{mp—rl)+labc z(lq -pm) 

But the left side=0 (hypothesis) ; therefore 

kabc x{mr-qri)+7.abc.y(mp-rl)+J:abc z(lq—pm)*= 0 ; 
divide by Labe, thus the required relation follows 


3. Punjab University, 1888. Q, 7. [See § 281, Ex 42] 
From the given relations, we have [§ 252] 

#(y s -g 2 )=yg(&-c) 

. y(z--sr) — zx(c—a) 

Multiply (1) by x and (2) bv y, and add ; thus 
> - a 2 ) —xyz(b — a) 

Divide by z and change signs , thus 


« 3 -y 2 : xy : : a-i \ z. 


( 1 ). 

( 2 ). 
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4 Madras University, 1889, Q 3 

a s +a; 2 =a 2 +o6+6<’+ca=g 2 +a{6 + c)+6c = (a + 6)(<i+c) , 
similarly 6 3 +.'K a =(6+c)(6+a), and c s + a- 2 = (c + a)(c + b ) ; 

proposed expi ession = (a + 6)(c + a) x ( 6 + c)(o + 6) X (c + a }(6 + c) 

= (a + 6) 2 (6 + c)*(c + a) s 
={(6+fi)(c+a)(a+6)} 2 , 

5 Bombay University, 1882, Q, 6 (i). 

Transpose, thus 

a a-c _ 6 + c b 
x+a x+a-c~ x+b+e x+b ’ 

, 'ax+a[a— c) — (a— c)j?-g(g-c) (6+c);s+6{6 + c) — 6a — 6(6 +c) 
(a+a)(a+a-c) ~ (a+6)(a+6+c) 

i et ex 

(a+o)(a + a-e) == 0 » , + 6)(a+&+c) ’ 
hence either ex— 0, whence a=0 [one solution], 


1 1 

° r (a + a)(a + a — c) = (a+6){a+ 6 + c)’ 

whence (a + a)(* + a - cl = (a + 6)(a + b + c), 

or i? + a(2a — c)+ a(a — c)= r 2 + a(26 + c) + 6(6 + o), 

2a(a - 6 - a) = 6 s - a* + c(a + 6) 
=(6-a+c)'a+6), 
a= — 4(a+6) [another solution] 

Q Calcutta University, 1890, Q 4 (i) 

Since 3 =1+1+1, we have by transposition 

a — a— 36— 5c t - a -36 -5c a-g-36-5c 
36 + 5c 5c + a a +36 


whence a-a-36-5c=0 [see § 265, Ex 2] , &c 
7 Calcutta University, 1902, Q 4. (i) 
By transp , we have 

6c(aa-l) g ca(6s-l) . q6(ct-l) 
6+c c+a a + 6 


<3 = 0, 


. abcx-bc-ca-ab | aber -bo-cg -gb abcx-bc-ca-ab 
b+° "5+5 + 

or (a6ca-6c-ca~a6)f I -^— + — I—j — L_\ = o 

\6 + c c+a a+6/ * 

whence a6ca - 6c - ca - a6 - 0, 

„ 6c + ca+a6 111 

r= ~ as— ;+s+? 


ANSWERS. 


18. Ex. (l) [ pp 4—5] 

8 15. 9 23. 10. 12 11 22 12. 4. 13. 2. 14. 19 

15 2. 10. 0. 17. 43. 18 15. 19. 55. 20. 530 


21 

282. 

22 

210 23. 2$ 

24 i 

25. 

n 

26 

' 3 

27. 

If 

28 

. 2$ 

29 J. 






> 





18. Ex. (ii) [p. 6] 





5 

168 

6 

108. 

7. 0, 8. 

0 

9 84. 10. 

11 

h 

12 

1. 

13 

56. 

14 1120 

15 

0 

16. 

4$. 17. 

165 

18. 

0. 

19 

10. 

20 64 

21 

6. 

22. 

60 23* 

* 

24 

0 

26 

101S 

26 6 

27. 

88. 

28. 

39 20.^ 

98 

'30 

42. 

31. 

0 j 0 

,0 32. $£ 

33. 

■ A 

34 

3g. 

[ 






18 Ex., (all) [p 7]. 


f 



1 

15 

2 

1. 

3* 49. 4 

16 

5. 

23. 

6 6. 

7. 

. 2. 

8 

8 

9. 

8 10 16. 11 

1 

12 

14. 

13 6 

14, 

, 8 

16, 

2. 

16. 

2 17 26. 18 

11. 

19. 

1. 1 

20 ”48 

. 21 

. 24. 

22 

33. 

23. 

4f 












18 Ex (iv). [p 7] 





1. 


2 

23 f. 

3 2^. 

4. 

3nVs* 

5 

122 

6. 

6jr 5 f 

7. 


8. 

10 55. 9. 035 

10. 

3 4599. 








21 [p 9] 

- 





6. 

125 

7 

64 

- 8. 784. 

9. 

, 1728 

10. 

6250000. 

11. 

729 

12. 

32. 

13. 1536 

14 

224 

15 

5832 

16 

0. 

17. 

82944 

18. 

115$. 19. 

396 

20. 0. 

21. 

20480 

22. 

196608. 

23. 

0 2 4 25. 26 64 

26 

648, 

27, 

. 5. 

28. 

4096. 


29. 

1000000 

30. 

129600000000 31 

11025. 

32 

15552 

la 

33. 

112$ 34. 180 36 2688. 36 291600000000. 

37 

18144 

:• 

38. 

24192 39 

m 

40 41 

A* 

42. 

T$T5 

43. 

57 












22 [pp 

10— 

11]. 





5 

12 

6 

432 

7. 300. 

8 

108 

9. 

" 4860 

' 10 

. 6. 

11. 

120 

12 

810 

. 13 27 

14. 

24. 

15 

4 

' 16. 4 



ALGEBRA.. 


[22 


22. \pp. 10—11] 


17. 

6 

18 


19. 

20. 


21. 

0 

22. 


23 

4. 

TS- 

24. 

4 

26 

A- 26 

i 

28 

125 

. 29 

109 

30 

23. 

31 

13 

32 

17 33 

37. 

34. 

73. 

35 

3. 

36 

27 

37. 

28 

38. 

64 39 

80. 










27 [ p 12] 

• 





7. 

24j. 

9. lO^+y, 

, for 46 = 10x4 + 5 

11 

2 , 3j 

, a, 6+c 12 18 

13. 

6 

14 

No , 

simple expression, 

15. 

0. 








28 [pp 12 — 

13] 





1. 

247$ 

2 1025 

3. 1250. 

4 

16§. 

6 

136 

or 64 

6 . 

265 or 225 

7 

442 

8 308 

9 161 10 : 

157 ; 

LI 0 

12 

142 

13 

108. 

14 

95 15. 462. 

10 

450. 

, 17. 

2lg 

18. 

25 

19 

250 

20. 

169 21 722. 

22. 

204 

23 

24575 

24. 

29 

26 

230 

26 

20 27 39 

28 

161. 

29. 

723 

30 

65 

31 

15 

32. 

4069 33 

62 

34 

840 

35 

290 

36. 

243. 

37. 

232. 

38. 

4*£ 38 

®T3* 

40. 

36£ 

41 

lV 

42. 

IjjV 

43. 

3 &* 

44 

if 46 

Each 

= 233 

. 40 

Each; 

=2 

49 

5 

60 

86 

51 

3x*s 62. 











29 [p 15] 






8. 

4i 

9 

150 

; 25 

10. 5. 

11 £3 

12 

8s. 2d 

13 

20. 

14. 

, 17 


16 1$ 

16 32 

17 1 

L mile 

18. 

72 sq ft 

19 20 sq yds 

20. 16. 




37 [pp . 18—10], 

7. He gamB -5 rupees , he loses +5 rupees. 8. -2 miles 
9. — 1 min t e , 1 mm. to 12 noon, 10. Assets of 35 rupees. 

11. -45. 

39. \p 21], 

4 + 13 , +3 , -3 , -13 6 +21, -21; -4,0 £0 -13 

7 - 4, +5. 8 - 3 9 -14. 10 - 23 ’’ll. +3 

12. -42 13. +33 14 -128. 16 + 22 10. -240. 

17. -49 


64] 


AX6WERS 


43bi 




- 

42 [p 

23] 



4 

+16 

; +7 > - 4 

6. +6 

; -26 j +18 ; -6. 6. 

-6. 

7. 

-2. 

8 +4 

9. 

+ 7 


* 




43. [p 

23] 



4 

+5 j 

0 5 -2; 

-2 6 

0 7 0 

8 +2 9. 

-16. 

10. 

+ 16 

11 -24 

12 

+ 14. 

13. +26 





44. [p 

24] 



1. 

+ 13 

; -13 ; -1 ; 

+i. : 

2 +5m ; 

+llm ; -11m ; ■ 

-6m. 




45 [p 

25]. 



1. 

-2, 

-1 } +1. 2 

-4; -1 

L , -100 

3 The latter by +2. 

4 

The i 

former 5. 

Yes ; by 

■ +4 6 

The former ; by +3 




48. [p 

28] 



3 

— 3 

4 11 

6. 23 

6 13 

7. -11 





60 [p 

29]. 


r 


6 -3 , C+6-C-3 ; +13 ; -11a , -8xy 

51. Ex. (i) [p. 30] 

3 56a: 4 26a. 5 24m 6 37n 7 33r 8 46 y 

9 -42c 10 — 25n 11 -21p. 12. -25a& 13. -I6xy* 

14. -73ma« 16 ?<?ab 18 z £xyz 17 18 ®f pgr. 

19. (a+b+c+d)x. 20. (a+p+9)s 

61. Ex. (u). f p 31] 

2 a. 3 2s 4 28m 6. 18ay. 8 abc 7. 0 

8. j^aay. 9. 0 10 |gmn 11 -8a 12 -17® 

13 -566y. 14. ~^ab, 15. (a — b + c-d+f)x* 

16. (4a+4p-q)x 17 (7 + 4a)a;*p. 

54. [p 32] 

3. 43a&+5ar+20ay+18pj 4. 12abo-axy+20pqr + lbmr+29df. 
6. 3a 2 +10& a -18c s +25a&-5c + 17ca ’ 6. bab-2xy+8a?-2arc 

+ 4a5c, 7. 3a + 26— c + 7c? 8. —xy+3yz+8x z 9 ax— 2by— 3cs 
10. 6mn — Unp+lOng. 11. 2a6c + 2dbx + Ixyz. 
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65 [pp 33—35] 

6 2a 6 58 7 5a 8 5a«+6p 9 ab-tyxy 10. 38a 

+26+4c 11 -ab-2cd 12 -a+156-8c. 13 3# 14 4a 3 l 

16 -9aa+66p-7cs 16 15a + 36-6o+5i 17 7a 3 +25aa+2p 3 

18 Zgxt-Sgab+^a? 19 12« 3 +7p 3 20 6+8a6 -46e+15ac 

21 - 9a 3 + 2aa 3 - 31a 2 a + 16 a s 22 a-e 23 Zx-7z 24 26 

+d-f 26 116 3 26 10x* - Swin+llr 2 27 -a 3 +2agr+4a-p 

28 -26^+6<£-l 29 7r ! -2a^-2p 3 30 4r*-22 a 

31 5.r s + 4p 3 + 22 s - 24ape 

66 [p 35] 

2 3 , -4a , 2a6* , +1 , -3a 3 6c , m s , -1 ; a + 2 3. 2 4 -1 0 

6 3 , 3a + 1 7 Each = 9a - 26 + 7c, when 3 is written for x 

8 a 3 -2a 3 — 5a +1. 9 -3a* + 6a-3p 10 (2a + 3) rupees 

1L (3a -2) rupees 12 (m + n + 2p) rupees 

67 [pp 36—37] 

8. a+a 9 2p 10 15a + 12 II 2a+l 

12 Aa+5p— 2 13 -mn-mx+my + 2n (JL4 a+5p-7® 

16 — a— 3p + 4« 16 5a — 56 + 0 + 1 17. a + 6+2c-5<£+9 

18 pq + l 19 ^ax-xy + l 20. ~a 3 +2p 3 +3s 3 . 

21 3a6c— 3a6 — 2ac — 1 22 a 3 — 2aa 23 2ar — 6r 3 — 2a 3 

24 (a— p)a 8 — (6-gr)a 3 +(l — r)a 25. o s +2a 3 +4a-2 

26 3a 3 +2a+3 27 -Jay + ip 3 -^ 28 -$ y~ V®— ,Va+$& 

29 7a*+2a®6— 2a6 8 — 76 4 30 2a 4 -5a 3 — 2r 

31 (a — l)* 6 +2a*p 8 + (6 + 5)p B 

59 [p 38] 

4 y 6 a-a 6 aa + 1 7 2a+2c 8 3a-26-e 

9 -a+p+3* 10 7a-136 11 4a-26+2c+3(f 12 6. 

13 2aa+2cp 14 p s 

60 [p 39] 

2 x-y 3. 3a -76 4. l-2a 5 6a-3a 6 x-a 7 2r 

8 2a-26+p 9 p 3 10 l2a-6 11 10a-46 12 12a-3a 

13 26ce+26c/. 14 4 o 16 21+3a 16 4a-56+c 

17 — 25a+2p 18 a-26 19. a+86-c.20 m-lln 


V 


64] 
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61. [p. 40] 

3. (1) a-6+(«-d-e+/) ; (2 ) a-b-(d+e-c-f). 

4. (1 )(a-b)+(o-d)-(<s-f)-(g-h). 

(2 ) a-(&-c)-((Z+c)+(/-?)+A. (3) (a-6+e)-(<Z+e-/)-7+A. 

,( 4 ) a-(b-c+d)-(ja-f+q)+h. ( 6 ) a-b + c-(d+e-f+g-h) 

( 6 ) a~(b—c+d + e) — g+h ( 7 ) a-b + c-d-(e-f+g-k). 

(3) a-(b-c+d+e-f+g-7i) 

62 [p 40] 

l —3a -26+*— 4. 2. l-3r 2 +3*y-3y s . 3. 4*-3y+l. 

4. — * 2 +2*— 1. 6 — 3« 5 +4*— 1 j —1. 6. 3r — 5 ; 0 

7. « — (*+y) =(«—*— y]Rs 8 (a-*) years. 9. (1500 — r) rupees. 
10 2a +26 

\ 

Miscellaneous Examples I. [pp. 41— 43]. 


1. 1. 2 6a* 3 +2a s *-a* ; 5a+2a 2 . 3 a 2 +5a-6;8 

4 2*+32. 5 -2y 6. 5 7. 6— a + c. 8 2*-3* 2 ; -1. 

9. 2 p-g 10 Stf-ixy-y * ; * 8 -2p i 11. 0. 12. 4*-y+9 

13 3— 8a+6$ .14. 3a— 86— 2c. IB * 2 +a*-l. 16. 50 

17. 6+6c 18 *-2y+9,s-4. 19. *-2y+3$ + l. 20 §a 2 — a6-|5 s 
21 -1. 22 *+y+6c 23. -8a + 36+c. 24. * 2 + 6*-6- 

25. 5:ty — * 2 — 2y s . 26. 0. 27 -6a-35+3o+2rf 28 a 4 -a 5 

— a&— 6' t +2. 29. »i- 3n. 30 3a-a6 + 26 31. 6 32. 8 a 2 


-3a*+a 2 33. 


-f-| + ~ + l. 34 6a+36-4c 

4 3 4 


36 i* 2 ~y 2 

36. 3. 37 2a*-6 2 +8c 2 . 38. -6-2c ; 1 -2c. 39. 15.r-9y-2s 

17 c 
2 4 


41 3 42 

44. 2*-5y+102 


6 . 17 c j 3a 6 » #v . „ 

1 _ t + 2 "t 43 3 - 

46 (1)0, (2) -a*+4a6+56 2 . 


5a 6 , 17c 
2 2 + 4 


64. [p 45] 


3 

1C, 4 

90 6 

. 25. 

6 -64. 7. -120 

8. - 

216 

9. 

16. 10. 

-848. 

11. 

750. 12. -200 

13. - 

45. 

- 14. 

-640 

IB 64. 

16 

-1440, 17. -192. 

18 - 

108 

19. 

0 1 20 

152 

21. - 

5 22. 695. 23 0 

24 

27 

25. 

-125 

26. 247. 

27. 

-16. 28 164 S 29. 

0. SO 

0 


} 
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82 \jpp r )G— 57] 

0 3<le s . 7. — lOay 2 8 — lQlffpx 2 0 — 2a?bcx 10 56nfi ! c 2 . 
11. pq-rfy 12 -77babctyt 13 17472mnyg 14 648 abcdyt. 
15 -3Gax 2 ys. 16 80 aWpqxy 17 -340a&r ! m 18. 6a° 
19. {.Ox 10 . 20. -60/ 21. — 10a B 22 72m 17 23 77i is . 
24 — 3a s x*. 25 -Gx 4 /. 20 2a*6*c 4 . 27 4 m*n-x K 

28 ~6x 4 ys a . 29 24o 9 i 5 . 30 -2 a 4 iV(2 s 31 12a 4 x 4 & 4 y B 

32 -21a 6 t T m 8 . 33 1 GOa^/s 4 34 1, -1 , 1 , — 1 

35. 10a 2 , -8a 8 5 a ; -a 6 6 s c s ; 81 x 8 38 o ! 6cx* 37. 30 alcdcf. 
38. -120atcd 39 960n ! 6*c s 40 360 abopx 41. -GiOalcxyz 

42 -2160 abcrnyz 43 19200a ! 6 s c*x s / 44 6x 8 45 — 224»ic" 

48 — 60a 14 . 47 Zcfibtfyh 48 -21Gg 7 6W/ 49 Za'b-c’mxW 

83, Ex (l) [gp 57—58] 

4 Sa^-Sar 2 6 -ax+ay 8 a6+5* 7 Sa^xy - abij s . 

8. 12a 2 Zre a -3al>e 4 9 6ali 2 c + 5be 2 f?. 10 — 2ax+2ny-4« 

11 — &x 2 +3& 2 x+a& 4 x 12 — a&*e s — a’&c 2 + a 2 6 2 c 13. — Qv'yz 
+3ay*a+12 ryz 1 14 2o 4 5 5 c 5 +2o s 6*c s +2a ! & s c* 15 3a 2 rZ+2a&d 

— 4acd+adr 10 -2a B 6 s e 3 +3a ! i 8 c*+4a ! & 2 c 2 17 ^-^xy+^xz 

18. - v^a'Sc + J a 2 5 2 c + g « ! i c 19 §a*& + 2a& 3 +$a& 20 Ja 8 x 6 -§a 4 r 4 . 
21. -iaW+^aW+iaW 22 

23 10a B & s c+ 1 6a 2 6 B e + 20a s y c 4 24 Ga 8 6 4 c 3 -24«& s c 4 -15aW. 

26. — 4a 4 x® + 8a 3 x 10 -f 3 2a 6 x° 20 16x 4 »/V- Mxy^+GxV* 4 . 

27 8x 4 y-24rV+24x ! y s -8xy 4 28 - 9a 4 & V<£ + 3ab*cW + GaWd? 

— 12a 8 6 2 cd 4 29, ~ ZQa'b'exy + 12a 2 6x V + 4a’6Vy - 4a&cx-y 

83, Ex (li) [pp 68— 59] 

3. -4b 4 4 x s +x 2 -2 5 4a 2 x — 4ax 2 0 21ax 8 + 21&x 3 . 
7. 18a s — 246 s 8 32^+12/ 9 2t”/. 10 4a 8 -a ! 6+2« 2 c 
11 ; 12 ; 13 0. 

88, Ex (l) Ip 62] 

10 x s +2x-16 11 a^+x-DG 12 x 9 -20« + 99. 

13. -a 2 +8a-12 14 x-+{a-b)x-ab 16. x s -(a-&)r-a& 

18 x 2 -(a+&)x+a&. 17 x 2 +10x+63 18 ao + bc-ad-bd 

V 19 ae-bc-ad+bd 20 ac-be+ad-bd 21 2m s +17m-117 



AKSWBPS 


443 


89] 


22. e^-isa^+ey. 23. 

25 Aa&x s +(5a-/<j 5 >*“ 1 - 

28 -c a -6a:+4. 


0 v - by. 2 i. &*?-*&««+ 5*** 

26. 2a— 4a? 9 . 27. -H?r 

29 7«-a a . 


88, Ex. (li) 0 03]. 

6. o*+7o 9 +17<H-35 6 ^+8 7. **-27. 8. * 4 -l. 

• 9. p i +Gp i q+npq-+Sq t . 10. C^-lOtty+SD^-Sty*. 11 125 a’’ 
— 150x ? _y + GOy - Gy 1 . 12 a*+3a s -4a+G. 13 a?" - 4x*y- - xY 
+2y* 14 35a 6 —40a 4 + 19a* — 24a +64 15. 125a* -8&\ 16. 125.V* 
+512^*. 17. a 5 +5 6 . 18 ar s + (a s -6).r*-2a&a?+6 9 . 

88, Ex. (ill) [p. 05], 

8 z 4 +a s -e*+a 4 4 a 4 - 2« 9 Jr + b* 5 10a 4 + o 3 &4-18a , & s ~72a& # 

-27 b*. 0. a? 4 -7a; 9 y 9 +0?/ 4 . 7. A 4 -t*2a&* s +o ! ft s — l* 8. a 3 *?/ 3 

+3t2?-l. 9 a s +B 8 +c*— 3abes. 10. ajp**+2(ay-ip):r+(cj»-4&2)i, 
+2<?j. 11. T°-5x 1 +3x*+6r ! -7x+2 12. Sz'-Dx^+CxV+SAy* 

-3y 4 . 13. 4z°- lOr^+lOxy— 21.-?^* -B.t 7 */ 4 +5zj« 6 +f/°. 14 6a 6 6 
-7a 4 6*-lla 5 & 3 +9a*6 4 -C«i 6 16. e^-Sa^^^at^+^-e 4 . 

16 35a s +lla*— lfla 4 +■ 18a 8 — G8a°+28a T . 17 ab^-{bp~ao)^ 

+(bq-cp—ar)T?+(cq+rp)x-rq. 18. a*(6 + c) + l\c 4- a) + <?*(« + b) 
+3a&e. 19. z 6 - j? z 4 + gz 3 — fli 2 +pz — 1. 20. 4+5x+8x J + lOx 3 

-8x 4 +5z 6 — 4z c . 21. l-fcc-^ + j^-ix 4 . 23. 1 + Jx-J« 2 
+3 6 z s -^-t 4 . 23 .t < —jir 8 + ^ 8 -x s + £ * 1 x 9 “Sx+l. 24. a*x® 

+ (2«c— & 3 )z D +(2a/— 2&<Z+c*)a^ + (2c/— 25. lx s +my s +mi t t/ 
+lxy t +{2lq-l)x-+ (2 fm -l)f/ 9 + 2 ( J/+ «t </)ay + (l - 2<j)x + (m - 2f)y - 1. 

'88. [p. 07] % 

r 

7. abc+bcx+acy+abi + cxy+bxs+ayz+xyt, 8, 1 -(a+64-c)x 
+(«Z»+ac+&c)x 9 — abcn?, 9. a s i + a5 ! +& 9 tf+Z»c 9 +a 9 <?+ , ac s -i , 2a6c. 
10 «li* -a-b+bc 2 - b-c + ca 5 - c 5 a. U* t 4 -4x*-7x s +22X'1-24 
12. z 4 +(a+ &+c+<2)x , +(ec&+ac+adJ+&c+&d l +ttZ)x a ‘ 

+ (a&c 4* acd+bcd > + abd)x + abed. 
13 %* ~(,a+b+c+d)x?+(ub+ao+ad+bc+bd+cd)x t \ 

— (a&c+ac<2+&c<2+(i&£?)'s+a&ce£ 
14, 1— (ax+by + cz)+abry+acxt+bcyt — abexye. '' , 

16 a 8 ? 8 - a*(& -c+d)x*y-(abc - dbd+ acd)Xy*+bcdy\ 
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16 o 3 (6 + e) + 6 J (c+o) + c\a + 6) - a 8 - 6 s - c* - Sale. 

17 9x*-b2: *V 8 +64y*. 18 a°-x tt 19 x l0 -a la 20 « s +d¥+,A 
21. 2& ! c 3 +2e 8 a 3 +2a 8 6 s -a 4 -6 4 -e 4 


89a [pp 69—70]. 

11 •*' j — 2* , -3a‘M 12 a" 8 , -3a^6^, 5a*» +1 13. Ga^b ' 1 ; 

-4 a$c *. 14 — 24o m+1 * 54j: m+4 j 32 < y !n+l . 16 -6aV* +1 ; 

-20««» +3 J*»+i , 42a*"^» 16 -a°~ -1 17 ** is. -I6a6’^ 
19 « Go+E 20 10j- ra+1 j» n+1 4« 21 12a m+J a: ,n y , ‘ +1 

22. a» +4 i*»+* c ».+fi 23 a 3 +ac6’>-». 24 6«-a 3 -»5 

28. ^ + i 3 i-»+^-“ 28 24o* +1 m vfl — 8a 8 m* +1 +16a*«i». 


27. -6aV +8 + 10« 4 :r»-16a 8 a» + i. 28 *.+ 2^+^ 29. 4r-9p 

30. a 8 -6 s 31 32 -r-y 33, a f_&~i 34 a -i + li 

36. 2^ + *-3^i-2^+3^-i +a 4_ 1 . 30 j.JyZ+y* 

37 a 3 +aM+6s S8 * +ar i + i 39 a sj-2 + i +6!!<r s 
40 4a- 13a J x-+9x 41 a+6+c-3aHM. 42 8« 3 -y s +27« 3 

non ** 

+ 18*Vs t . 43 * 40 +a*y« + y*« 44 x in _ + 2aPa tn _ a<n 

92 [p. 71] 


L 

4 

6 

9 

6 

11 

6 


7 , 6 , 7 , 3 2 3, 1 , 5, 2 , 3, 5 3 (1) Homogeneous, 

second ; (3) not homogeneous, fourth , (3] homogeneous, third. 
~1+4 jk— 2« 3 +.« s + 3 ;b* , 3a; 4 +* s — 2® 3 +4y — l 5 No , see § 90, 
5(*+10)=5a; + 50 7 (3x-24) years 8. 8(0 + 6) , o+ 96. 

12(#+1) rupees 



93 Ex 

(1) tP 

72] 


lyz 

7 — 8ad 

8 

-I7mx 

0 

5ev 

Zbq 

3 px 

12 

0 

a 


13 

w 

2 nx 

3 02 


08 

Ex 

(11). [p 

73] 


— a 3 ® 3 
3x$ 

8 . 3a6 

7 - 

4as?y 

8 

- 4aPbcd 

“ 2a* 

11 jjax s p 

12 . 

-4 vyz* 

13 

i«6 3 «i 8 


10. 6y 


9 43*e 3 . 
14. ja s v*y 


10 



953 


ANSWERS. 


445 


94 [r-73], 

4. «+c 6 -2 re+5. 8 3a— Sb. 7. 3t 5 -x 8 56-c+tf. 

0. r s-c>+a*. 10. -2r»+jc*-3a? 11 S^+2ry-3^ 5 . 

12. 8rt s *+<*-2*y. 13. 12a 5 +9a6-86 s . 14. -nfib^+Ss-^afyt 5 . 
"l5 3a ! -4«6 + 56 2 . 16 40^-13+** £7 56 2 -4e*+2cr-1. 

18 -p !t +3p"q-pQ’-+lq\ 19. - |*y + 2*y + 1. 

05. [jjp 70—’ 79]. 

5. r+3 0 *+3 7. 2x+l 8. x+5 9. 2r+l. 

10. x-2 y, 11. 2*4*3. 12 9x s +3r+L 13 4rt 2 ^4« + l. 

14. 2* 2 -2*+J. 15. 2** -'3*4-4 10. m s -4m+3 17. 2x 9 -.*+l. 

18 x s — ax+a s 19. 2«6-36*. 20. 27- lSx+lS^-SA 

21 x^-ox+l. 22. x s +fl*-ti 23. «x 2 +6x-«6 27. *+6 

28. -2x s +S*+l. 29 3x 9 — 4x— 2 30. -8x 9 +5nx+a B . 

31 l-a+6 32 z'+ff+a?. 33. 34 « s 4 £06+26= 

35. 2*V+2ty+l 38 16x*-4rj/+y B . 37. l-2c+4**. 

38 a B +3«6+Gb 9 39 2r’~3r t +2r. 40. 2* s +2s s -5r. 

41. o s +2ff : 6+3«6’+46 9 . 42. 2a B +3«6 + 26 2 . 48. i~—xy+y”. 

44 y-2x-a 46 — 2i?y+3t ? < y , -2j^ fi +y 4 . 46, Sx 4 — 4X 3 - 

+3* s -2*+l. 47. jn*+2jn , n+3m s tt 9 +4»m' , +5n*. 48 x. 3 — 2« r 

— 6x+a 2 +a&+6 9 49 a 9 -ab + 6*-*a— 6+1. 60. 1 — r+2j/+r 3 

+2ay+4y t . 61. ’-4^— y 8 -s 3 — jr!+2s*-2ty. 62. — « 9 -6 2 

— 9c 2 +35c-3ea — ab 63, 7* s +4x— 9. 64 3» s — 4rt s x+fl(rx 3 +5r s . 

66. * t +3«^+8a*x , -8(? 4 . 56. 4x 9 -D;jy+2j/ s . 67 xr+g ? +&+ 1. 
58. « s +6‘-+c 5 +d s . 69. a 9 — 2a6+6 9 — e 2 , 80. x* + + ri/ 2 +i/\ 
61 x i -x t y + xy-&j*+y t , 02 a + 6-c. . 03. 4* 5 -2«/ s +y/ 4 . 
04. x a +2r s +8 8 +jn/-rc-2 ys, 65. 9a < +Co a Tr 5 +4'c''. 

86. **+ 4 (i»i+ 1 )t+ 1. 67 fl 4 -a 8 b + ft 2 b 8 -ab s +6*. 

88. a 8 ^-3a B #+ar\ 89. y-(m-l]yS-.(m-»-l)y«-(m-l)j/+l. 

70 *»+a(l-p)a:+tt* 71. J+2a+3« 4 . 72. l-^+gt 3 

73. **+(«- 26)*+ a 8 + 36 s 74. * s -a*+(n+l)<M\ 75 a- 6. 

78. ac— 6c+a s — 6 s . 77. y B -^+s 8 . (78 - y 2 -iy + l. 

79 (®+6)(*+y)+l. 
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[95a 


x 5 -2 , \a*b- 1 , 


95 a fp 80] 

4 a,s?,2a* t 

e «W»* +tr i «*-**• «• f- 2 „ . . 

io u. *— * J /+y- 12- «‘+ i5 

+ { L^ { L c y-a¥ 18 a n — c" 14 


» V 
9. x--xy- 


16 ar x +Jf^. 




io. x- s +j-y+y 17 •' tn+2 ^ 

98 [pp 83—84] 

8. 3 9. -P s 10 5r-3 11 12 a B +n 4 + 2a*+3., 

, ,, , 3S.6JC 5 12*' 

13 m s +2wm + l. 14 x-pq + 1 15 l“ a + fl s“ a * + ‘ 

16 l+«f+aV+«V + W. 1+**+^+^ + ... ; « ,h term 

+ , last 3 terms, 18 1 -(&+«)■• + <6 + e)^ t - c*(i + c) J 

+ ,... 19. -216 20. #+3 

97a {pp 84—86] 

2 a-+^-2 3 a-2b+~. 4 ™ 6 No , 

see §97 6 D°dQ 7 » , +2a^+(« s -l)a s +2aj;-a-. 

8 2a 2 -3ab+45 a 9 a^ + Ss-l 10 11 J(*+p-l). 


Miscellaneous Examples II [pp 85—87] 

1 7 2 3a 2 -2ry+3c 5 3 bx-ay 4 a 5 -o(a+l)r+a ! . 

6 p5_ p?+ i 7 1 8 0 9 2bx+2(c-d)y 10. -3p* 

-4a^ s + 12^ : -16* s y + 16j;‘ 11 l-3a: + 2r s -« s 13 4. 

14 Ox 3 -#- 16. 3(a+*)— 20+6(*+y) 16 j£-2*P+Ba0+4** 

— 2r+4 17 a^-bx-a 19 50 2 0 27*-16y+345 

21 %-3 22 36.r , -24afy + 4jc s p s -16p t 23 3a 3 -ox+2j s . 

25 22 2 6 2z ! -2p 2 +25 s -4M 27 3*-l * s + l 28 2r-3y. 

29 e?— 2n — a6+5 2 +6 + 1 30 v 31 11 32 — n*+6<Ar— 4uv~ 

33 -*(23*— I4p)= -23a^+14xp 34 4m ! +2mn+3» s 36. 9 

37 a ! +6ac+36 ! , 79 3 8 a^+Sx+l 39 * ! +p s +£ s -yc — zx-xy 

40 0,0 42 1§ 43 -2* 4 +3*®y-3:rp 3 +2p 4 44 a*+a s * 

— a* 3 — a 4 , a s +2a ! *+2ai: 3 +^ 45 2* ! +*+3 ; 2a 2 -7T+9 
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43 * s + 2r-24 48. 1. 40 - 72 60 12* s +12 61 2 u-b 

+3c 62 3?-xy+g * ; {«4-&) , -(«+6)e+c ! ==a a +£a&+6 a -«<i-£e+<* s - 

90 [p. 80] 

0. 4s 2 +2S*+49 10 a*+4a&+4&*. .11 4x t +12a.x+9« s 

12 a s x*+*2flx+l: 13. 9 + 12jy+4xV. 14. P + SPmn+mV 

16. 4p , g*+4pgr*+r i 16 <* 5 & ! + 4n&e4-4c* 17. 4a*jr 2 +12n&Jtw_ 

+9&y 18 <i < +2a*x ? +x 4 . 19. oV+2a¥+oV 20. 4a tI 

+4n J V + 6 f . 21. x c +GrV+% Sj? . 22. x 8 + 2 *Y+y s 23. a 4 

+2a ! 5+3(P6*+2a6 5 +6 4 . 24. 9a*+25Zr+lGc*+30a&+24ac+40&c 

25 4x 3 +3Gy s +t 5 +24xy+4r: + 12«/s. 28 a 4 - ?> 4 + c 4 + 2fr6 ! + ?a V‘ 

+26*c 2 27 Om , x I + 12mnxy+Cmxi* +4n 2 _v 2 +4ryt s + c 4 . 28. r s 

+4y , +9s-+lGu s +4jry-*-0xJ+8xM+12yj+lGyK+24sK 29. 16a s + 25& e 
+c* + 4<i !! +40rt6+8«c+lGarf+10Jc+£0M+4ccf. 30 Gjy •+&« +9y'- 
+24ys+16z s . 31. 16a 3 +66«6+496 s +4ffc+7&e 32. x ? y+2jry* 

+2iy s +y 4 33 a 5 4-£ 1 +Cff+46+13. 34 p 3 +g 5 +2p+2g-»*2. 

35 16 36 0. 37 0 38. 49. 30. 25a s . 40. 4r ! 

41. 16a*. 42 4x s +8r: + 4p. 

100 fp 01} 

9 9* 3 -24x+16. 10 x s ~10xy+25y 2 11 04 - 4Sax 4 OaV 

12 9n ! -24«&+166 3 . 13. « s ir-2a6xy+xy. 14 l~2a&e+a 2 6V 

16. c 4 -4d&c 3 +4a 3 6 3 . 16. Opy , -l4p<7r , + 16r fl . 17. a c - 2 flV+a r > 
18 a-— So 4 ?* 4 + b % . 19 a«-Ga c & + Oa 4 6 2 20 m 4 n 4 -2 mW+P 
21 4m V - 1 Sm*;* 3 +9m 4 x s . 22 a s x*+ 6 T y ! + c ? a 5 - 2« Jsy + 2«er: 
-26eys 23 a 2 & 3 +a?y-+c 4 -2a&^-ra&e 5 + 2«r.n/ 21. 9x ! + 4y 3 

+0i , -12ay-18xc + 12yc 26 1 -4x+10c ! -12x s +9x 4 28 « S +S S 
+ c s +<P~2a6~2ac+2afZ+26c-2M-2oc? 27. A' 4 -4x s y+2x s y*-2x 5 
+4xy 8 -4^/-2y , +y 4 + l. 28. 9x ? -12fl® s -Grt 3 r s +4a 4 jr + « c 

29. 20ax 3 -37oV+30a s r-9(i 4 ,30. 2a 2 - 46 3 - 1 2a + 206 - 7 

31 4p*-9g s -4p+6g 32 0 , 33 629. 34. 0. 36. 411 

38 r 3 . 87 16y 2 . 08. (2Zy — Gs) 3 = 4 Z/’y 5 — 24?y/i 4- 30 j: 2 

101 [pp. 93—94] 

12. 484 ,13. 1, 14.- 15 16 86 ; 97 ; 110 16 26, 

17 63001, 18 629292 1 236389. 10, Ga 3 6 2 +2Ca 4 + J 4 )’ 
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20 10 21.37 22 3« 2 i s +<?i 2 5 a 2 5 Sj -3c s <i 2 28 (1) (r +5)- —5" , 

(2) (r+9) 2 -9 s , (3) (a:+3a) 2 -(2a) 2 , (4) (a:+a) 2 -(2a) 2 , (5) (x 2 + 5t 
+7 f—(2x +*>)", or (* 2 +5ar+-’ 2 1 ) 2 -(*+|> ! , or (x 2 +5r+5) 2 -l 
31 (a+6) 4 +c 4 ' < ’ 

102 \pp 95—96] 

7 j- s -25 8 4a? -49 9 9x ! — 16# 2 10. a 2 ar— 9 

11. 4aV-9bV 12 **-4/ 13 a* -a: 4 14 4 a 2 6 2 -e 4 

15 4o c — 9b° 16 a s -(6-c) s =&c 17 (a— c) s — £*•=& c 

18 (a+c) 2 -& 2 «=& c 19 a?-(2y+3s) s =&c 20 (a:-2y) 2 

-(3s) 2 =&c 21 a: 2 — 4y 2 — 92 s + 12t/s 23 a 4 -2 a 2 5 s + 6 4 23 » 4 
+2 aba?+a 2 b 2 -b 4 24 a 4 -a? 25 a?-s? 26 t 8 +x 4 +l. 
27 a s +i 2 — e 2 -d 2 -2aZ>+2tt2 28 r a -y s -* a +2^2+2a!+l 

29 (1) (l+a;)(l-a:) (2) (m + 4)(m - 4) (3) (8+9X8-?) 

(4) (l+9z)(l-9z) (5) (6y + l)(5y-l) (6) (4a + 3b)'4a-35) 

(7) (5oa;+76)(5oa: — 76) (8) (I2a; + 13a)(12ar-13a) 

(9) (99+8r)(9 9 -8r) .(10) (25aa: 2 + ll)(25ax*-ll) 

(11) (9p + 109)(9 jj — 10?) (12) (12aj+ll?)(12a:-lly). 

(13) (7ac+9cF)(7ac-9cP} (14) (lm+nq)(lm-ng) 

(15) (3s 2 +4ayX3s s — 4ay) (16) (5az + 2cy)( ! 5aE-2cy) 

(17) (a — T)(a+a;)(a s +a?) (18) (4i?+5a s )(4c 2 -5a s ) 

31 4«(6c— 2b)*=24ac— 8ab 32. 2a?(2ay ~4y s )«»&c 

33 8* 4s— 3y)=&c 34 a 2 -# 35 4» 2 

36 4(6 s +2be+c 2 ) 40 4(a 4 -a 3 & + «b s -6 4 ) 41. a-V- +Zc-d?. 

103 [pp 97— 9S] 

4. (2a: + 3^) s *= 8a? + 36a?y + 54 xy* + 27?/ s 5 (5m+2n) s =125m’ ! 
+ 150m 2 n + 60mn s + Sn 8 0 27a 3 + 54a ! 6 + 36a6 2 + 8b* 7 l+6r+12^ 2 
+8a? 8 l+3a; 2 +3a: 4 +a: (! . 9 (aa:+6^) s +3(<ir+6y) 2 +3(ar+i^) + l ; 
[see Ex 3 , also Ex 3, § 99] 10 I+3a:+6a?+7a?+6a; 4 +3a?+a? 

11. l+6*+21a: 2 +44x 3 +63a 4 +54a^ + 27a -c 13 8a?+y'+272 s 

+ 12a^+6ay 2 436a; 2 t + 54a:s 2 + 9^ 2 s + 27»/2 2 +36a72 13 JVh c 3 o* 

+a s B Sj -36 2 c 9 B+3lc s a B +36 3 o 2 a + 3b s ca 2 + 3cV&+3cfl s 5 s +6a 2 J 2 c 2 14 a° 
+3ft 6 6+6a 4 & 2 +7a s 5 s +6a 2 6 4 +3a6 8 + 6° 10 (a+l) s 17 (1 +yf 

18 (2x+tf) s 19 (3a: + 2a) s 21 (2a;) s =8z? 22 (3«) s =27« s 

23. 64a? 24 a 8 +3a 2 6+3ab 2 + b 3 „ 25 27(a?+l) 8 

=27(a? +3a?+3x+l) 20 8a 3 27 04a? 29 -125 3 0 0 
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31. -144 32. 43 38. 1 37. 64 40. 2 ; 40. 

41. -296 42. 3 

104 [pp 99—100]. 

4 (a;-2) 3 =* 2 -6x 2 +12x-8 5 125* 8 -150* s y+60ay 8 -8y*. 

0. a?- 3a?+3*-l 7 8* 8 — 36a? +54*— 27 8 1 -12*-»-48* 9 - 64a?. 
9 8a?-36*^ + 54ay 2 -27y s . 10 8 - 12a; 2 + 6a;* -a?. 11 a¥ 

-3a 2 a?y 2 +3axy 4 -y c . 12 a? -y 3 + :? - 3a?y + 3ay 2 + 3* 2 s + 3a:£ 2 

+ Zy^z-3yt--6xyz 13 (2s-3y) 8 +3(2*-3y) s +3(2*-3y)+l=&c , 

[see Ex 9] 14 l-3*+7a?-3a?-* c 16 (1-x) 3 . 16 (2r-«) 8 
17. (2*-l-2*-3) 8 =(-4) 8 = *-64 18 (a+6-a + 6) 8 — (2&) 8 =86 8 

19 8a 3 20 (&-a) 3 =& c 22 0 23 -740 24 269 

28 c 3 31 26 32 100 33 -9. 

106 [p. 101] 

4. a?+y 3 6 a 3 +8a?. 6 27* s + l. 7 1 + 64* 8 8. *°+l 

9 64a 0 + 125a? 10 125a?+5l2y 3 . 11. a? +27. 12 8a 3 + 1 

13 27m 3 +8 14 8a 3 +6 3 16 x+y 17 (a +4)(a 2 - 4a +16). 

18 (3a: + a)(9a? — 3a* + a 2 ) 19 (2a + l)(4a 3 -2a+l). 

20 (l+3l)(l-3i+9j& ! ) 21 (5a + 3*)(25a 2 — 15a* + 9* 9 ). 

22 {* + 4y)(a? — 4*y + 16y s ) . 23 (4a + 56)(16a a -20a& + 25& 1 ). 

24. (7* + 2)(49a? — 1 4* + 4) 25. (* 2 +y)(* 4 -x 9 y +y 8 ) 

108. [p 102] 

4 a?— y 3 5 a s -8* 3 8 8a 3 -27& 8 7 1-8*° 8 a 8 -] 

9 x°-l 10. 8a? -27 11 27*°-8yV 12. a? -8. 

13 * 3 —'64 14 8m 8 -729 16 27a 8 -125& 3 18. * 3 -8y 3 . 
17 2a 3 + 2a* 2 -a? 19 (*-2y)(* 9 + 2ay+4y s ). 

20 (3a — &)(9a 2 +3a& + Z?) 21. (41- l)(161 3 +4/;+l). 

22. (8* — 3)(64* 2 +24*+9) 23. 2(3m-l)(9m 2 + 3m + l) 

24 (a*-4y)(a 2 * 2 +4ary+16y 2 ) 25 (2ac s -6)(4a 2 c 4 +2a6c 9 + 6 3 ) 

107. [p 1(^3 

4. * 8 +10*+21 5. * 2 +19*+88 * 0 a?+8a*+16a 2 7. 9* 2 

+18*+8.' 8 25a? +55* +10 9 mV+7m*+12 16. 4a? + 2*(a+&) 

+afc 11 * 4 +(c+<2)* 2 + cd5. 12 4*°+24* 8 +27. 13. (*+a) 2 

+3(*+a)+2=&c 14. (* 2 + 2*) 2 + 7(a? +2*) + 12 = &e 16 (a?-ary) r 

+ 11(* 2 - a:y )+ 28 = &c. 10. (2a 2 -a6) 2 +ll(2a 9 -a6)+24=&c. 

29— B 1 
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108 [p 104] 

4> x'-x-ZO 5 »n s — ‘lnt-54 6 p 2 -5y-24 7 4m 2 +4m-3 

8 49a s +7a-12 9. aW-Gam- 55 10 16a?+4ar(a-ft)-fl& 

11 *‘+(« 2 -5V-a 5 i 3 12 9p«-9p 8 -4. 13 (a:+p} 2 -5(a:+y) 

-6=&c 14 (aa; + Z>) 2 — 4{aa: + 1>) - 2 1 =&c 15 (2aj-3jf) s -2(2jc-3p) 

— 24 = &.c. 10. (3a: 2 -p 2 ) 2 -(3a?-p 2 )-72==&c. 18 a 2 + 2a-15 

19 9 2 +3g-40 20 « 2 + 3aa:-23a i . 2L 25a?+5r-6 

22 36a; 2 -24a; -77 23 , 64i 2 -8l-42. 24 x* ~2xh/z-VjyW 

25 (3* + 2p) 2 — (3a: + 2^) — 2&>= &c 20 (4a:-5p) 2 -3(4a;-5p) 

— 64==&c 27 (aa:+ps) s +2(rfa:+y2)-3«&c 

100 [pp 104—105] 

4. a?-5a:+6 5 s 2 -15a + 50 0 p a -llap + 28o s 7 4a a -20a+21 
8 25 1 ? — 85a: +66 9 m 2 a?-18ma;+80 10. 4a?-2(n + ?j)i:+a& 

1L a?-(c+d)a: a +cd 12 4a:°-24a?+27 13 (a:+2p) 3 -4(a:+2jr) 

+3=&c 14 (2«-&) s -lI(2tt-5)+28=&c 16 (ax+hy )- - 12(at+ 5y) 
+32=&c. 10 (3a? — 4 r) a — 14(3a; a — 4a:) +48 = &.c 17 (r s +li 2 ) 2 

-5(a?+4s?)3,y a +6p 4 .=&.c 18 (a 9 +3ab) 2 -(o 2 +3a5)(c'+d 2 )+c 2 d 2 =.&c 

110. [p 105] 

3 15a?+22a:+8 4. 6a?+I3a:+6 5 32a? + 28a; -15 0 15a: 2 

+2a?— 24 7 Ga?-25a+24 8 18a? + 43a:-5 8 12« 2 -25« + 12 

10 35a? + 33a:— 54 11 16a?-134a; + 105 


111 [p 105] 


2 »i s +G»i 2 +11jji+G. 

4 a?+14a? + 55a;+42 

6 a?+6aa?+lla a a:+6a B 

8 125a?+225u 2 4 r 130a: + 24. 


3 a? + ni?+GGa:+80 1 
5 a? + 13??+39r+27 
7 a? + 9a i? + 23a s r + 1 5ii® 

9 a 8 1? + 23a a a? + 1 59(u; + 297 


112 [p 106] 

2 a?— 6i?+ll* — 6 3 a- 8 -10??+73a--90 4 a?-20r2+27; 8x 

-880 6 a?— 21a?+12Ga;— 21G 8 a?-9aa?+23a 2 a:-15a 3 7 a? 

— 14aa? + 56a 9 a: — 64a 8 8 27a?-135i 2 +162a;-40 9 oV-12aV 
+31aa:— 21 12 a?+6a?-9a;-14 13 a?+4a?+a:-G 14 a?-7a? 

\-14a:+120 15 a? -6a: 2 -79a: +504 10 Jfcs+2/l 2 -.lU-12 
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17. « s +13s 5 +34r-4S 18 v s -4y 5 - 17y+60 19. m s -l6m 9 

+53m-f70. 20 y s +2y*-9Iy + SS. 21. ^-S^-lIs+lS. 22 /** 

~£ 5 -30A+72. 23 x*-7uv:-Ga a . 24 y 3 - 4 mf -f m 3 y + G« 5 . 

25 a® - Sax 9 4-4«*x -f 4Sc s . 28. ^ s -5n/. , -2n , /.+24n s . 

114. [y 103] 

2. a*+V*-<*J-2alc 3 StS-yS+jSj-Gays. 4. 27^-8/ -61:.* 
— 72jy^. 5. 1— a?-*-8y*+Gry. 6. -X 1 - 8y s - 18iy 4- 27. 7. 27a 3 
— 615 s - 72«6— 8. 8. ^J-y s +3rjf-l 


115. [p 101] 

5. 1. 6 484 7. 256. S 112, 9. 194 10. 1171. 

11. 85 12 (<e + 5+cj 5 «&.c 13 (c-»-5) ? =&c 14 ?. 

15. 5 10. 5. 17. {x-y-z)\ 18. (l+tf-5} 2 . 

19. (^-ai+l)*. 20 {iP + ax-cP?. 

23 xfy— c)+y(£-x)+s(x-i/)=0 , see Ex 22 

116 [p 110] 

1—10 0 . 


5. 

8 

10 

12 


L 

8. 

17. 

20 . 

21 

24. 

28. 

31. 


46. 


117. [ p . II 

(5— cX«-«)(o-6) 8 0 

-(y-s)'z-x){r-y) 

— (6 - c)(c - o)(a - 5) 

- (6 - c)(c - c)(o — b)z. 

119. [pp 114- 


!] 

7 (y-z)[z-x)[> -y) 

9. — (5 — «;(«— t)r\ 

11 {5-c}{c-o)(«-5). 

13 -4(6-cy«-oXa-5). 

■1173- 


x". 2 4G 3 -lGa-HG 3. 8a\ 4. ar*. 6. 4c* 

ar +y 5 + : 3 - 1/2 - cx - x y. 7. 125 A 18 (a s -4) s «=fi,c. 

a 3 («4-25) 2 =»&c, 18 (a-J-5) s + l-*&s. 19. (t+l) ! +27y 3 «&c 

(2a — 5) s — (« 4- 5) s — 7a s — 15arb -t-Zalr— 25 s , 

(«— b)*+(c — <f) 5 =&c 22 Gr. 23. a s +s ! c+f»5c4-5c s . 

1G. 25. —12 26 c 5 J-2a5+5*. 27. x*— 2n*x— 2«x 5 — «*, 

{g 3 - Wp? -4alxir - (a* - b 3 )y s 29. 8y* 30. 4b' 

4s 5 y+2y“ 44 a 2 +i‘'+c : -335c. 45. a ~+b % +c*-2nbr 


Zabc-a'-tf-c'. 83 4o5c-. 


54, -2b y c 


88 


m 2 — n s 


3m 
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ALGEBRA* 


[119 


07 70 2 a 8 + 6 ab 2 71 J(p a +4gr) , p 8 +3pgr 

3 a 

72 s /(a 4 -4b 2 ), a 8 -3ab 8 7 3 2540 74. -2044. 

75 5 78 3 

119a. [pp 118-119] 

5 i?+{a+b-c)a, 2 +(ab-ac-bc)a:-abc 6 aa£+ba5 2 -ba;-a 
7 a 3 + 2a 2 c — a(b 2 — be — c 2 )-bc(b-e) 8 n 2 - 2bx 2 — (a 2 - ab - b 2 )x 

+ab[a-b) 9 (a 8 +l)j£+(a-2)a?+S*-l 10 (a?-l)a a 

— (ar 1 -t-a, 2 *- 2)a 2 + (4a: 2 + 3a; + 2)a - 3(« + 1) 11 a 8 -b s + c s + 3«bc 

12 a? -3a,- -t-3ar+?/ s -l 13 (m + l)a B -(m 2 -2)a 4 + (m 2 +2)a 8 + 

(m 2 — 2m — l)a s — (i» s -Hn + 2)fl + 2m 14 (a 8 — b 8 )a, ,i + (a* 

+ 2ab + 3 b 2 )a? - (a 2 b - ab 2 + 2a + 2b + a 2 + ab + b-)x i +(a + b — 2ab)a:+ ab. 
15 2(a — b)r r ' — (a 2 — 2ab — b 2 ^ 1 + 2(a + b — ab 2 )# 3 — (2a 2 + 2b 2 — a 2 b 2 )a? 2 

+ 2ab 2 -e — (a 2 — b 2 ) 18 a 3 (b 2 — c 2 ) — a*(b 8 — c s ) + b 2 c 2 (b — c) 


1196 [p 120] 

6 a 2 — ab + b* — 2a + b + l 6 a 2 + b 2 +c 2 + bc4- ca + ab 

7 a;-a-b 8 a 2 +b 2 +c 2 9 ®-c 10 a+b+c 

11 x 3 + , c + (a- b) 12 Si/m o/ ref is a, a 2 (b-c)-a(b 2 -c 2 ) 

+bc v b — c) 13 Sym of ref is a, a z -xa+e 14. v-a-b 
18 (a 2 +a + l)a; 2 + (a+l)a: + l 17 a 2 + b 2 + c 2 — be — eo — ab 

21. Sym of ref is a , (aJ-lJa+ii 3 22 x 2 — vy+y 2 

23. Sym . of ref is a , (2a;-y)a 2 +(a;+y)a,*a-a^ 


121. [pp 122—123] 

4. a(b+.r) 6 m(\+x) 6 3r(r 2 -5s) 7 ab(a + b) 

8 b[a-c + ac) 9 2a(4a-3b-2c) 10 5p(4y-3p,-Hlr). 

11. 3ab(a 2 — b 3 ). 12 ab(2ab+3) 13 p[p 2 ~3qi) 

14 2r’(4-5mr 3 ) 15 6m B (3m 8 -„) 16 xy(3x+2y + l)' 

17. 4ab(a 2 -4a + 5b) 18 a,y(2a; 2 ?/ 2 ~3ra7 + 2ry) 19 Zx 2 y{2x-Zy 
+4xy) 20 9a>y(<)r 2 +7y 4 ) 21. 6m s x 8 (4mVe 2 -7«6) 

22 1a 2 ry 2 (a+2t-3y) 25 (a + c)(b + d) 26 (m+»Xm + l) 

27 (a+l)(s + l) 28 (2a-b)(x-2y) 29 (l-rlfl-v) 

30 (a — b)(a-c) 31 g 2 ( 0 + 1 j (a s +1) 

33 (l-x)(l+0. 34 if +h)(Jg-ch). 35 (a + be;(b+ac) 
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36. (ax-D(ev-d) 37 (a-cq)(bq-a). 38- (yz-t'-)(zx-f). 

39. (a + b)(v-y + z). 40 5»i(p-g)(p + 2gr-5m) 42 rfy + 6) 

(c+c). 43 <r(<s+3){&-4). 44 m(wy-r)(nw— ?/) 

46. 8mn(w-2n)(«-3jo) 40 2a(ff(7-2&/)(2o7t-c/). 

48. (-C -a)(x-b). 49 (.*- l)(r+«ia) SO (5 + c)(o - &c) 

61. (a+6c)(6 — oc) 62 (x + c)(ar-b) S3 (a-bq)(a-cq)- 


122. [pp. 123—124]. 

4 (1 +a) 2 «=(l + a)(l +«) 6. (3r— I) 9 . 0 «(3o+5r) s . 

7. (4a 2 — ft) 9 8 (6^ — 1)- 9. 4fi s (3a#-2) s 10. (Rar+S&y 2 ) 2 . 
11. 3ry(;e-3y) 2 12 (2rz+7)' J 13 (p J -10) 2 14 (13m+2) 9 . 

19 (2x+y-s) 2 20 (ff+i-y) 9 21. (2nt + 22 + l) 9< 

22 (2ax+Zbx—y) i . 23 (1 -a:)(l -x-a) 24 (a«-y)(«v-y-l). 

26 fu-(i+y)(3:c+3y-l). , 20 (4« a -6)(la 9 « 5 -H s -l) 

27 (a+b)(a+b+2c) 28. (2a) 2 =±4a 2 . 29. (p+y-r+j) 2 . 

30. Cl+«) 2 (l + r) 9 31 (*+y) 9 


123 [p 125] 

6 (2a"+& 9 )(2a 2 -ft 9 ). 0 (6ft , J-;s 9 )(Ga 3 -* 9 ). 

7 (5« 4 +3& 6 )(5a 4 -3&6). 8 (m- + 4}(m + 2)(m — 2) 

9 (4a z + l)(2a + l)(2«- 1) 10 (1+#*)(1 +ar')(l + r)(l -x) 

11. (a 4 +« < )(fi 2 +'K 5 )(<i+r)(a-ar) 12 (,r 8 -f- o e )(jr; 4 + a ')(r 2 + ci 9 )(r + a) 

(x-a) 13 x(a+2y)(r-2y) 14 2a(5« + l)(0«-l). 

16. 3(1 — 4«x)(l + 4 one) 16 2(4mrH l)(4*nn — 1) 17 3a(rt + r) 

(a—x). 18. 5aa:(2a + 6)(2« - b) 10 2 x(a v + 4y)(5a. - Ay). 

20 3s(l — 2x)(l + 2*) 21. 2a 9 j 5 v 5a6 + 2ryX5a6 , -2ry). 

22 x(9x'‘+4f)(3x+2y)(Zv-Zy) 23 3r(a? + JyX T -fc/). 

24. 2«(a 2 + ^ 2 )(« + »(a - 26. 2a s & 9 (9«+4& 3 )(9«-4& 2 ) 


26. 

60300. 

27. 

75SOOO 

28, 

81933 

29 

19455 

30. 

3393600 

31. 

4036 

32. 

7225 

33. 

21025. 

34. 

37249. 

36. 

173036. 

30 

978121. 

37. 

99980001 


38 ^~y + e)(*-y-3) 39 (m + 2n+q)(m-2n-q) 

40 (3y —4b + 6a?)(3y +4b- 6jj). 41. (6jr-8y+l)(6a?-8y-l) 

42. (2a+36-9c)(2a-3& + 9e) 43 (4+15 j + 18«)(4-15s-18«). 
44. (ax + by+l)(ax+by-l), 46. <15cM-5&-2»i)(15a + 5& + 2ro) 
40 (5p + 6g — 2)(5p - 6# + 2). 47. (5r-2y + 3 2 )(5a;-2y-?3) 


f 
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48 (2lx - 2my + dxy)(2lv -2my-Qxy) 49 25(r— i+0(r-*-0 

60. (a+J+c+rf)(a+6-c-d) 61. (1*-2y+2s + l)(3*-2y-2s-l). 

62 9Gar 63 -60a& 64 13(«-&)(a + &) 56 4(2ax - by){ax + Zby) 

56 alHa-b). 57 -4 a*(a ! +® ! ) 68 (3a-26-c)Co + 4&-6c) 
69. — 4(2a + c)(a + 26 + 5c) 60 {x+y) 9 (v~y) 

61. (l+«Xl-»)(l+y)(l-^) 62 y(y+x)(y*-xy+2x-) 

63 (m + l)(m - l)(x + w)(.r - y) 64 (?>+?)(p-?)(r+*Xr-s) 

66. 8aar(a 3 +a; 2 ) 66 (a ! +6 2 )(^+j/ s ){a(x-^)+6(-c+y)}{a(*+y) 

-&(*“#)}• 67 (r+y+jOfc+y-cXa^-Say-^-s 2 ) 

69 (a4-&+eX<i-&+cX°+&“ c X«-&- c ) 

70 , 71 (o+6+cX6+c-fl)(fl+a-6X«+ i “ c ) 

72. (&+c+d-aX c +^+ a “&X^+ a + &“ c X a + &+ c “^) 

124 [pp 126—128] 

3 (2a — 6 + c)(2o — 6 — c) 4 (1 -y+z)(l-y-z) 

6. (l+a*+a;Xl+ aa; “ a: ) 6 (l+a+&Xl —a — 5) 

7 (a:-p+sX*+S+ 2 ) 8 (2p - £ + 2X2p - <7 - 2) 

9 (a+p-£Xa-y+ 2 ) 10 (ay + as-lXay-ax + l). 

’ 11. (d-3c+2a)(d-3c-2a) 12 (,3x+5y+8)(3x-r,y-S) 

13 (j^+pxy-y^ixi-pry-y*). 14 (a t 3 + cry + by")(axr - cxy + by*) 

16 (*+y+3X*-y-l) 16 { (a + J)a:- (a -%}{(a -&> + (« + %}. 

17 (a+2z+y+3X«+2r-y-3). '18 (v+y + 8 + l)(*+y- s _l) 

19 (a + & + ‘S-yX« + &-*+y) 20 (a-6 + c-<7Xa-6-c+rf). 

21 (2a+b+3o+d)(2a — l>—3o+d) 22 v(x+y — z){x— y+z) 

26. (r 3 +2a:+2X* 3 -2r+2) 27 (1 +2r+2r 3 Xl -2x+2x s ) 

28 ( 2a 3 + 2a5 + 5 s )(2a 3 — 2a6 + 5 2 ) 29 (2js 2 +6;c+9X2jK 2 -6t+9) 

30 4(a 3 +2aa:+2a s X!5 s -2a?J-2a ! ) 31 (9A a +12.ty+8y s )(9x 3 

-my+8?/ 2 ) 32 (r 3 + 6a;j + 18a 3 )(a: s -6ar+18a s ) 33 {x-+x 

+ l)(a: ! — a + l) 34 (^-aj' + lX^ + r + lX^-aj + l). 36 (a*-aV 
+ a 4 Xa 2 +o«+* s XR s -ai:+T 2 ) 36 ('c 2 +2r+3)(r 2 -2£+3). 

37. (* 3 + 3* — 3)(a* — 3® — 3) 38 (* 3 +4*-5X* 3 -4.r-D) 

39 (*>+a*-flft^- 0 c-a*) 40 (**+a*-4**XT*-a*-4i*). 

41 (^+ay+3y 3 X^-ry+3/) 42 (2a s +2a&+36 3 )(2a 2 -2a5+3&*; 
43 (2a 3 + a6 + 35 2 )(2a 8 - a& + 36 2 ) 44 (2a 2 +ab- 36°-)(2a 3 -ah- 36 °-) 

46. (3jb 2 — 2a® — 5a s X3a; 2 + 2ar ~ 5 a 3 ) 46. (3r ! +3aa:+5a 3 )(3a; s 

V — 3a«+5a 2 ) 47 (I3a 2 +3a-l)(13a a -3a-l) ^ 
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48. (a 3 +4a — l)(o 8 - 4a - 1). 40. (8o 9 +7a6 + &*)(8o 3 -7a&+& 2 ). 

50. ^ 2 +8iy+9y ! )(4a! a -8ay + 9y !! ). 

5L (a 8 + 2* s )(a 3 — 2® 9 X« 8 + 2ax + 2# 2 )(a 8 - 2aar + 2& s ) , 

52. (5 v i -2x+ 1)(« 2 — 2* + 5). 53 (3® 9 +a 9 X» 8 +3o 8 ). 

66 (x-y)(x+y- 3s) 56, (x-y)(x+y+a+b) 67 (a?+y)(«-y) s » 

68 59 (l-o«)(l+aa?+&js 2 ). 

60 (a« a -y)(a* 3 +y — « a ) 6L (c + 36)(a+6— 3). ( 

62. (p+qr)(p+qr—m) 63. («~y-s)(a:~y+®+2). 

64. (#-fy-2)(£-y+«+l). 85. (o-6— c)(o + 6+c+l) 

66. (26+3o-3a;)(26-3o+3®-l). 

124a. [p. 128]. 

3. (o+6)(o-6) a . * 4 (x+y)\x-y)\ 6. 0c+2)V-2) 8 

6. (1 — «) 3 (1 + o)(l — 4* +o a ) 7. (*-o) 8 . 8. (s+l) 8 . 


1246. [p. 130]. 

8 («+iy)(^-i*y+iy a ). 0. (o-6* 8 )(Ja a +§OT a +9a; 4 ). 

10 (ax+by + 1 ){ (ax + by) 2 - (ax 4 - 6 y)+l}=&c 
, 11 . {x-Z(y-\rz)}{t?+2x(y+z)+i(y+zf}—&c. 

12. {4(o 4- 6 ) +y } { 16(o + 6 )* - 12(o + b)e + 9c a } = &c. 

13. { (o + b)x - 2cy } { (a + 6 ) 2 # 2 + 2 (o + 6 )cy^- 4c 2 y 2 } ~ 6cc. 

14. (x-y)(x*-5xy+'7y 2 ) 15 '(a 2 + bc)(a' - 4a 2 bc + Wc 2 ). 

16 2(iC+o)(*-«)('® 4 -2a 8 o 2 +4o 4 ). 17 ~('B-l) 2 (r 4 +2o 3 + 6» a 

+2«+l) 18 (o a +2oa!+2o 2 X» 2 -2o*+2a 8 )(a: 8 — o 4 t 4 47 te 8 ). -= 

19. xy(x + 2y)(x 2 -2xy + 4y 2 ) 20. 2a*(a+2x)(a?-2av+4x\ 

(a - 2x)(a 2 + 2ax + 4-c 2 ) 21 (a + &)(a 2 -a6 + 6 a )(o 0 -a 8 & 8 +&°). 

22. 2(t 2 )(* 2 + 2*s + s 2 + 3y 2 ) 23. (x-y-z)(x*-2ry+xz+y z 

—yz + z 2 ) 24. (x -y + l)(x-+ry+y 2 -x-2y+l) - 25.. (a+2 6)(o 2 

+ab+b z ) 26 (a-2o)(2'e 2 -5a*+17o 2 ) 27 (2v-y)(Ax 2 -\-2xy 

+y 9 + 4). 28 (a-b)(a 2 -ab + b z ). 29. (x-y)(2x*-xy +2y 2 ) 

30 (a+6— l)(o 2 +2a6 + 6 9 + a+6+2) 31. 2(xAr2y)(x 2 -\-xy+y v ). 

32 -3(o+6)a:{(o+6)i?+l}. 33. (o+6 + c)(o 2 + b 3 +26c+c 2 ). 

' 126. [pp. 132 — 133]r ~ 

11 (®+3)('B+4) 12 (o+2)(o+5) 13. (*+3)(a;+7). 

14, (p+4)(p+20). 16. (s+14)(2+3) 16. (a:+4)(o+5). 
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17 

(a-l)(ct-3). 

18 

(a— 4){<l-5) 

19. 

(*-2)(*-4) 

20 

(a-4)(a-3) 

21 

(*-2)(*-3) 

22 

(*-17)(r~10) 

23 

(tr~4)(*+8) 

24. 

(a+3)(a~7) 

25 

(a+9)(a-8). 

26. 

(*+4)(* — 8) 

27. 

(*-4)(* + 10). 

28 

(* — 2)(* + 21) 

29 

(*-G)(*+ 7) 

30 

(*-9)(*+G) 

31 

(*+3)(i.-]8) 

32 

(«i-8)(m + 12) 

33 

(«i+3)(m-32) 

34 

(m + 4)(?n-24) 

35 

(d-lOXa+12) 

36 

(a + 5)(o-24) 

37. 

(p-9)fp + 16) 

38 

(* — 4)(*+12) 

39 

(*-G)(* + 8) 

40 

(*+3)(*-16) 

41. 

(1 -!)(! + 20) 

42 

(Z + 3)((~2C) 

43 

((+G)(i — 13) 

44 

(*-12)(*+13). 

46 

(*+G)(«— 26) 

48 

(a6+3)(a6 + 12). 

47 

(ah - 2)(ab — 18) 

48 

(a7/ + 3)(ay-G) 

49. 

(pg-2)(p3 + 16) 

50 

(wi« + 2)(win -8) 

61. 

(a*-4)(av+9). 

62 

(a + Gl>)(a-9b). 

63 

(*+5y)(*~20y) 

54 

(*— 4y)( , b + 6y) 

56 

(*+ 2y)(* - 12y) 

66 

(a-6b)(a + 10b) 

57 

(l+3m)(l + l5m) 

58 

(a-36)(a+20l>) 

59 

(m+16«)(m— 8n) 60 

(■nt+4n)(m-32n) 01 

(p-19y)(p + 20gr) 

62 

(6 + 5*)(G-*) 

03 

(8 + 13a)(8-15a) 84 

(1-4»i;(1+6;h) 

66 

(1+20X1-21) 

W 

U+26)(*~25) 

87 

(y + 23X?+S0) 

68 

(1 — 3*)(I + 6*) 

09 

(l+2r)(l — 9*) 

70 

(3-4r)(3 + 8j) 

71, 

(3 + 2*)(3~IGi) 

72. 

(3 - 2*)(3 — 14*) 

73 

(5 — I2»i)(5 — 6m) 

74 

(5 — 2*)(5 + 8*) 

76 

(5 +*)(5 - 16*) 

76 

(m -20)(m +15) 

77 

(m + 5n)(m - lOn) 7 8. 

(*-8B)(* + 10a) 

79 

(1 -*y)(l + 4ry) 

80 

(l+30xy)(l + 25 ty) 


81 

(1 + 16)(1-12) 

82 

(*+4y)(r — lOy) 

83 

(o-18)(a + 27) 

84. 

(*+18)(^-20) 

86 

(*- 14)(*+40). 

88 

(* — 8)(1G- t) 

87 

(r+ 6/(12-*) 

88 

(* + 20)(4 - *) 

89 

(*+31,)(r + i) 

90 

(*-3X*-J) 

91 

(x + 2)(x-§) 

92 

(a + 2)(a + z) 

93 

(*+yXr+«y) 

94 

(y + r)(y + *-l) 95 

(* -a + 2)(r -a- 

3) 



90 (*-y + l)(*-y+3) 97 (r+2y-l)(a.-y+2) 

98. (x+a z -2ab+b*){x-a?-2ab-&) 

126 [ pp 135—136] 1 

8 <*+2)(4*+3) 6 (a + 4)(5a-l) 7. (2r+3){3*-4) 

8 (2*— 9)(3*— 4) 9 (*-5)(3*+5) 10 (*+8}(4t-9). 

11 (2y-5)(4y+7). _ 12 (3*+8)(5*-12) 13 <4* +1X3* -5). 

14 (2* -1X6* +4) • 15 (3m+7K3m-4) 10 <*+8)(8*-3). 
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17. 

(5c+3)(3x— 7) 

18. 

(4x-3)(2«4-5). 

19. 

(3x-8)(l? +5) 

20 

(2x- 1X4x4- 7) 

21. 

(3x-2)(2r+5). 

22 

(Jx+SyXf 4 - 4 */)' 

23 

(2+3x)(5-9c). 

24. 

(3x+2){4..-3) 

25. 

(2x-5)(Gx— 1) 

26 

(4x+7)(x~3). 

27 

(Gj>-5j)(4p-?ff) 2S 

(1 — 5a)(3+2x) 

20 

(9jy-2)(xy+ G). 

30 

(r + 4a)(8t-3a) 

31 

(3+2r)(2-5i) 

32 

(Da-3&}(2«-5&) 

33. 

(3x + 4f/)(lt + 5y) 

34 

(2a — 57»)(G« 4- 6). 

35 

(3m+5n)(6m— 7«) 

36 (4 r - 3a)(3r — 

8a) 

37 

(3t— 4){14x4-5) 


38 (7y4-15s)(8y- 

3s) 

39. 

(8x+0y)(3x-8y) 


42 (2r+3)(3r+2). 

43. 

(3x4-5)(5«4-3). 

44 

(3«4-4)(4a-*-3) 

45 

(3r-8)(8x — 3). 

46 

(x-12)(12x-l) 

• 47. 

(5*-S)(9x-6). 

48 

{» +8)(Sj — 1) 

49 

(3m-4)(l7n+3). 

50 

(5r+3)(3x-5). 

51 

3(4x+ 1 )(a— 4). 

52 

(x+lG)(16r-l) 

53 

(x+ll)(llx-l) 

54 

(T+O)(0r-1). 

55 

(x— 6)(6c4-l) 

66 

(5i-9)(97+5) 

57 

(m-8n){Sm 4 n). 

56 

3(3c+4)(4x— 3) 

59 

(3 r + 2y)(2r — 3?/). 

60 

7(%-2y)(2- -y). 

61 

(x-7y)(7x+y) 

62 

(5t-%J(8c+5y). 




127. [y 13S] * 

1 (x4-6) 2 -G 2 2 (*+!)*-({)* 3 (r-10/ 2 — (IQ) 2 . 4. (a -5)* 

-0 2 . 6 (j,-9) 2 -0 2 0 (*+V»)MV) 8 - 7- (x+2«) s -(2rt) 2 . 

8 (x-«) 2 -r 2 9. (x4-16) s - 5 2 10. (e-V)*-(s)* H(r-lO)* 

-(14) 3 12 (x-i) 2 -0 a 13. (r+|) S -(5p)*. U (r + y-71 5 

-<7=. 15. (t-2y) 2 -(3y) 2 10. (ar + 9-iJ*-0*. 

17. (x 2 4-3r4-l) 2 — 1. 18 (x 2 4- a v - a 1 )' - a 4 

123 (>y 140-1 11] 

7 (x4-12)(x4-1G) 8 (7. -G){£ — 15), 9. («+lS)(«-0) 

10. (x-8)(x— 10) 11 (o + 19)(b-20; 12 (3a + 4)(x--S). 

13. (3a-2)(4a — 5) 14 (5 - x){6 - 5x) 15 (4+7r)(>,~ r) 

16 (5tf+3y)(2®-5y). 17. (3x - 2a)(2x 4- 9«) 

18 (4x-3a)(x-12«) 10 (3-20x)(4+.3v) 

20. (5x-31)(3x+25) 21 {4:-35)(Go-49) 

22 (y4-91)(y-%). 23. (t + 81)(8T- 135) _ 

24, (x4-y4-3)(x-y-l), 26 (*4-y-4)(x-y-2), 

20. (a - 6 — c)(« - 56 + c). 27 (x+y4 s)(x4-%-s). 
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28. («-c)fo-26-3c) 29. (a-&)(a+3&-2e) 

30, (x-y+3)(x-3y+l) 31 (*-a+c)(3a:+a-3c). 

32. (*+2^ + 3)(y + l) 33 (2x+3y+4)(p-3) 

34. (x+y + c)(x- 2y — c). 35 (x+5p+4)(3x-l) 

36 (2p-x+a)(y-2x-a) 37 (x+3y+3a)(x+y+a) 

38. (3x-l)(x+5p-2a). 

129. [pp 143-144] 

10 (x-l)(x+l)(x°-+12) 11 (2x 2 -l)(3x 2 +4) 

12 (6x 2 -3^ s )(3x , -5(/ 2 ) 13 (x+2)(r-2)(3t 2 -2). 

14 (x-«/)(x+y)(2x 2 +3p 2 ). 

15. (x+l)(2x-l)(x 5 -x+l){4x 2 + 2*+l) 

16 (x — 2)(x + 3)(x s + 2x + 4)(x 2 — 3x+9) 

17. (x - »/)(x 2 + ry +jr)(3x 3 +2p 9 ) 

18 (a + 2)(a - 2)(o s + 4)(2a* + 2a + l)(2a* - 2a + 1). 

19 (a - x)(a 4- x)(a* + x 2 )(a* + 2ax + 2x 2 )(a 2 - 2ax + 2x 2 ) 

20 (a + 1 ) s (a s +2a +2) 21 (x+l)(x+2)(x+3)(x+4) 

22 (x+ l)(x+2)(x s -Ax — 3) 23 (x-l)(x+5)(x+lXx+3) 

24 (x- l)(x— 5)(x 2 -6x — 1) 26 (x- l)(x+3)(x-2)(«-4) 

26 (x— 1 )(x — 2)(x+ l)(x — 4) 27 (x- l)(x-8)(x+l)(x-10). 

28 (x — 4}(x— 6)(x+ l)(x - 11) 29 (x + l) 5 (x-l)*(x«-2x 2 + 3) 

30 (x-3X«-4)(3x*-21x- 8) 31 (x-2)(3x + 4)(3x 2 -2x-6). 

32. (x + l)(x + 2)(x+3)(x + 4) 33 5(x+y)(8x+7p) 

34 ( 6x 2 — 3p*)(13y a — 11 x 2 ) 35. (2a+7x)(a4-10x), 

36 (8a-l5&)(56-2a) 37 2(9&-29a)(26a-3&) 

38 (x-2y)(x+4y)(x 2 -4a^-8j/ 2 ) 39 (a+Z>)(a-Z»)(a 2 -3a5+46 5 ) 

40. (a + &)(a — 6&)(a 2 ~ 1 2« & + 1 5& ! ) 41. {x-Z)^4x a -Zx+36) 

42 (x+p) 2 {x + 4y)(10x - lip) 43 (a- l)(a + I)(a + 5)fa+7) 

44 (x — 2)(x — 3)(3x 2 - 15 x — 5) 45 (x + 2)(x+7)(x s +9x4-4). 

48 (x+5)(x+6)(x 5 + llx+8) 47 (x+l)(x-6)(x' 2 -5x+16) 

48. (2x+«)(*-3a)(2x s -5ax + 8a ! ) 

130 [p 146]. 

7 (a + &+l);a 2 -fl& + & 2 -a_&+i), 

8. (a+2&-l)(a s -2a& + 4& a +a+2&+l) 

8 (x+p-a)(x 2 -xtf+p 9 +ax+ap+a 2 ) 10 3(p-s)(s-x)(x-p) 
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1 31] AVSWKRS. 

11. 2abc(b~c)(c-a)(a-b). 12. 3(2a:-y)(a;+i/)(a:-2y) 

137842 

15,16,17. Apply CoroM.A.nY. 18. 0 19. jja? 

21 Appl> CoROLLART 

1S1 Es (i) [ j}. 147] 

2 (a+b){x+c) 8. {o + 5)(n 9 + &*). 4 (2#— y)(3x"— 4y"). 

6. (x - 2y)(x -‘-j'X't 2 —xy+y*) 6. (c-c)(o+6+c) 

7. (ax+5)(cx 5 +<Q 8. («+5)(«-6)(a-c). 

9. (x— aXx ! +«*+a 2 X*+&) 10. (nx+l)(bx+l) 

11. (ax+b)(bx+a) 12. (ax+ly){at/+bx) 13. (ab+xyXav^+Vt/). 

14. (x-y)(x 5 +3 xy+y*). 15. (x-y)(x+g)\ 

16 (x— aXx 5 +ax+a , X«x+l)(<* 3 x*--ax+]). 17. (a i +b~)(x t +y t ) 

18. Enclose the first 3 terms and the last 3 terms in bracket-'. 


7. 

13. 

16. 

18. 

20 . 

21 . 

23. 


8 . 

11 . 

13. 

16 

18. 


12 

14. 

16 

18. 


131. Ex (ii) [pp. 148—140] 

(x-a)(x~b-<i) 11 (x—b)(x+2a+l) yi. (x+a)(T 9 — 6r+l). 

{x-2e)(* s -2ax+3a a ). 14. (1 -ax)(l -ar-cx 8 ) 

(x-y)(x-5y+2 z). 17. (a-b)[a+'2b-2e) 

(a— 4&)(a-05+5e) 19. (x-a)\x-b). 

Pat n 2 =a , (x+m)(x+m+n)(x+m-fl)* 

(x ! +yx-y)(x 3 -ax— 1) 22. Put c s *=»m ; (a — &*)(«— 4&*)(a — c*J 
Pnty 2 =a j (x+p)(x-f2pXa?+?)(«-2). 


131 Ex (iii). [ p 150] 


(x— 2y)(x+3y-l), 

(a+2X«+65-5) 

(•c-3a)(x+5a+2) 

(x-3 a-6b)(x-2a+6b) 
(x-3a)(3r-2a + 55) 


10. (t-y +l)(x+y — 2). 

12. (a+3b)(a-b+2cj, 

14. (x+a+ab)(x-b-ab) 
16 (a,— al>- a s )(* +«&-&*) 


131. Ex 

(x+l)(r + 2X*+4) 
(«~l)(x+2)(« + 8). 
(x+l)(x 2 +3x+8) 

(x + 3)(x — 4)(x + 5) 


(XV). [p 154] 

13 (t+l)(x+4)(x-}-5). 

16. (x-1)(x-3)(*+5). 

17. (»-2)(x+3Xx-4) 
19. 2(x+2)(x-2} 8 
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20. (n - l) 3 (fl + 2) 21 («+!)(;» — 2) ! . 22 (*+!)(* J-5)(fl:- 6) 


23 (2a-5)(2a 2 + «5+5 2 ) 

26 (2r-3)(4s 2 -2:»-3) 

27 (a+5)(a a +8a 5 - 85 2 ) 

20. (a-35)(a 2 +a5+35 ! ) 

31 (*+1)(5j 5 — 3)(5ar— 2) 

33 (x— l)(a- + 2)('K— 3)(* + 4) 

38. (aJ-l)(r + 2)(a:-4)(r+G) 
37 (*-2)(a; + GKr s -2r + 3) 

39 (*-2)(a' + 4)(t s -2a + 12) 

41 (r-l)(r+3)(a 2 -2i; + 7) 

43. (r+l)(2j;-1)(4ar 2 -2^ + 3) 

46 (F+l)(r— 2)(3r 2 — 2x + 4) 

47 (a + l, 2 (5x-3) 

49 (r — 1)( >• + 5)( f 2 — 4;e — 4) 
61 (ar-y){ Zx+y){4x-\ry) 

63 (a 2 4 5 2 )(a— 5) 2 m 

65 (F + 3)(2F-5)(F 2 + 3a:-l) 


24 (* + 1 )(# + 3){4* — 3) 

20 (a-35)(a 2 + 2a5+66 2 ) 

28 (x - ty)(x - 4y )(x + Gy). 

30 (a — 5)(2a - 5)(3a + 5) 

32 (r+l)(tf + 2)(* + 3Xs+4). 
34 (.r+l)(F + 2)(i: 2 + 2t+3). 

36 (a-l)(s-3)(r ! -3;i:- r ») 

38 (®+2)(r-3)f.F 2 +F+7) 

40 (2r+l)(2ar — l)(3a 2 +l) 

42 (x- 3)(a; s - 2a. 2 - 6* - 18) 

44 (t a +4r + l)(a; 2 — 4 f+ 1) 
40 (a;-l)(a + 3 / (7jf 2 + Ga:+ l ) ) 

48. (-F4 1 )( r - 2)(a: 2 — 2 1 — 2). 
60 (r+y)(*-3y)(3x-5y). 

62 (x^—xy+y 2 )- 

64 (12t — !>)(2a: 2 — ic+1) 


132 [p 149] 

12 - (6 - c)(c - a)(a - 6) 13 (5-e)(c-a)(a-5).. 

14 — (5-c)(e-«)(a-5)(« + 5 + c) 15 ( b-c)(c-a)(a — b)(a+i+c )„ 

16 (5-c)(c-a)(a-6)(5c + ca+a6) 17 I’ut a-', 5 2 , c 2 foi a, b, c 

lespectively m Ex l , - (5 2 — c-)(c" — a 5 )(a 2 - 5’) = &c 

18 Substitute as m E\ 17 , (5 2 -c 2 Xc 2 -a 2 X« 2 -6 2 )«=&,c 

19 3(5 + c)(c + o)(a + b) 20 (« + 5 + e)(6c + c« + o5) 

21 (5 + c)(c + a)(a + 5) 22 (<M b + c)(J)p + ca+aV' 

23 Expanding we get o( 5 1 - c 3 ) + 5(c 3 - o 3 ) + c(n 3 - V) 

-3a6e{(5-c) + (c — <i) + (a-5)} , (5-c)(c-re)(n-5)(a + 5 + c) [Ex 2], 
24,26. - (5-c)(e-a){a - 5)(a 2 +5 2 + c 2 + 5c + ca + a5) 

26 Ex 24 with sign changed 27 Expanding *e get 

o5c{(5-c)+(c-a)+(a-5)}-{o 3 (5-c) + 5 3 (c-a) + c 1! (a-5)} , 

(5-c)(c-a)(a-5)(a+5 + c) [Ex 2] 28. Expanding we get 

5c( 5 - c) + ca{c - a) + a5(a - 6) - a5c{ a-’(5 - c) + 5 2 (c - a) + c 2 (a -5)} r 
(5-c)(c-a)(a-5)(a5e-i)[Ex 1] 
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29. We have (b- - c-)(b + <0® + (e 2 - a 3 )^ +o ) s + (a 2 - 6 ? )(a+ 6) 2 

= (6 4 - c 4 ) + 26e(6 s - e 1 ) + (c 4 - a 4 ) +2ea(c s - o s ) +(a 4 - 6 4 ) + 2a5(tt 2 - 6 s ) ; 

- 2(6 - c){c - a)(a - b)(a + 6 + c) [Ex. 2] 

30. Proceed as in Ex 29 , 2(6 - e)(c - a){a - l){a +b + c) 

133 [pp. 160—161], 

7 o*-c6-i-6 s . 8. x-y. 9. a-b+c-d 10. 2(x-y). 

1L x--xy+y--3x-ty+2 13 a+b. 14 c 2 -n6 + 6 2 -2a+6J-i. 

15. 3 ?-ax±-a? 16 (l+a^+a 2 17 8«6 18 
19. a 4 -^-l 20 3{6+c) 21 x--2?y+4y' l + x+2y + 1. 

22 o-6 + c 23 (^ 8 +«®+o 8 )(a; 4 — o s x 2 +o 4 )=&c 24. a^+3a?— 1. 

27- The other factor =£ ! -l-y 2 + a 3 +2jys—l 28 x+y+z+xyz 

Miscellaneous Examples III. [pp. 161 — 166] 

12 (tr-hl)2r+{K 2 4-l)r+o s 18 0 18 a6c, 20 o a +2a6 + 6 2 

— 5(tt+6)- l -4 22 6c4-ea + a6 27. (6+c)(c + a)(a+6)=&c. 

29 (l)(f±h)(fq-ch) , (2)p(p-l)(p=+2 g +2) 31 0 32.}. 

33. 34. b-ap+q 35 36 3 37 (1 ) {[x+my)[mx-ly) ; 

f (2)2(x-y)(l-xy) 47. (1) (x-a-6) 2 -( a -6+c6; s , 

(2) ( , ir+5ax+5a-)-—a i 50 2(o + b)x. 51 Multiply successively 

by a, 6, c, and add 56 Multiply successively bj 2a, 2b, 2c, and add. 
60. 16x 4 -8^(2/+a 2 )+(4y 2 -c 2 ) 2 63 u(6 2 -co)+6(«5 s -o6) 

+c(a 2 -6e)=0 identically , apply Ex 4, § 132. 84 (a6+a-6 + l) 

(a6— o+6-rl) 65 Or+a)'(rr-a) s . 66 (2x4-a) 2 (r-4a) 

67 (a — 6) s (a+26). 68 (a: + a) 2 (a: 2 + 2e«+6 2 J 69. (* + a + l) 

(js+a-l)(j; 2 +2tf:r-2) 70. (rr+s+a + lX^-tf-a + l) 

71 {(a + 6)s+(a-6)y}{(a-6)a:+(G; + &)y} 72 {x-a)(x- b)[o?~ ab). 

73 (a — &l(®+6 +c)(a 2 -fa6 4-6 3 X a *+6 2 +c 8 — be— ca — 06) 

74. 2m J n(m+«) 75 (6 - c)(c - c)(o - 6)(&c J- ca + ab). 

76 (u+x+y+zXu-x-y+z)(u+x-y-z){x-u-i/+z) 

77 (3* s +l)(7« 2 -4i;+l) 78 {a(*+y)-(a!-y)}(6:a; + y)_(T;_^)}. 

82 ; 83; 84 0 88. {S*-(a-l]y}{a*+(a + B&}. 

87 (2*+3y + *)(*-y+a). 89 4(c 2 +5 2 +c 2 ;. 90 8ac. 

91 2(a 2 +6 s 4-c 3 ) 93 4(c 2 +6 ! +c 2 +<Z 2 ) 94 8{ac+bd) 

(* — y+2zX'S 3j *iy — * 2 ). 98 After reduction it is identical 

with Ex 7, § 132 99 Apply Examples 3 and 25 of § 132 
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» 

100 (o+l)(6-c)+(5+l)(c-a)+{c+l)(a-&)=0 identically ; apply 

Ex 4 of § 132. 


146. [p. 171] 


9 

8 10 

8. 

li i 

12 

3 13. 

- 

1 14. 

5 

15 

12 

16 

1 17 

5 

18 6 

19 

5J 20. 

4 

21 

3 

22 

S 

23 

3* 24 

10 

25 15 

26 

4J. 27. 

- 

£ 28 

29. 

29 

4 

30. 

-3*. 

31. 

3 t:I 

32. 


33 

13 

a 

34. 

2 m 

c 

: — 1 

35. 

0 + 1 

3 P 

36 

a—d 
c + 3 

37 

c— d 

0 — 1 

38 

ma 

25+1 

30 

i -i, 

o — 6 

40. 

n 

“3 

41. 

5 

42 

m 2 
n * 

43 

1 

a 





147. [pp 172—174] 

go 

1 3 x—a 2 20— x 3 — 4 (ar+34)yr3 5 (50 — 3a:) miles. 

« ® 

6 A, (6a;+3) miles ; B, (6a; -6) miles 7 (5a:+20)s 8 5a:. 

25 30 

9 (ar-6)yrs ;(«+6)yrs 10. 12a: miles 11 — - 12. — hrs 

SC 

13 ^ miles. 14 (y-a: + 3)Rs 15 (a;+y-20)Ks. 16 5(x+3) 

jrs 17 miles per hr 18 A has {x-y) Rs , B has (a:+p) Rs 

x J 

19 2m,8(»i-3) 20 10a;+y , 10p + a:. 21 100y + 102+a: ; 

lOOz+lOje+p 22 a;=o + 16 23 y = 5-.i 24 I x— 3=p+4. 

25 If a: represent the price of horse m rupees, then x—m — price 
of the saddle 


148 [pp 175—179] 

3 114 4. 71 5 28 6 31 7 4 8 20 9 24 10 9 
12 98 , 85 13 38 , 53 14 16 , 10 15 19 , 12 16 35 , 29 
17 22 , 14 18 48 , 40 19 38 , 2 21 15 , 21. 

22 Rs 875 , Es 125 23 153 ,54 24 A 750, B 250 , <3T26 

25 A 695 , B 570 2 6 276 , 245 27 Rs 53 , Rs 19 

28. 117 , 102 , 130 2 9 579 j 186. 31. 15 yrs after 
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32 41,11 33. 23 yrs 34 al’s age=35yrs> 2?’s=30yrs , 

<7’s=27 yrs. 36 Rs 48 37. Rs 250 39 30i, 

40 22 days 42 3 sov , 12 shill , GO six-pences 

44 3J miles per hoar 46. 4 miles per hr 46. 7 miles per hr. 
47 3£ hrs after the second pipe is opened 


Miscellaneous Examples IV |jpp 180—184] 

1. 2d-2b-2c. 2. | 3 2&u + 2c^. 4 4x 2 y(y-x) 6 (a 2 +c 2 ) 

(a 2 +2ac-c 3 ) 6. a + &+c+<f 8 y* -9y 3 +32y*-52y+29 10 a 2 

-6 s 11 -13. 12 40 y ears 13. 2cs-6& 14 ’002 16 2ax-2by , 

(a-l)x-y 10 x*-(a+b+c+d)T? + (ab+ac+ad+hc + ld+cd)x* 

—(abc+abd+acd+bcd)x+abcd‘,x i +8st?+24a?+Z%x+lG 17 — (y — t) 
(s—x)(x—y) 18 a°— ffl s «+a 8 a? — aa^ + tt® 20 4a ! 6 2 . 21 Diff. 

=16*(a: 2 +l) 22 -9 23 18 24 6* 25 * 4 + 32a: 2 -320^-1024 

26 2 , a 2 27 a B +3a s 6 2 +4a& 4 28 a 2 +6 2 30 Zabc — a 8 — ft 3 - c 3 . 

33 1. 3 4 225,169 3 6 (a 2 -a&-6 2 )a;+(a 2 +a& + & 2 )y 

— (a s +ab—b 2 )e 36 3x + 8a 37 x?+5r 2 y + > 7xy s +8y* , — x s +*8x s i/ 
+7xy-+*ly*. 38 a?+(x+ly-^z)d s +(ixy—^xz~iyz)a-^ryz. 

39 a 3 +& 3 +c 3 — 3a&c 40 (y+z)(z+x){v+y) 41 a 4 + 2n 3 & — 3a 2 Z> 2 

+ b* ; a 4 + 27a 2 + 108a +81. 46 2J 40 5 at 19* , 7 at 17s 47.3c 
48 £ 49 Diff =(x-yY 60 " (6 + c)(c + a){a + b) 61 («+l) 

x (a -l)(jb + 1)(6- 1)(1 -«)(!+*) 52 (x~y)*,4aW 56 0. 

60, -2|. 67. In 20 days 58 o + 4& , 0 60 ( a + b-c)x 

+ (6+c— a)y+(c+a-5)s 1 01 — 35* 2 + 36ary+52«s— 9y 8 — 18ys + 55a 2 . ( 

62. {a:(a+l)+y(5-H)}(^ 2 -ay+y 2 ). 63 13. 00. 

o-a 

07. 42,26 0 8. 59 0 9 48 70. 5,r+13y + 63 , 6 30Gr. 
71. 12 abc 72. a t + b i -c i -2a s b z +4abc 2 . 


73 

79 

82. 

84 

92. 


2a6 + 3«c + 6&e 74. (a-b)(x-a)(x-b)(x+a + b) 78 a-~ . 

2 

36; 12 80 8a-3&,0 81. 8® 2 +6a&-2& 2 , 8a-2& 

(l+»-y) 3 -l , (c-y) 2 +3(i;-y) + 3. 83 3- 29*- Ola: 2 , 2709. 


193 ; 83 86. (o 2 - &c)(& 2 - ca)(c* - ab) 


2c 2 -a?-b 2 

2a+2&-4c 


93 13 


80 


23a: 4 

32 


* 


164 


ALr.FBrA 


[151 


161 ti’P lM-Wf] 


5. 

«6. 

8. ax 

7 a- 


CO 

c 

a 

Ml 

10 

IfiiT 

11 2!ar 

12 «6 


13 4 

16 

7o6Vy 

18 


17 

«’e ? 

20 

2m/ 

21 

«r. 

22 

lSri’n’. 


0 «6V. 
14 16n ! . 

18. 4 mV 
23 t^nx 


162 [r;> 187—190] 

3 . « + r 4 a* -ax 6 2*jx. 0 .r+£r. 

7 . r 8 ff -1 0 J- 2 ? 10 t(x-t-y-:) 

12 (a+6)V. 13 ir(n-?», s 14 «fp + 7)r 16 4'a- l)'(x-rt)*. 
10 G6(*-«/(j-*-y 4 ) 1*1 *-*/ 20 r-jr 21 x+V 22 x-*-£ 
23 «*J*(« + r) 24 n’r v x-l) 25 l+5x 2B ft*4 x* 

27 fc'<H r) 28 3(« + 6) 20 i(«x+2). 30 4iv*-4ti) 

31 8(r s -x + l) 32 3«(a-6)'n + ?>) ! 33 r, \ rJ -l)(x4 -), 

34 4a(« — ’’) 35 3 (a + 6}(«-6/ 30 4(r + l)^ + 2) 41 *+2. 


42, 

£r — 1. 

43 r + 2 

44 

X4 1 45 «*+ r* 

40 

3j -M 

47. 

« 2 +ff- 

2 48 h-r 40 2<i + r > 60 2--n 

51 


52 

3r— 2 

53 *-l 

64 

r + 3 55 r ! -46* 

50 

(i ?>-6’ 

57 

1 +x 

53 - + 3 

60 

a-c 00 1+- 

01 

r-S 

62 

r— 2 

03. x-1 

64 

r—v 05 r* — » * 

00 

r«*-i. 

67 

r ? -l 

88 r- + «6 

09 

!—»»’■ 70 2d P,6 + r 



155 [pp 192—194] 

3 j._l 4 r — 1 5 4r + l 0 2rJ-3 7 >*+.9 8 3^-2. 

9. x'+r + l 10 i^ + Sx-l 13 --5 14 x-> 1 15 x+1 

10 2r*+5*-3 17 z+G 18 x-i 10 ran 20 x+3 

21 r-7 22 2x-l 23 i -3 24 r-7 25 r-r 2 

28 3x-7 27 r’+^+l 28 .( -2 20 2x*-3x+I 

30 x+4 31 2»-! + l 32 r s +7r-*-5 33 a^-x+l. 

38 3(2 r 4 3) 37. 2( e s + ax - 2u”) 38 r(r-2), 30 2r(2x-l) 

40 x(x+2) 41. 2«6{2a-3&) 44 *-2 45 2r-l 46 r+5 

47. 2r s -x</+y s 48 « ! +2a6 + 36 ! 50 r-Ca 61 3j- ! +jr*. 

62 a -26 63 x-3 54 v’+Gv+'i 55 2r’-Gx BO.Sx-y. 

57 a s x-3ay s 68 9« ! 6 ! (a — 1) 59 

60. t s +7 xtr-y* 01 '2x-9 02 x-a 83 * ! -l 04 T 5_„, 
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n 

65. ^-(a-bjx+b* 68. a?-az - L 67. Zj?-2xy^y\ 

68.- (x+l> 3 . 89. x-a 70. 2x-l. 71. x t -is- J rX-l. 
72. sr- 2x+3 73. x*+2x-i-3 74 c-2&. 

156. frp. 199—200]. 

2 x-2. 3 2x+l. 4. x-i-y. 5. a 2 -ab-irb\ 6. X4-7. 7. a -2. 

8. a-&. 9 x-2a!. 10. 1 -*-2x. 11 x-1. 12 2-S-9. 

159. [p. 203] 

4. 10n s Zr. 5. 24xy s . 6 43a s Z>. 7. 63a 2 x*. 8. 163rV 5 . 

9 xyz 10. 2a s x*. 11. eOj-irjr 12. 5Q/n?i&. 13. 570z*bx 3 yK 

14. 24a*x 2 .’ 15. 60aV. 16. 960j£*ys*. 

160. [p. 204]. 

5. 3ax?(2 J -x) 6. axy{x —y) 7. x^(x +y). 8. 6a(a?—y c ). 

9. 124X 2 -!) 10. 60 xytf-x 1 ) ll 210 [a*-i-a : b-a&-l*). 

12 (2x-1)(Sj?J-1). 13 I0tf-y*)(x+y). 14. {crsr)ia 2 +az+a*} 

15 42r[x 2 — it) L6. 2<Jx{a 2 — X s ) 17. (x— yXx 5 

18. (sS+lX^+l) 19. (l-fa){l-«5 2 . 20. 12*V(® s -!/ i ;. 

21 {y-*)(3-*)'x-$). 22. -axW-x 2 ). 23. x^x+lXx+S). 

24 lSO-e^x 2 — p 2 ). 25. (x+2)\x— 2) 1 . 26. 75{x+y)(x+2jrXx J '3y}. 
27. 3Sxtr(x 5 — p 2 ). 28. 12xy[l~a-). 29. aV(e 2 -p s ) 30 x G -l 

31. 60.x -f tr)(x -t-p 3 ). 32 x(x?-{*x+l)(x’-l) 

33 xW-^-S 6 ) 

161. [p 206] 

4 (3x — 1 )(j 3)(x — 6) 5 (x-3X2x~7X3x-14) 6. (x-l) 5 (r+l). 
7 (x— a)(x— 6}'x— c). 8 (3x -2pj(x-y;(4x 2 -y 3 ) 9 (x-l);x 5 -4) 
(a?-9) 10. x(x— 2)(x+3)(x — 4). 11 mr(x-lXx-5XxJ-6) 

12 (c-x)(2aJ-3x)(3o s -h2<ix+x I ) 13 ab'^r-V^ax - by){x 3 -if). 

14 (**— l)(x*— 4j(x-i-3). 15. x 6 — a 6 . 16 cV(2a -3x,(a +3x)(3a -x) 

(«-x) 17. (x-r3a)(x-a){jr-5-(2s— 3)x— 6o}. 18. (x a -2x-|-3) 

(x s -2x-4Xx 2 -2x- 5). 19 (2x=- IXx- 6}'x+8X3x - l^x-r 20;. 

163. [p £07] 

2 (x4-2)(2x — l)(3x+ 1). 3. (x-3)(2x-lJ(4x+5). 4. (x-«-9)(x-8r 
(3r-r 10J(3r —10) 5. (I+2r}ll -2r)(l J-2r+4* s )(I -J-2x-4x*; 

6. (9x 2 -l)(9x'-lXa?-3A 


30— E. 1. 
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. a -rr r«p 210—2121 

Miscellaneous Bnsmples V _ W g >+ff _ i)<+rf 
1 J.>-3*= 2 « ! - 1 ’ * ”7* 1 8 .+*> 8 

8 ,i +( » +! rts+ ? ’ » 7‘,: 30l+ n i3. 

, n ,._3 11 a-+2a:+3 12 a„ r »_iea*l 15 (*+6)(*~') 

>,(,1+21+3) “ , ! 6l iJ+S)(i?+ls+^ w- «(I-1 ) (3*+ iy»’+ 

o’-38) 16 /* + x:^3.-») I® i * +o 

83 al «+> %**»-** 

ns,' -4>=) 3^ s 7; 4 ;-" Uo _ 1)I +(,+i)H(»+ 2 ) i 7 ( “- 2) ': 

25 (a + 2)*+(«"^) * ’ nf^nbe— a*-b s -C*) 2/ * ’ 

20 *° f-v 30 * s - 3 “’ +2 “ 

<T + 9 )(*-8K 9 = ? - 1 “ ) 38 8 * 

313,-1,1 32 2 83 8 

170 iP 216 J , zx 

m T* — 4 ■ 


3b 


3 38 8. 1».-I 3 3«+-, 

* tab a - 36 

8 >+3+5?Tl 9 “ +al " 1 ' («-«■ 


a a -b 


+a a-i£- 12 v + 

+ar a+* 


V-+* 3 -l 


1,1 V”! „-8,= ,. fcg=a 

3 i. 4 -5J-. 15 26c 

9.* ^ 


6 



_±2 - » — ~ , 3 * 

^ 0 + 1 

172 [pp 218 — ai9l 


3a 
be 
2x-?V 
ffix+By) 


7 

7 * 5* 


0 
11 
15 

m v» ~ • 

l 0, 4^(o s -flb+6*) 


8 


Vci-hx 


32/ 


9 


7n a 


12 


oy 


ct-y 


13 


45m s " 
2m -» 


10 . 


a—* 


a+r 


2a 


14 


3m 


j 16 fl s (C-*)" 

6(0-6) 


17 

2a s ((C4~o) 

20 3T*(a? -“«*+«*) 


18 - 


p-q 

4jc 2 

3a(2j:+3a) 


21 a(m+n) 
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66 


*+c 
g*+By 
ax -by 
1 

o + 6 + o 
2 a -3* 

2a +3* 
x+(a-b)y 
x-{a-b)y 
1 

X s — 2*+2 

* 2 -*+l 

* a +*+i* 

2 * 2 - 6*+6 
4U — — . — - — 
3a 2 - 5 

o? -xy+y z 

x * + xy+y 2 

2* s +3*+5 


1-6 


24 


o + 6 + c 
a -6+o* 


25. 


2# -3a 


4* 2 +6a*+9o* 


26. 


30 


35 


39. 


42 


46 


52 


27 


31 


1-a + o 2 
x-l ' 
x+1 
2+3* 


36. 


28. 

*+4 
* — 4 

37. 


a+b —e 
a + 6+0* 


32 ^ 33. 

* — 4 

1 + 4r 

1 + 5* 3 + 2** 

40, 

ax + by+oz 


*-l 

*+2 


41. 


43 


o + 6 


44 


V + ty-5 


o-6 72/ -5 

**-*+! 


46 . 


l-o 
1 - 6 * 
3o-2* 
3o + 2** 
3«/ + 4 
5y-4 
(q+5)*-o6 
(o-6)*-a6* 
* 2 -*+l 


29 . 


34 


38. 


47 


* — 4 


50 4*±. 6 .>. , 
9* 2 -*-3 


* 2 -3*+l’ 

3* a +4* + 2 

4* 5! +* + 2 ’ 

' 6* 2 — 4a*-a 2 
51. 


48. 


53 


o-6* 


64 


o 2 — o6 + 6 2 


o + c* ” a 2 +a6 + 6 2 * 
**+* — 12 


65. 


6(*-a) 
3a 2 + 26 2 


69. 


2v* + 3* - 5 
3a(o 2 — 7ob + 126 s ) 
26(a 2 +7a6+126 2 ;* 


67. 


a 2 — *-12 


58. 


5a(2o + 36)* 
3a 2 +a*+2* s 
2a 2 +a*+3a 2 ‘ 


60 SC* 2 — 2a* +3 o 2 ) 

3a(2® 2 + 5a* - 3a 2 )* 


7. — 





173 

[p 221] 




20a 

180’ 

75o 

180’ 

84 0 
180* 

_ 24* 

S - "36 

27?/ 

* '36* 

I Os 

36 

6 

o6c’ 

6 9 c s 

a6c’ a6c* 

5*® 

4?/ 2 


* ! +2y 2 


8 

4*(o+*) 

3a(a-*) 

xyz' 

35** 

xyz' 

xyz * 


36a* * 

36a* 

5(4*- 

-6) 

20 c 

2(7*+ 6) 

in 

6 + 6a 

15 — 6a 

3o— 24 

50 

> 

50 s 

60 * 

1U 

30 » 

30 » 

30 


— — wv 

n. ay 2 -abc bz*-abc o(o-6) 6(a+&) e(a-6) 

a6c ’ o6c ’ o6c ' A ‘ s * a 2 - 6 2 ’ o 2 -6 2 ’ a 2 ~6 2 * 
13 15o(l -*) 6(1+*) ]+* ! 

12(1-*)’ 12(1-*) * 12(1-*; 14 l-**> i_ r «* iZF 

16. - ^t* 2 - 4) — 3(*+2)(* — 1) 4(*-l) *(^-v) 

(*-l)(* 2 -4)' (*-l)(* 2 -4) ’ (* — 1)(* 3 — 4)’ 16> 2y(x—yy 

-Sxy 2 ^-y) 17 * 8 (o-*) 8 a 2 (o+*) 2 a*(l-* 2 ) 

2 1 /(*-^)’ 2y{x—y)' * aV(a 2 - a 2 ) 5 o 2 * 2 (o 2 -* 2 )’ a** 2 (<z 2 - a 2 ;* 
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173 [p 221] 

ab[b-c)(c-a) bc(c-a)(a-b) ea{a-b)[b~c ) 

18 («-6)(6-e)(c-a)’ (a-6X6-c)(c-a)’ (a-b)[b-c)(c-a) 

o ! (a+6) fc s (a-&) abfa + b) 

10 a6(a s -5 s )’ «&(/-&*}’ a&(a 3 -6 s ) 

_ 3(4x s — 1), 6(2x— l) s , 3x(2x-l), 4 x(2x4-1) 

20 (2x4l)(2x-l) s 


9 

14 

17. 


33. 

38 

42 

46 

49 

52 

56 

58. 


29x __ _ax 
30 A °* 315 

96^-9^4-10/ 
24ay 

8a s 4-6a*x4-ax s 4-l0x s 

300*3? 


174 [pp 223-225] 
11 


44b -7x 41x 2ax/4-3&x s -a&y 

~ 75 12 24p 13 ^ 

15 flS + 6S + cS 


®v 


18 


afec 

X s -/ 

*y 


20 

x--2xy — / 

91 

2 

22. 

y(*-y) 

21 r 

-X s 

24 

J“», 26 

9 s -/ 

o s 4- X s 
a s (o4-x) 

26 

o4-6x 

c4-qEx 

29 

X s 4- a* 
2a(x+a) 

O 

« 

31 

29x 

50 


1_ 

14-x 


19 

23 


16 0. 

acT+b^y 

be 

a^ft 2 

B*~fc S 


2(1 a/ ) 
x(l —ar) 
4a& 

4(2 -x) 
x 4 -l 


32 


39 


34 a-x 35 
2a s -2a5 + 5 s 


a s — ab 

43 -4- 
x4-y 

47 


1 

40 


28 

B 5 ^— 1 


6 

2ar 4- (m — »)x 4- 8 b s 
2x* 

2a s 


37. 


X4-3 
A 4 —1 


41 


3r(a s -x?) 

4 


(x— l)(x— 2)(x— 3) 

2 

x(x-2) 

4(x*4-a 4 ) „ 

x 4 -a 4 53 

34-2x4- X s 

(1-xK1-2x)(1-3x) 

r* 

59. 


44. 

3n s 


1 — x 4 


(9x 2 -4)(3x-l)* 
18 


^3nn-2B)(9m*-»y 

I 


48 


<*-1Xx-3)(x-5) 


61 


64. — - 


a 

a* - 6 4 ’ 


x* 4- 1 




45 . 

r=-9 
1 4-2x4-3x 2 
4(1 -x 4 ) ' 
12 

x 8 — 5 x 4 4-4* 

' ?g ~ 4 KK a + 6x ' 

(^4-lXx 3 -!) 55 ^ 

57 -2x4 -2 x 3 -x 3 

(1-x) 4 - 

60 *±£_ 
(x-a)(x-6)’ 


179 ] 
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23 + 163— W-^- 3 1 

6-ll3-2l3 s -'5 s +33 4 * (3+lJ(3+3/ 

63 Take the fiist and third, and the second and fonith, terms to- 
gether , thus (3 a, +3 n +l) — (® , ‘ — l)=x Zn +2, 


176. [ pp . 226-227J 


6 

3av 

10 bx 

6 

1 7 

a-'a+x) av+x 3 

y\a-x) ab-bx 

9 

a 4 — 3 4 

a~x 

10. 

a—x 

a +23 

11 

3a 2 (a - b) 
b 

. 12 

x,b* i ay i .y 
aa?y + b*x + b' 

13 

1 3.3 

-4 — -.4 — 
y y - ye 

+^ 

xz 

t 

1 y 

+ -+^ 
z e 9 

14 

bx ay 
ay bx 

15 

8 ab a 93 s 
93* + + 8ab 

10. 

v — 

«+a* 

17. 

a* 

a 2 +3 9 

18 

a-c+ay 

19. 

1 

ix-yf 

20 

a*a(a3— 1) 
a-b ’ 


21 rs+iqg+rVx+qtx 2 . 22. 3 l +l+-„. 23. 1-3 

x~ 


24 


a a 3?+l + 


1 

«y 


3a 4 19a s b 21a J b 9 9ab s . b 4 
3* *"lQ*fy + &xY + I0xy 3+ y* 


178 [pp 228—229] 


5 

4a* 8 * 

&3 2 

3ab* 

7 

a s c 

»ib 

8 

a—x. 

9 

a 

a s +b 9 ‘ 

10. 

<J3 — 3 9 
C 4 +C3+3 2 * 

11 

2ap«(l - 
c 

-3) 

12. 

3—1 

3 3 

13 

4^ + 3 

3-c 9 +3* 

14 

-£. 16. 

1 

— 1 R 

1. 

17 

3 3 

— Ifi 

(*- 

l)(3-2) 


0 

3 l +p 4 



Q JLO 

l/ 8 


3 9 * * 


,9 - (T+m-*r 20 - J' ,+ y+ 1 - *-i +; 22- jf-f. 

23 »+i 21 ,+1 25 

T £ bd ed b 


6 . 

11 




3x-4 
63 ’ 
ay+bx 
ab 
_b 
a 


179. [pp 230—231] 


2a 

4 — a 

8 

2m -1 

9. 

53-3 

10. 

23 

33+2' 

m-n 

x+y M 

13 

X 

2 

14 

(a - b)x 
ab 

15 

2a 

a — x 

vy-jf 

iP+xy 

18. 

3-1 

19. 

y 1 

xy-x? 

20. 

1 

m 9 +«2* 


16 


17 
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21 

-7 22 

2e 

y+£-* 


V+*+v 

31 



(b + cT^p 


v 

*+B 23 

27 * +2 

» ” 1 88 

32 !£+I 

2 r+T 

SB Ol^ 42 v 

213 — 234 ] 

f) o 7 J 


~2«? 25 ~ 

I * 

tf+2 30 £f.-_3 s 

33 oj— i 

— __ 

“ 6 ~»+2i 


5 I 0 0 2 l 3 — 23 fj 

7 , ' 0 g 1 

i3 7 — q , 

1 14 r , ^ 8 1 30 ] „ 

1 « 1 JS 1 le * 21 1:2 12 _ 1 _ 

20 . _I 1 17. j 

32 ** ( *+V&+b)fZTX o, 18 - 1 . 


20 - 1 1 17 . j 3 

22 fa 4 T~r-^ X+a){x+b )(Z+Z) 21 __ r 

a)(x+i ')(*+i) 23 s — \ 

See «a mp l es20 

_ 182 r ’ 21 d 22 

02 ' 03 »<.o 6 

8 ° 10 e o 7 

^ 70 a a 

Mis <*lla nea* „ C ^^T"- lj. , 

1 I 2 j a s ® Xara Ples Vr 

^ a + H‘ s am , 1 ** *»•* hq 

f§l30 i e n «*-£ 4 Ta , 

a 0 7 __2«s ketl,e 'cco„d 

^ /*T "Tr. a (ft — X . . 


jj, a 7 __2«^ “ iie ^c 0J 

'o' 18 « ( *'JD* « -*±£>fe-}_ 

18 «‘+j. , “ +s 18 sr a“- + i 2o? ‘ 

• 8 e . 8 1 • so ig+g ' J,+2 -"- 17 -^ 2 +$ 

“•+ 8 «J +J ,_ “ + «+. 84 „ 1 

33 c 27 j __ 7 25 ^ 

88 i-_ + * +e -« 9 (« + i. 80 frji, fc+a* T+ y" 

87 

T 40 i!^r+i 
x*^Tj 
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41. Zx-By. 


44 


(a± 

\o- 


o + 6\ 8 

bl ’ 


46. « 8 +rs. 
a? 


Q(a-b)(tt—c){b-c) , g r-bx+b- g , x-s 

(b + c- 2 a) (c + a - 2fc)(o+ & - 2c) x*+6x + 6 a 1 +W 

52. a 4 — 6 4 53. a + 6+c [See § ISO 3 54 ^ — a^^bY 

Br 


57. 

60 

64. 

67 

77 

78 


2(x s -l)* 


58. 


{2a-36j 2 -I 
(2«-3&) s * 


59 


(1— a)(l_ &) 
(l+«Xl + &) 


2{x s — 1) 

63. 

A• 2 +4»l t x-8>n , 

3?-y-— 2x+l* 

r 3 - 4>n t- - 4 m s x + 8»i s * 

(1 - x)(3 — t 2 +x s +x 6 ) 

65. 

(x s -x+l)(c*-l) 

(1+xX1 + ^)(1+^) * 

(x— l)C«r e + l) • 

a6[2 - x s ) 3 

2(6 4 -o 3 )x 16 * 


_ _ 4xy 3 

76 »*-»■ 

2xV + 2p{ f v + s)a® — (s + x)p 2 + (x + v) s 2 } 

rPyh- 

(,a+b+c+d)(a+b-c-d)(t 

a - 6+c- 

» 

— c£)(& 4- <J — «~c7) 

4{a6- 

cd? 

« 


187. O. 248] 
7. o° ; a 21 , xY - 243 a 1 V° , - a^Y* 


8 . 




27a s 

y 8i x 3 ’ 

— 32 “ ; 9 - - si « l w ; * So, V“" p J p! ; ( - lyw'y*. 

10. «'»;<- i , jS!-! 


188. [pp. 248—249] 


* £+3 + £ 2 *-10+5* 


a ^ JL. _i , , , 5 j 
3 4 3l + 9> 4 * 1+ *~T 


6 . 2r V 2xs 2?/3 a 4 4a 2 6 2 6V 


126V 9c 4 „ „ . 

jr~ + ~^r‘ *?• 2 ®-^+ 86 P 2 - 246ct/3 + 18cV, 8 c Sm 4*2. 

+5 Sn 9 . a Sm + 46 s ” 4 - e 2 - 4a M 6 n + 2a w c — 4 b n e. 10 e 4 * 
+3e 22 + 2 <*+l. , 11 . (a* + 2« 6 + 6 s ) t, 2 - 2{a 2 - 6 2 )xy + (a 2 - 2a& J > 

12. ?! + 2xV + 2/j_2^_V «V 2a6™ 6 V 2ax 27/. 
« 4+ a 2 6* + 6 4 « 2 ^t 113 '7^'+^ + '^-~ 2 -- 3 



18 <'-rf 

20 ltn+ n . p 
23 20i-2«. n p 

29. o 

ao h 


34 2S0v~£' 2 


^ 7 ‘ (»2 +»)?'§ 

21 JrH 

81 fe-jf-. 


28 (jlln 

pe , 22. 

32 30n«-2 


2 9. j^o-e 

5+2» 3 
£° 

28. Cj. 


e a-sr 

2®« »jl-* 

1 ^ 


3 3 3 „£? 


31 
35 

202 £p 2c 

— /«*-* /. 

4 ‘ z ^ C1 ~ 5 ’!y I 'n-f ni A ° +1 3 5(l v>+ l f 

lG a*-<pi B . c ,,} 2 3J‘-Sa 2. 3 XB1+a 

' » a s<9 y fr « 

*2 7. 403c 8. 

2® a^^in ^ 1 y >1 'Ke f P + » 9 ~ a ~ 10 x i jj 

19 * 2ta ^ bimn 17 4°a-* b a 14 f ~ J A Jfi 

+*a»4-V- 7r 20 B . . „ , 28 c -4 . **“ ‘ 

*• - -w‘ ,+ - « 

£ Sfe 18 °‘"»A ^ • - 
* s . ,.r ao -'tr. 


4 

8 


6 




e s 

J75 


7 2IC 8 



375 7 

20 _2>y0 **• 8 j 

a07 11 
, i/' 2CS1 2*«=^5— ■ — .. 

-«*» l0 

‘ " CI :i j,e 

~~S7StF le t* ** iS ^ . 


~27Jb 28 ** 

20 4 «* 

*»a 


cy 

27 iwg* 

a 52 #** 
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A.1T SEVERS. 
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Miscellaneous Examples VII [pp 269—272] 

1 3a®-4«*. 2. 3y^e 7 - 6^ + 25^ 3. ar 4 t/^-2a»"*y^. 

4 %a~5 - la 2 x~~ - §a' J «*- - liA 


4 9 2 

5. (4 —m)x~*+(a+d—n)x 6 +(3b-5c)x 6 


6. 8(a + 1)** - 2(6 +3)^'* + (8c - 5)2~"+ eg" 

7. Gaf*-5a“^f^+6£ 8 -2a"Ho a ~"&" 3 +iV -,B +i fl- * m 


9. r+y 
— 4a -7 £r 1 +6a~ 8 . 


10. ^-* s -4^ + 6*-2a.- 


11. 6a~ 8 6— 9a _0 5 s 
12 \a~ z x~ °— ■£ a a~ 1 b~\v~*g - 'fgb~ i g-. 


13 a ro — 2a 5 6* 2 +6" 4 . 14 aW-bY 1 16 a"»+«-&2 + &» 

ie # s +^ r +v(*-+«"“)+V-^" +»“*“). 

_S _4 _8 _S _2 1 2 

17 2* — 4iC P+2JC P-5x *+8:« *+Gt p -Z&. 

i x -X ii 2 X X 

18. a-a-b-+b 19. 9+ 3a" 6 4- a“ 20 * 3 +2*- + 3a;^+2g; ,> + 1. 
21 «*+flT a -l 22. a*-a~^, 23 x-x 1 24. a^+^+g^ 

— 25. a- 1 x m -2bx m +Y l +3cx m+ Y 2 26 5a*6“” 

-o" s 6 2 (l+35) 27. a“6“ 28. -^. 29. 30 (a“»6Ky B . 

f a \mn+9T __ 1 g«-x a , V im ~ 1 


“• {% 


<VJ 

gwti 


32 *. 33 a** 34 a m‘-„ a 35 -™-. 


36 ^ „.£±p? 38. 39. (£-£)". 

40 * 7^ 4L (ir^^La^-r 42 1 43 jjry i -2*‘V* 

+&*"V l 44. ax-*-3d‘x-i+2ct~~x-a- l a? 45 (* w -^ n )(-c m + j»). 

47. ('c- s +?/- 1 )(«- s -^- 1 ) 48 crV^-l + ax 49. 

' 6a - 17 - «• v&=sr 82 ==$?*.« *s + *y- s. 

i'-r 
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algebra 
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Miscellaneous Examples VII [pp 269—272] 


54 


67. 


60 


w in 
t 3_^3 


55. 




s 1 
a. ,n + 2a: ,n +3 
2 1 
3* TO +2a m + l 
eo ab-T-Aryir 1 
B8, ab-i-yle* 


56 

69 


e*-l - 
e* + l 

a-fr* 

a—x 


4(t 2 6~ 2 -4a5~ 1 +l „s n-l _X 02 A-® 4 - 64 o" 

1 y>.J! n_L .1 1 


4 %/a w r; 


4a?b~ i —'iab~ l —l 

211. [p 273] 

1 J50 2 V108. 3 JlOO as?. 

mj qlm+S r 'm+2 

212 [p 274] 

1 6J2 2 6^/5 3 72 a/2 4 a 2 5/36*0*. 5 a(a+a) a/9- 

214 [p 275] 

1. 3 a/5 2 a/ 5-4 3 a&V& 3 4 V— 6 ^ 

a /<* 


ar 


6 (o+«j)a/(g&) 7 */&*{«*—#*). 8 3 «* 9 

10 U. f , 12 . £(£,)* 18 3 a/^- 

217 [pp 277 — 278 ] 

6 3 - a/ 3 . 7 2 a '7 + 3 a /3 8 *&+ a /2 + 6 a/ 3 +2 a/ 6 ) 9 7 - 4 a/ 

2(*-f y) 
x-y 


10 U »«*'*+•'*! 12 


13 


14 2 15 Ja/6 16 6 a/6 

19 <£» «£ -*> 20 21 

a 12 

2a s 


" ^ 

2(1 


a/®CT 


18. -s or 
* 3 


2 2 a/1-** 


x* 


22 


23. 9 


24 


a 4 -** 


a/1— 4*' * 

\ 

25 0 26 0 27 


29 Given expn = {** +p*+2*~ Zxyz) + Ixy e — 2*ys [ *+p + ®=0 

2{g-r)A/p+2(r-p)A/?+2(p- ? )A/r [§§ 114 and 117] 
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1 224] 


218. fi>. 279]. 

4. 3+ v'2 6 3+^/5. 6 ,J5 7. 4—^/3. 8. 2— */5. 

1 J 8 2*/3+3 v /2. 10 2J2-1. 11. 2-f^/S. 12 ~^U/3 + l). 

13 >Ja+ *fa+2b 14. n/x +1 — nA/— 1. 16 *A(T+r) 

T*** 

\/f(l — x) 10. ^/t-a/jz+c 17. a— *Jar~a\ 


i j- 


ao - K^!)- 


^ 18 x+Ja°—x\ 19. 4 

t- . 

, 219 [pp 279-280] 

'U 1 ? t fi J 1 M 

^13 1 ; 1 j 3 ; 1 i 0. 14. «’5 r;r;aV,t 5 . 

r T 3 

X~- 1 T/ _1 s _8 r~ht~- 

o-i * 4~ 3 a~ 3 x~ s ’ 3 -ijr 3 ’ i+V-i 5 rr , -§ 


.r is. 

' f 


( 16. 5 */a? or 5(V«) S ; or 3(V*)*(S/y)»<«/ e ,« 5 5 ^/~f. 


’U 17 


3a 
6 ’ 




,s» 


J 

j 221. fo. 232] 

* ^ 1- Second. 2. Third. 3 Second 4. First if x , and second 
. if x and y, are variables 

1 ’{ 


222 f p 282] 

2 (o-/j)x+(6-d;=0 
ti d\ 


3 Jx+9«0. 

ft n 3 „ 

‘ 20 r ~ 10 “° 


f* 1< 4x+3=0. 

' ) 4 (!-~)*+~“0 6 (*-~)*+«-0 

*' 224. [pp 2S3— 292]. 

U J r 3 12 4. % 6. 120 0 10 7 Gfc. 8 8 9 3 2 ‘ r 10. 2 . 

11. 3 12 l£ 13. 2 14 TC. 16 13. 10. 5 17. g jg 

^ l9 ‘ 2 * 20 0 21 2 22 q 23. 8 24 8 26 3. 2S. 8 


It, 

1 

27 

« 

28 

3 

29, 

35 30. 72 

31 

8a 

25' 

32 

51. 33. 

pr r 
* 

. 34 

* 

% 

8 

35. 

11. 

36 

25o + 24h. 

40 

i 3 

a-c' 

41. 

ace 

cc5 - be 

b 

'42. 

_i^ 

a& 

43. 

d 

c 

44 

o*+5 ? 

‘ a + 6 • 

46 

1 

46. 

Uh-g) 
tt-bq ' 


rff* 
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algebra . 


[224 


47 

SI 


ab 


48. 


224 \jpp 283—292] 
3ac-6 


49 a-+6. SO 


Z~b' a- 36 -c* 

4aV+a5-^) gg. 8 64t 20 

03 7 04. 

5 


3a s - 6a*6 + a6 s + 66 s 
67 7 68 8 69. 4 60 8. 


65 — 00 — ^ 07 J 08 7 

5a cp-ar J 


69 


a 


72 2| 73 -3j 74 -2 b 78 6| 7 7 36 T \ 78 
— ab 


2npb - 2rttjpc + 6m w 
^(2»a-2?»6 + «rf; * 

66 1 60. 4 

ad -be 

( a-c)n~(b—d)m‘ 
70. 7 71 3£. 

a(m+n)-2ap 


79 5 80 ■ 81. 82. 

a+6+c a6(a 2 + 6 v — 2) 


88 12 80 * 90 


6-1 


91 2 02 


d-e 


p{m+n)-2mn 

(m — - »t B ) 

m~ —7nn+ n* 

93 12 94 3 


a + 2c a-6 

05 3 90 2 87 6 98 % 90 4 100 3 101 14. 102 3. 

2a 


103 4 104 HO 106 - 


3 


109 ~(a-b + e) 110 111 rf . 

a 320 c af + 26c - bfq 


500. 1. 107 

bf{h - gl 


§• 


108 

112 


16. 


113 


4a5 2 — 10a 
4a-36 


114. 4 116, 6 110 2 117, 


ae 
b 

a+ 6 + o-\rd 


m+n 

1 


t,o ab{c+d)-cd(a + b) , lft ab(a+d-cd(,a + b) 

UU - id^ab 118 ab^d 120 jTT^rr 

12 1 * ef-Fd 122 ’ a + 6-2c 123 t( a + b ) 124< 12 ® ~~f- 

128 -3a. 127 1-a 130 6 131. 6 132. 2 133. 4. 
134 11 

226 [pp 294—296] 

8 10 9 a 10 £ 11 19 12. (2«-3) s 13. ^(a + l). 


14 -11}$. 

20 a u -m 
(a-l) s 


26. 


2a — 1 


16 2 18 
21. 3f 22 
27. 5 28 


& 17 
ia 23 
Gi 29 


16 18 26 19 


>Ja 

Ja + 2 


21 2 ? 
16 


oo 4a6— 9(g + 6) 8 
8(a + 6) 


If 

33 n 


24 4 
30 


26 7 

Ut~A)‘ 

a\ c-1 / 


34 2\/a6-6 9 
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ac» +1 J* on t oo / 2g \* op 2o^ 

’• 36, T" 37 ‘ 5 38, \l+«/* ,39 ‘ l+6*‘ 


a n+I_ (J n+l 


«. 4 , *. 43. 4,. 4*. g ± H^gg=g . 

4B - «• s7 - 

220 [p 216] 

3 — J. 4. 2a -1. 5. m-Zn 6 S 7 8 7. 9. 3. 

i 

10. | -2 11. 2 12 13 

227. [pp 298—299]. 

. * P tk o 1 n 256 s — 1 _ ,,, 

4 « 6 3* e. 1 • . 7 * °256* + l* 8 


8 *'«* 10 - 1L 


13. 1 or 9. 


- •{-*$• » W afep- 

17. 2a Jl-a 2 18. 8 19 20. ^l+4(a-l)» 

«. VS+TJf 22 23 »7(^)‘-l 

} 

24 I-a/I-c*. 25 £(a + -]-l. 20. aor- 

1 2 \ a' a 


18. -p gU .i-a. 
-s/26 -6^ 


228 [p 303]. 


4. 17 


6* -a s 
4a — 6* 

s. * 

a 


cHa-Wl 

f(6+c) */6+(a+c) ,/«}** 


229 [p. 301]. 

. 4 (1) sy/a-f J6- Jef=d , first ; (2) 25«*+4B s +6* 2 -28a;+9 

=0 ; fourth : (3) *»=«*- 2x s +l ; ninth : (4) ; seC ond : 

a 



ALG BBR A* 


[ 229 = 


229. [p 301] 


, r0 +^=^2/, third • (6) It is already m the required form ; 

v ' ' (i b 


ax* . 1 


(.i-r ‘ fifbh (8 ) *n/« + + 'j~o =0 


r»2 _L /»2 — 1UUG 

liiM.l B. -i- e 0 = 11,1- -3 7 2 ( 6 c+c a+aby 


230 [pp 302 —304] 

!J 18 4 120 6 §f 6 H 7 110 » 90 8 A ’ Rs 2(> 

llu ., B, Rs 10 , G, Rs 18 as S , D, Us 13 9 A, R» 30 , B, Es 27 

0,11- 23 10 56 11 A, 320 , J3, 230 , G, 200. 12 A, Rs 55 , 

B 11 20 13 £2 10s 14 12 gals 16 44 , 45 16 256 , 267. 

17 ‘036 18 36} ears 19 24000 20 £1480 21 A, £24, 
ft, L‘1'5 22 Rs 7 as 2 23. 1512000 sq miles 24 21 tolahB 
26 i , 10 , 15 2 6 500 2 7 5000 2 8 4550 2 9 36 sq in. 
30 70, 35 and 14 respectively 31 20 32 ISO 33 3§ cubits. 

231 [p 305] 

2 86 or 68 4. 57 6 46 6 84. 7 305. 

232 [p 303] 

4 16 days 6 17]> hrs 6 25 days 7 300 cub ft 8 In 30 lirs. 

9 In 25 and 100 lira 10 A in 32 hrs , B m 53£ hrs 11 24da}s. 


233 [pp 310—311] 

4 3| miles per hour 6 4 miles pei hour » 6 6 hrs 26 nun. 

7 3 miles an hr 8 15?* miles , 4 hrs 8 m , and 3 hrs 52§ m. 

9. l£ miles , 4^ miles 10. 5 miles 11 24 miles pei hr 12 3} min. 

234 [p 312] 

i 

2 77 miles 3 5 miles per hr , 45 miles 4 9 il miles from Ely 

6 6 miles per hr , 32 miles 6 Constable’s speed at fiist 8J miles 

per hr. , thief’s 9| miles , 714 miles 7 30 hrs. after they first 

started 5 20 miles from the place whence the quicker walker started 
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. 241] 


* 236. [p 314] 

2 (1) 6^ t min. past 1 ; (2) 21^\ or 54.^ min. past 1 3. (1) 32^ 

mm. past 6 ; (2) exactly at 6 ; (3) 16*\ or 40 jY min. past G. 4 (1) 12 
min past 2 ; (2) 3^ mm past 2 6 5ft ram. after 2. 

236 [pp 318—321] 

1 201 2 12/& 3. 420 4 A, 48 ; B, 28. 6. A , £60; B, £50; 
0, £30 6. x—2 , £5. 6s. 7. 13?. 8 Each man 70.?. ; each -woman 

35? ; each child 11? 8e? 9 A, Rs 61 ; 5, Rs. 40 10. 72 lbs. 11. 48. 

12 50 gals 13. 1819 14 183 15 4^ miles per honr. 16 4 bov, 

59 slnll , 55 six-pences 17. 10 from the first ; 5 from the second. 
18 Rs 19200 19. 2^ and 3£ yds 20 17 and 15 clihataks. 

21 30 miles per hour ; 19| miles 22 1^ min past 12, 23. 131 J 

miles 24 TJp to 14 lb3,, 3 d , every additional 7 11)3 , 2c?. 26 36. 
26 6 d 27 Rs. 3J per maund 28. 20 rods. ; 30 bighas 29. 4500, 

30 36 and 64 tolahs. 31 100 gallons 32 1008. 33 180000 

„„ Ji , \ or- a(e-b) „„ nb+m, , nn—vi , 

34 C V ‘ m) 35 * ~r — jt » ~ — ir 36 — rr* and — -s-d&ys, 
V fl + o/ a-o a—b a + b a + b 

a* abc 2<o+J) 2c(« + 5) 

3/ b+c mi es 88 ~ a r b ■ mlle *> 01 -jzr mile3 ‘ 

aft (100)*c 

39 ‘ Jfi+ djm+a ) rupcc3 - 

239 [p 325] 

bf. B — The vahtee of x and y are given in order. 

7. 44,15. 8 1 ; 3. 9 12,9. 10 1*5. 11. 3 J 2. 12 3,3 

13 4 , 10 14. 2 ; 3, 16 4 ; 7 16 12 , 20 J17 5 , 10 

18 24 ’ 12 18 20 ^ 

22 2S-a,2a — b 23 - a ^ 

J a + 5 

24L [pp 326-329]- 

E —The values of x and y are given in order • 

2 3 i -1 3 10; 11. 4 10 ;4. 6 8,10, 6 9,8. 
7 8,10 8. 3 , 2. 9. 5 ; 2 10. 2 , 3 11. 6 8 

32 144 ; 216 13. 24,12 14 5,6. 15. 7 'l0 


24, 12 18 - 

c 

2b-a , 2a — b 


0*1 „ j 

2L V+i^iFTjr 


144 ; 216 


9,8. 
6,8 
7, 10. 


31 — B. 1. 
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[241 


10 16 , 3 

18 


17. (6c'-6'c)-{a6'-a'6) ,\{ca' -c'a)-{ab’ -a'b) 

19 


(a + b)m + (a — b)n - (a — b)m — (a+b)n a+b-c-d 


a—b—G+d 

bo -ad 

22 1,1 


2(a a + b 3 ) ’ 2(o a +6*) 

ac(bm-hdn) bd(cn-am) 


20 


ad+bo 


ad+bc 


23 


a a l + ab+b~ t 
b a + b ’ 
1-ab 


bo-ad ’ 

a 2 - 6 * 2 ab 
21 a 3 +6 3 

„ . 2ab 2ab 
24. 


a+b o + 6 ’ 6 - 0 * 

1— ab 1 —ab __ ibc — ad be — ad a , . 

25 ***• 26 n^bm’ in^an “ 7 nb^md 1 mo^na 28 ^> 1 * 

29 6,6 30 13 ^, 1 $ 31 11,8 32 3 ,$ 33 


1 

a 


„ (a 2 -6°-)c + (c 3 -<Z 2 )b (a 3 — b z )d + (c 2 — (P)a 

34 6,12 35 5,4 30 * L i fer 

37 12,9 38 7,8. 39 2^ ; 1J- 40 5(m+n) , 3(m-n) 

abc(ab+ac~bc) abc(ac -ab-bc) An (a 2 + b a )c ^ (rr+j^c 
41 nV+aV- 6V ’ o 3 6 3 + *V - bV- a--b 2 ' 2o6 


43. $ , -17 


o + 6 

46 21 ,20 47 5 ,6 48 


. . a 3 +ab + 6 3 o 3 -a6+6 3 . e 

44 — — , — - — r — 46 


b + e , a+c. 


’ o-6 

4,3 49 3 , -§ 50 2,4 


61 2,2 62 7 , ? 6 3 02 , 2 9 64 , ,Yt* 66 10 , 5. 

60 1,1 67 3,1 58 | , -=/ 

243 \jpp 310—332] 

N B — The values of x, y and z are given m order. 

2 2,1,3 3 11,15,17 4 2,4,6 5 8,6,12 66, 

8,12 7 i(b + c-a),i(c+a-b), i(a + b-c) 8 5; 12, 4 9 64, 

80 , 100 1 o 16 , 13 , 18 11 5,7,6 12 5 , 7 , -3 

6 3 +c 3 -a 2 c 2 +a 2 -b 5 . a 3 + 6 2 -c 3 _ 2a 


13 


26c 


2ca 


16 2 , 3 ; 6 , 16 


2 o 6 m + p -^’ 

26 2c _ . 

»i+n— p* m+p — m ^ 8 a0 - » & » i* 20 1,2,3 


1 1 (m n l 


1 1 fn . I m' 


245 ] 
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' 244. [p 336J. 

if B — The values of x, y and z are given in order, 

6 4. -20 } 22 0 4,5 j2 7 H , -ff ; -f 

8 (a-hla= T) • (i-Jd-c) S (.-aXo-t) 9 0’-<*.+.X«+‘). 

(&+c)(c 2 -a 2 )(a:+6) , (6+c)(o + o)(a*-6 2 ) 10. 6+c-o , c + o-6 , 

o + 6 — o 11 kia? - be) ; k(b* - ca) , l(c 2 - ab) ; where Z.= 


a + 6 + o* 

12 o,6 , c 13 Each =o 2 + 6 2 + c 2 -6c-co-o6 14 c. 

15 lo{6 2 — c 2 ) ; lb[c l —a") , &e(o 2 -6 2 } ; where 7t*= - +— — | — —A 

V.O-C c-o a-6J 

—2(60+00+06) 


245 [pp 339—340]. 


5 ?=1, y=% z~4, u=2. 6 «=H, a.=l, y=4, z—i 7 37=4, 

y=9, 2=16, « = 25 8 v—5,y*=% s=3, w=4, u*=l. 9, a= 5, 
y=4, 2=3, m— 2, r=l 10 x=abc, y=ab+bc + ca, z=a+b+c. 
11 x—0, y=s=^ 12 (6 + c— o)a:=(o + g-6}y=(a + 6— c)£=£, where 
£=(o+6 + c) s 13 x=b — c,y—c — a, z=a — b. 

14 u^abed, x— —lflbc+abd+acd+ bed), y=ub+ac + ad+bc+bd+cd , 
z— — (®+6 + c+d) 


15 


b+c-a _ c+a~6 
a '~ 6+c+®’^ c+o+6’ 


g + 6-o 
re + 6 + c 


10. x-2,y—2, s— 4, u-6. 


17 3=5(n/o 2 +26c+ n/o 2 -26c) ,y=£(»</a 2 +2&c~- \/c*^26c> 

18. a = 12,y=7. 19 r- Aa + l>-c){c+a-b ) 

^ 2(6 + c-o) 


/(g+6 -c)(6 *o-o) _ /(6 + c-o)(c+o-6) 

* V 2(o + o - 6) ’ 8 “ V 2Ca+d-o) 


20 a: 


^ / (® 3 +6 2 )(c 2 + a 2 ) _ /(a 2 + 6 2 )(6 2 +o 2 ) 

v 2f6 2 +c 2 ) ’ y v 2(c a +o*y » 


2(6 2 + e 2 

/(6 2 +c 2 )(c 2 +o z ) 


2(o 2 +6 2 ) 


(a +6X6+0)’ 


£ ■= C 


/ 2(a+6) 

V OJ..U. 


21. x / ~2lb+c) 

(o + o)(o+6)* 


(6+o)(c+a)‘ 22 4 5 9 5 11. 
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246 [pp 343— 347 ] 

8 98 } 86 9 63 , 21 10. 10 , 16 11 24 ; 36 12 & , 
13 14 58 or 85 15 22 , 26 10 75 , 100 , 125 17 8 

18 35 and 14 years 19 18 , 11 20 40 , 21 21 16 and 12 ft 

22 315 , 280 and 304 rupees 23 12,5s 24. 31,7. 26 £288, 

5 per cent 26 Is 4c? , 2s 10c? 27 91 28 48 29 17* 

30. 17. 31 631 32 AB, 35 miles , BG, 29 miles ; AG, 45 miles 

33 24 "bales or 72 casks 34 £100 at 4 , £400 at 2 36 3 

30 39s , 21» , 12s 37 Each equal cock m 32 lira , the other m 24 

hrs. 88 3 miles per hour 30 15 and 2 miles respectively 40. 12 
and 4 miles per hr 41 1030 yds , 16% min 42 24 miles per hr , 
96 miles 43 4 and 6 yds 44 A in 5 mm. , B in 5 mm 20 sec 45 Bate 

of faster tram = ft , and of slower train — — ft. 

2mn 2mn 

ct 

per sec ,44 ft and 36 ft per sec. 40 Time of going « t— hrs , 

O + C 

time of returning - hrs , stream’s vel = “ties per hr ; 

3 hrs , 13 hrs ; 5 miles per hr 47 30c? ,15 48 .4.8=31% miles , 
BG— 63 miles } 21 and 42 miles per hr 49 72 weeks 


250 [p 350] 

13 2 2 d-l'.a-e 3 3.4 4 

1 * 8 , J10 19 , 13 14 


Ja+ 1 

tja - 1 


5 16 


25 , 


2 


6. 


16 3 3 

t= 4 7 


252 

^ (a — b)mo 
« a — mb 

r=m 


[p 351] 

(a - b)no 
’ na-mb * 


6. 


6(w» + l) * a(m— 1) 


5 


ac 

~b 


201 [p .354 ] 

1 24 , %Y 2 87% 3 1% 

^ 203 [pp 357-359] 

8. 5 * 6 is greatest ,2*3 least 10 512 11 2 5 


12 1*2 16 1 . 5 , 3* * 4y , 1-y x 10 — +5e 20 7 6 

ac 

4L 6 , 45 23 16 2 5 9 years 20 2 c 27. 2 3 .4 


2 76] 


AVSWERS 
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Miscellaneous Examples VIIL [pp 361 — 364] 

29 *=>3 30 2cu;«=(ff+&+c)(a 8 + 2& 8 +c 2 ), 

2 <=(»+& + o)(o s + 6* + 2c s ), 2c s = (o + 6 + c)(2a s + 6 s + c 2 ). 




2a 

2b 2c 


31. 

1 

X 

. y * 

% 

a+5+c~ 

~b+c- 

-a c+o-6 a+b—c 


32 

#=*£l(&+c— a), where l- s =l— (o s + 6 5 +c 2 ) , &c 

36 12 j 3. 

37. 

3 : 13 

38 

Length 30 and breadth 25 yds. 

39. 300. 

40 

ii : 24 

41. 

22 miles. 42 6§ inches 

43 6 . 7. 

44 

6 inches 

46 

Yal of gold ; val of silver= 20 n s 5 ; m^p. 


4. 


2 

6 . 

8 

13 


16. 


3. 

7 

4 

1 

3. 


264 { p 365] 

a=b>=c. 6 r=rt, y=&. 7. -“f- w 

a & a*+6 8 

288. 0 368] 

2 3a s . 3 3 4 £±J! 

• y 

272 [pp 373 — 375] 

h=0 1 6=3, c=2, d=0, e=5 3. p*=2, gr=8, r=2, s= -12. 

a =2, 6=0, c«= —7, <2= —2 6 /=» — 6, m = 12, w>=> — 8. 

2«+3;-16 10. p=»2a,9»« 8 12. a= -25 ; **-3x-4 

1—0, m= -1, 7 i= - 12. 15 ««— 29, 6 = -3 , c«=27. 

a » 14, 6=20. 


273 [p. 376] 


16 4. -3. 

p 2 - 4 ?= 0 . 


_ -d+q{b- q-pi a-p)} 

c-q(a-j>)-p{b-q~p(a-p))' 


275. [pp 377—378] 


12 5 


6 . 


W 36 ® & 2 6 
a° « s + a 8 ~a *^ 8 


276, Ex. (u) [p 380].' 

a s +a 2 & + ab*+& 8 2 Ex. 67, 95. 

a 6 +a*b + o s 6 2 + a*b s + ab * + 6 6 


12 . 


£=J 6 . 
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algebra 


[276 


■v 


4 a 4 p 2 - a*?/ 8 + a 2 p 4 - xy 6 +y° 

5 v 7 + x°y + x?y* + a 4 p s + x'y* + x 7 y s +xy tt +y 7 

6 a? -x 7 y + T°y 2 - a?y s + a 4 y 1 - a 8 ^ 6 + a’y 0 - xy 7 + ?/ 8 

7 a® +a 8 a + a 7 v” + a®a® + a 5 a 4 + a 4 a 5 + a s a° + a 2 a 7 + a a 8 + a®. 

8. a 10 - a®a + a 8 a s — a 7 ^ 4- a°a 4 — a 6 a° 4- a 4 a° — a s a 7 4- a 2 a 8 — aa® 4- a 10 
9 a 18 +x u a +x 73 a 2 + a 12 a s 4- a u a 4 + a 10 a B 4- a°a° + a 8 a 7 4- a 7 a 8 + a®«® 

4- a 8 *? 10 + a 4 a u 4- aV 2 + ^a 13 +a« 14 +a 15 . 



278 

[pp. 384- 

-385] 

4 

(a-l)®(a s + 5a+2) 

5 

(a+l)(12a 2 +a+3) 

6 

(a — 1)®(4«+3)(6«— 1) 

7 

(a 2 - l)(a + l)(a+12)(3a - 5) 

8 

(a + l) 8 {3a 2 — 9a + 8) 

9 

(a 2 - 1) 2 (& - 5)(5a - 2) 

10 

(a - 6)(a + 2&)(3a + b) 

11 

(a +y)(2a + 5p)(4a+ 3y) 

12 

(a 2 — 3 ?)' a— 2 r)(3a + 4a) 

13 

(a +<t) 8 (a- 3a) 

17 

(0 - 3) s (2a s + 3t - 4) 

18 

(3r -y)(a- y)( 2 a 2 + 3a^ + 3p 2 ) 

19 

(0 ~x)(a - 2 x)(a - 3a)(a 

-4a) 



280 

[pp 388 

-390] 


3 n(nc + 6d)4-a(}nc -ad)=m(mb+na) 4 ab(c+d—e — /) 

+oc?(o+ i /— os — b)+ef(a+b— o—d)*=Q 5 « s 4-& s 4*c s — 3a6c=0 

0 a 3 4-y 3 4-s*4-2agr8 = l 12 a 2 4- db 4- &* <=> 3 13 a 2 =& 2 - 2c® 

14 (p~?) 2 =(p + g-) s (p s +pgr + g®) 15 a 8 + & s + c s + a&e=0 

2 o 

10 mi 7 - m S= 4 17 (a6'-o'&) 2 =(6c'-6'c) 2 4-(ca'-o'a) s 

18. (a + J)c® =(a&)*{ («J)^ 4- 2(1 - c-)(ab$ + 1 } 

281 [pp 392—395] 

7 4 8 2J6 9 12,16,24 U a 8 -2r+l 14= a = 3,6=4, 

0—12 10 5,5a+4 23 See App , Ex (l) , and § 264 

288 [p 399] 

1+4 2 ±3 8 +5 4 +2 5 4- ^ 85 

“ “2 

0. ±4 7 0,4 8 ±1^/10 9+^/6 10 0, a + b 

U ±W2 12 0> J^. 13 0,3. 14 ±2^L 

15 +6 10 ±9 17 ±J3 18 0,3 19 5,5 


290] 
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4 

20 


21 

±~ 22 . ± 

25 b 

23 

, s/3 

± T' 

24 

». ±\ w 

'a 2 )* 26 ' * \/(«+4) 

26. 

±6 




290, Ex (l). [p. 402 ] 



1 

-i, 

-4. 2 

-1, -2 3 -3, -12. 

4. • 

-3, - 8 . 

6 . 

-3, 

-7 6 

- 6 , - 7 . 7. -4, -20 8 

-25, -80. 




290, Ex (u) [p. 402] 



1. 

4,6 

2 3, 4 

3 10,17. 4 5, 7 5. 4,20. 

6 . 

11, 30. 




290, Ex (lix) [p 403.] 



1 . 

3, - 

2 

1 -2 3. -4. 4 6 . ~? c 7 -. 5. £,3 6 

1 , -h 




290, Ex. (lV) [p. 403], 



1 

-1, 

-2 2 . 

f, -4 3 -6 4. 5, -§. 

6 

“/l* 

6 . 

1. i 

7» 31 

— J 8 . 2, rfj. 9 13, 

10 

6, -5 


11 12, 12 l f. 

t 200. EX (V ) [ pp 404-406 ] 


1 . 

2 , -3 2 


- 3 Vi 

4 

a 

3 

3a 

’ -T 

_ 4a 5o 

5 T'"T 

6 

5a 7a _ 
3 ’ " 4 1 1 

0, 

-13* 8 . 1, 

- 1 . 

9 

• 3,*. 

10 . 

2 g, 2 f. 

11 

i(ll± s/233) 


12 G, -1 

13. 

2, G. 

14. 

3,8f. 

15 

2 , -i 13. 2± ^.3 17. 

a± 6 . 

18. 

— 6+ s jb--ttc 
a 

19 

/’a + 6 \* t 








(A) 

20 

- 6 , 6 - 2 a 

21 

7, 

IG 

22 . If, -n, 

23. 

a, w+n. 

24. 

-a, - 6 . 

25 

5> 

- 2 . 

26 

5, 13 

27. 

5a, - 2 a 

28 

*(11± s/33). 

29. 

4, 

If. 30. a- 

c, 0-6 

31. 

a + 6 , 25 

•J 

32. 

1 Q- 

’ a-&' 

33. 

3, 


34 

3, ljf. 

35. 


36 

5, -* 

37. 

12 

, 11 . 

38 

0 , 

30 

4, 2§ 40. 

6, • 

-6 41 4, - 

• 2 . 

42 

3, If. 

43 

3, — f 

44. 

2 ±s/ 6 . 

45. 

1 , -If 

46 

4, 

-25 

47 

0 > 3y 
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[290 


48 

6± 

v/601 

49 

3, 1} 

50 

1, -2f 6L 

1(8 ± J61). 

« o 

52 

4, 1? 63 

7, 3*£ 

54 

4. 

55 T&, - 

1 56 

"1 

ac 

67. 

3a, 

3a 

2 

56 a, 5 

59. 

a + 6, l(a+5) 

60 

a T 

i _ 

a + 5 + c 

a o i 

a -5 

63 1 

c(®-6) Q1 

_6 

a 

Ox 

A i 

5 + o 

Uflt X 

’ 5-c 

UtJ X, 

a(6-e) 

a +5’ a 

+5 

65 

i+^ 2 - 

a 

- 66 

i(-3± JS)ab 

a 6 

67 j>-; 

68 -a, 

—5 

69 

4, • 

-1 

70 

r. - * 

71 4,| 

72 3, 

~1* 


fl J +5»+< ! ±'/V + ^+o‘) 74. 1, 6 ——I t. 

’ o + a-25 

0, — (a + 5+c)+ V a i +b 1 ■*-c' , —2bc — 2ca — 2ab}• 

{ bc + ca+ab± 's/ 6' J c s + c 2 a 8 + a 2 6 2 -2a6o(a + &+c)}— 2(a + 5+c) 
l{a + 5 + e+\^ 5 2 + 5 2 +c 2 -5c-ea-~a5} 

{6c + ca + a5± \/^6 2 fl^c 2 a 2 Ta 2 P^a6c(tt^r&+cy} — (a+6 + c) 


±a, 5 , —2a 


0, + ^ li{b i + bc+ab+2ac). 


so . + K^Jt 


82 a, — 


5 2 +c& 


lf a 2 +2a6-5 2 84 1 ’ 3 ‘ 8B * 15 » 7 86 13,193 

5, — g 88 9, — 3f 89 4, —3$ 90 a, 5 91 Ja, —a'. 

Appendix [pp 419—434 ] 

8 2 (ar— 4) 2 (x+3) 2 3 5(* 2 -13*-l). 4 (a-l)*+a 

*+4-8ar l 11 tJZx—Z+ jx+2. 12 2i 13. #=8f, 

■-11 15 £10 16 94 17. 18 x{v+l)^-(a? + 4x+l) 

. 18 24 3*/5-2 v '3 25 4. 26 x =*~- - j«=_^£. 28 35 

a+b a+b 

. 1. 31 _fi„6 n Qo o/& c . c ®. «&. 1 \ 


1. 31,.. — 3.‘, o 38 33 



ANSWERS. 


4S9 


37 __± 39. £. 40 . x—b—c, y**c—a, z=*a—b. 42.90; 

fj{x+a) 

670,55 4 3 2^ 44. 4<i s -9& 2 +245e-16c 2 45 (l + r)(l-r) 

y)x} 61. 62 5 

similar values for y and e 6 4. 100 lbs ;2cwt., 3cwfc 55 a, 
56. 

62 

68 

73. 

8L 

84. 

88. 

93 

— a*(o— 1^;— <o*+2a*+2a + l) 99 (a + 6)(rt“5)(a 8 +& s )(*+y)x 

(-jrX^+J® 100. See Sj 180 101. 108.^. 104 1. 

108 108 3l 108 

112 -5 113, ^o — 2& 114. 4s(;c+y — xy)(xyi- + xyz+1) 

116. «*+*&+ s)+yg 116 7,*/3 117. 121. i(o + 6 + c) 

122. ?=0 124 7 : 5 125. 68. 126 c B -3a&+6 2 . 


{(i-b){x-c)\2x-a-b). 69 |(3 s +3^ + l). 60 1 61. 1. 

abed/ ' ® 66 ar=a, 8 «<j. 67 72; CO; 30 

i y**“ mtm X 1 

2 213...69 (ai?+i 1 y-l)(6a;+oy + l) 70.<2o) 4 . 72. V v ~ r T - 
4aWtU 74 ' 1 77 <«’ 78 '!? 

5 miles per lir. ; 15 miles 82 162. 83. 4(<w;+&y+«). 

^(*+^)(*+ 2 y) 86. («°-l) 2 -&c 86 . (t — l)(a:— 2)(* - 3). 

U*+1UW 88 «*-«', «*-**>+S*. 82.1 

s=3, y= 4 95. 10 j<5j Lours 96.3 87. (a— l)# 3 -Sax 2 


127. 3(»— a){* — &)($• — e)(c — a)(a — b)(b — e), 128. a. 129,5(3 x-y). 

130 * 2 -^. 131 0. 133 b\ 134. 136. ^±g, 

o* m a-- tr 


_ 5 g 3 -fr5 B 
m a 2 —b v 


137. 240 apples j 60 oranges, worth \\d each. 

Zx*-ax+a* ... . , . . , 7 . 


138 (m*-4nS)(2s-y);0 139 140. + 


“il* s -V«+9 141. (2#— lly + l)(<c + 2y — 3). 142 1 144 jrJ 

147. r=6e(&-c), y=cg(c— g), s=g&(a— &). 


c -2n 

•35? U0 * -I 


* 
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algebra. 


140 50,120.150 550 151 'r s -2* 7 a + 2* 8 o 8 -2'C , a 4 +2iE 3 a 6 — 2ar« r +<^ 
162 9a 2 +6ab+4b 2 153 a s -14*V+49^ 2 r 36^. 


15* 


A 

V 


159 


158 \ 

181 A , 4* 8d , B , 6« 3d 
186 *)t*+33x+19 107 a+b + e 188 §^/3-2 


*56 

=•<1 — 5, y=5 — c, z—c — a 


103 ;r<+ y + 3 , s 4 yV 


104 10 
171 c-b-a 


2x 


2y 


22 


-=a+b+c 17 4 2^ miles per hour 


272 

a+2b + c a + b+2e 2a + b + c 
17 6 (4a s - 9c 2 )y 4 - 2 acy* - (a 2 - 16ne - e 2 )y 2 + 2(2a* 4- c*)y - (4a 3 - c 3 ) 
170 , 5 ff 177 - 0(6 - c)(e - a)(a - 5) 178 a ! +b 2 +c 2 + be+ca-l-ab 

179 £^±yf! 180 y8-5y 2 + 5y. 183 51 184. x-ta.y-fa 

185 lOmmnfces 186 1 +(a+b+e)a:+(a 3 +b 2 + c 2 + bc + ca+ab)x s + .. 

187 — 

195 36 100 ad-be 197 (a 3 - h-)x* + 2ab Vy + (2a s + 26 s - a'b-).Trij- 
- 2ab-xi/ s + (« 2 - b 3 )y 4 108 1 199 (2x -y - z)(2y - c - x)(2c -X-y) 

200 a?+y 3 +2-+vs+2r+ 11/ 201. 0. 

204 d)~, (2)2 


191 ( ~ a -— H “ 193 a + b 194 *=8^ = 13 

(ab(m + n)J J 


202 « s oi ~ 
«“ 


n- 2 m n n n-2m 

205 r = « »-«» 6"-w y «^“ 207 16 and 20 tons. 

209 ( s Ar+ ^/y+ v /g)( ^y- ,,/s- */*)( ^/g- s /;e- */y)( N /y - N /s) 

1_xS on (&+e)(c+a)(« + b) , 1 , -1 -3 

<JU ; — — — - — ; 212 a x m —ia n x a . 


210 


1 + r 4 * 


be + ca + ab 


214 f ^ / ( A + V')~ J(r-v) } 3 
\j(z+y)- J(*-y) J 


215 g 'V / ( 6 "~'W&) 


216 x=a m + n b m * n c m ~-*~d n "- n \ y=a™+”b” : +”c ,l '- m 'd' , ' s - n ~ 

218 1 mile 220 (a 2 - 6c)(6 s - ea)(c 2 - ab) 221 1+iys. 

222 ale 223 li* 228 " g 227 -1J 229 J(**+*y+y») 

ooi a 2 +2ae-e s 

^ 2 N /(2ac - c 2 ) 232 Since left side=3(a; — a)(® — b)(r — c)(5-c) 

X (c — a)(a — 5) [see .dpp , Ex 127], we get s=a or b or c 
234 1 . 2, or 3 . 4 



UNIVERSITY PAPERS. 


CALCUTTA UNIVERSITY. 

Selections from the University Questions [1858 — 1890}* 
1 , Explain the rule for the signs in algebraical multiplication, and 
multiply 7*- - 3y- +2 x^y* by 6\ ^ - 2 y* -*- > }x s y s 

[Aits 42a’ c - iS.v^ - gx*y* - 14 x^y 5 +6y- 4 x^y^ + 49^1’^ -i- 1 qxy. 

2 A and B can do a piece of work in 30 days, A and C m 40 days, and 

B and C m 50 days All three work together for 10 days If then two 
be taken away, how long will each of the others take to finish it ? 
[See § 232] [ Arts A 3iJ§, B 42^ and C 104^ days 

3 limin' .p - q, prove that 

[lifts Ex. vtit, Ex 3 ] 




4 In a right-angled triangle, the base is 8, and the sum of the hypo- 
tenuse and perpendicular is 12, it is required to find them 

[Am Hyp =8f, oerp =3$ 

5 A person has two horses, and a saddle worth 75 rupees if the saddle 
be put on the first horse, his value becomes double that of the second , but 
if the saddle be put on the second horse, his value will not amount to that of 
the first horse by 350 rupees What is the value of each 

[Ans Val of first horse=Rs 925 , val of second horse =Rs 500. 

6 There are three numbers, such that the sum of the first and second 

divided by their product is $ , the surn^ of the second and third dmded by 
their product is £ , and the sum of the first and third divided by their 
product is £ Find the numbers [Am 4^, 3f, 24 

7 Shew that , 

{ (ax + by)- + (ay - 6 x) 8 } x { (ax 4 - by)- - (ay + bx)- }=(a* -b*)(x* -y*) 

8 Divide x° +2x s y s by (x+y)*. [Ans. (x 2 -xy+y*)-. 

9 Solve the equation 

— ° ^ [See $.224, Ex. So"]. [Ans a '° 


x—a x—b x—c 

10 Divide X s +x^jr* +y by x* — x^y*+y^ , 
and simplify the expressions 
a-*-c , b+c 


a+b-c’ 


[Ans 


O 11 
X s — X -iyf 


4 y- 


and 


(x-a)(b-a) 

a*—b* 


(x-b)(a-bY 

a-b 


[Ans 


x+c 


a- — zab+b s a(a+b )’ 


(a-x)(x-b)' 

. a e +b* 
Ans. . 



n 


algebra 


11 Solve ihe following equation — 

2 X + 11 9 *- 9 _ 4 *+i 3 igg- 47 ^ 

x + $ ~3*~4 * + 3 3*““’ 

12. Reduce ^^ a+ x) + ^ a 3 (a - *) 2» a (a 2 +*“) 

13 Multiply * - fa y ** i Ans 

14 Squire a^- 4^ +r T , and divide X by (a+4) a 
the quotient 


[Ans. -f. 

to the form — t— . « 

a* -sc* 

sT 2 - 2xy^ + 2x^y 
giving three terms of 


[Ans o^+4^+J-2o^^+2aM- 2^^ , o- s -2o- s 4d 3 a~ 4 4*. 

15 What fraction is that which, if X be added to the numerator, be- 
comes i, and if I be added to the denominator, becomes J ? [Ans ^ 


16 


Prove that 


x+y 


x x 11 -x-y 
x+y~ x-y~y i 


17 A post is a fourth of its length in the mud, a third of its length in 
the water and io feet above the water , what is its length ? [Ans 24 ft 


18 Add together x s - [x - y + s)(a+ y-e), y s -{y-x+ a){y + x - s), and 

s a -(z-x+y)[z+x-y) [Ans z[x- +y 3 +s a -ys-zx-xy). 

19 Multiply x+y+s- J{xy) - ^J[ys)~ J(xz) by f Jx + „Jy+ »Js, and 
divide x a +a i x* +0 8 by j : 2 —ax+a* 

[Ans x 2 +y‘ i +e 2 - 3x^2^ , (x* -a a v 3 +a*)(x B +ax+a B )=&c 

20 Simplify the expression 

11 - .*-5 \ Ans - 1 

2 X — X X s - 7 X + 10 2 X 1 -gX + l8 1 (* - l)(x - 2){X ~ 3)' 

21 Divide the continued product of l+x+y, i+x-y, i-x+y, 
and x+y- 1 by 1 +2xy-x- -y a , and resolve into four factors 
4 («s— *y) a -( h b -x s -y s +s-) a 

[Ans, (r+y) B -i, (w + a: +y + s )(« + jc -_y - s)(w + s - * - y )(* -,y + 3 - m). 


22 Find the Greatest Common Measure 01 

2 x b — xxx a -9 and 4a: 6 + ux 4 +81 [§ 155, Ex 73] , 

. , x a — 6x a -37T + 2XO . x~ e 

and reduce to its lowest terms [Ans ^ 


23 Simplify as much as possible any one of the following — 


(t).. 

(2). 


y J 


s 3 


(x-y)(v-s) (y-x)(y-s) (c-^c-y) 

1 , 1 1 


“.f’H* - «) y[y -*)(y - *) *ls - *)(* — _y) 
f „, -i' z • y'+zx , sr-+xy 

3 l*-yK*-s) D'+5)ty-x) + ( s - 1 a:)[s+>») 


[Ans x+y+t, 

[Ans — . 
xys 

[Ans o. 


CALCUTTA UNIVERSITT PATERS. 


in 


X+M . X+ 2 b [§ I g 3 , Ex. I] 


24 Find the value of -r, when 

X — 1CI X — 2 0 


X -2 <t ' A- 2 6 ' «t 4 

25 Solve o;y' /sw of the following equations * — 

v-a x-b x-c x - (a -t b -*• r} rrf ab*+be 9 +eo 9 -a-b-c 
~abc ' lA, ‘ S bc+ta+ab-i 


(*) 


, -+• 

£ f 


a ~ 


T A 

Urn. — . 


[Ans 4i 


. [«i 4 mx 

« iHHKMKb- 

,,v *zi-£z?»lrs.£z6 

a— 2 v — 3 a 1 — 6 v — 7 

«> 

26 Divide t* -*■* by x-x- 1 , and find the continued product of ax- 1 , 

x 9 +-~ and ax + t [Ans. x* +* s +1 4 -a— 9 +jr* , a~x* • — ^ . 

a B <j* 

27 Simplify the following — 

(r) - * M 3r . x+zy *+y rAf . s _r_„ 

v h 4(* +.J K*+ ay) (*+>')(* + 3>’l 4('-2^Kx+3y)* L *+/ 




4 g a f 
4> rr !> 


r 2 v aa+ 1 gJ - g x fl a + 5«+ 4 
' A a a +2a + I « 9 +7/Hlo' 


[i 4 »J 


o-f 4 
o+S* 


28 .Extract the cube root of 

a* t6w* +2IJT* +44W* +63T 3 +54* -t 27. {Ans. x 9 +2a +3. 

29 A iv twice as old as B and 4 J ears older thnn C. The sum of the 

ages of A, B and C is 96 years Find £' s age. [Arts. 20 years 

30 Divide (x+y+s)[xy+x:+yz)-xj’z by A+.y [Arts, (y t-z)[s+. x).f? r 

31 . Reduce to its simplest form 

x 9 -(y-=) 9 y 9 —[x—s)~ . - 3 — (a —y) 9 • 

(a +s) 9 -y* {x+y) 9 -z 9 (;•+=)- -a" lWw u 

32 . Extract the square root of 

(* 5 +^y- 4 (*+i) 3 +i 2 [§I 9 S, £r6] 

or shew that 

34 Prove either of the identities [See App Ex /] 

[ay-bx) 9 + (ex -as) 9 + [bs - ey) 9 = [x 9 +y 9 +z-)[a 9 + b 9 +c 9 )-(ax + by +«)»• 

i6s{s~a)[s-b)(s-c)=2a*b 9 +2o 9 c 9 +2d 9 c 9 -a*-b*-e*, tt hcre 2 s=a hH c. 



> 


lr 
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35 


36 


Solve the equation 
_ Jx+a 
u,/* 


jjx+b 


tjx+c 


or 


37 


38 


( Jx - b )( »Jx- - c) + { $Jx - «)( Jx c ) + ( Jx - «)( ,Jx - b ) 0 

[Am i[a*-+b-+c 3 ) 

Extract the square root of — 

* c +8v 4 -2a- 3 +i6* 3 -8.v: + i [§ 198, Ex iS] , 
a 4 + 5 4 +£ 4 H d l — 2(a 3 +£ 3 )(J 3 +(P) —2 a 3 c 3 +2i 3 rf 3 

[Am a*-b s +c* ~(P. 

Extract the square root of 

a 3 +b 3 +c z +d 3 -2a[b-c+d)-zb[c-d)-2cd [§ 197, Ex (11)2] 

„ fa+5,a*+b*\ fa-b a 3 -b 3 \ .. a*+a 3 b*+b* 

Sunphf) V«+^"« 9 +^J l Ans ‘ -ab(a-b)- 


and shew that 1 


b- +r 3 -a-\- _{a+b+c){a+c-b)(b+c-a)(a + b-c) 


(b'-+r-- a y_ 
\ 2 be ) 


39 . Solve the equations — 

... 4-T + 3 ,29-7*_8* + I9 

(,) j8 


( 2 ) 


4 * 3 e s 


8* +4 .. . 

jF^r W( * +5) 


(1) 6 , (2) 4. 

40 There is a number, the sum of whose digits is 5, and if 10 times 
the digit in the place of tens be added to 4 times the digit in the place of 
units, the number will be inverted What is the number ? [Am 23 

41 . Div ide x 3 +y 3 + 3 ay- 1 by A-fy-l [§ 119b, Ex. 2 ] 


42 . Simplify - 


v +a x-g 
x x-a v +g 
v+a r+a ^ x—a 
a - s*+» 


[Arts 


4« a x 
a 1 -a* 


43 Solve the equation 
b . a 
x 


a.b 

-'r—szm. 
x y 


a 3 -b 3 a- -b ! 


-+-=« [ 5 m g 241, Ex 27 ] [Am - ,■ j— 

x b am — bn ’ an — bm 

44 A labourer is engaged for 30 days, on condition that he receives 

zs 6d for each oa> he works, and loses is for each day he is idle - he 
receives 2/ 7 s in nil How many days does he work, and how many days 
is he idle ? [ 5 m g 14S, Ex 3S] [Am 22 days , S days 

45 Divide 

x* + x'y*+x*r* + v 3 y*+y8 b> x*-x a y+x*y* -xy 3 +y< 

[Am. x* +x 3 y +x 9 y 3 +xy 9 +y* 
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46 Prove that 

i 


I+ ^b I_ ri> 1 + ^h- 


-. 4 fl * . 

<I 4 -V 4 ’ 


and shew thnt the notation A is of ambiguous meaning. 

e 


47. Simplify the expressions- 

A«+e jp-b A c-*.a 1 - A ‘ i +a® * I -a: 2 


*-f r 4a: St 

•+— — -s +• 


I -A 
l+X 


A e ~» 


I+A s , 4A-* 

- 


I -r- 


and reduce 


to its Ion est terms 

[Aus. 


i -a- 'Ha 4 i+a s 

[Am. a® j (2+t 5 )(l + T 4 )— A, 

2A*-A 8 — 9A S + I3A- 5 

7 a 3 - I 9 A S + 17 A - s 

2 f a + 3A - 5 

7* -5 

48 . AD is a railway 220 miles long ; and three trains {P, Q, R) travel 
upon it at the rates of 25, 20 and 30 miles per hour respectively , P and Q 
leave A at 7 A M. and 8-15 A. St rcspcctn cl) , and R leaves B at 10 30 A M. 
When and where will /'be equidistant from Q and R ? [§ jy 6 , E\ (wnj] 

_ 2 1 T 

49 Find the square root of a 4 -2A 9 - — -r^; + 3 [Am A 4 -i+- a , 

Io.r 3 4 - iQx* — n 

50 Reduce ~ 2 g x » _ lo ns lowest terms, and find the (least 

common multiple of 2 (a-2) 8 , 2a® -8, a 3 +2A, 2v® -4r 

[Am. » 2t(A-2)(A s -4)(A®+2) 


51 Simplify 

( I -Tsi)(* + ^)* i ^-( I+ * + i) W”<- * u " x) 


1 

-z-x 


l+- 

A 


2+A 


52 A and B compared their monthly incomes and found that A’s 
income was to that of B as 7 to 9, and that the third of A’s income was 
Rs 30 greater than the difference of their incomes. Find what each 
received [Mis. Ex mu. Ex 4 (i)] 

53 Simplify 

i,\ S 2a I . 2 1 A® -a 


, o®’ 
A -ad — 
A 


a 3 -Hr 3 * 


VI 


algebra* 


. 1 t. l j- ^ [§ rSo, Ex 8 ] 

* 5 x(x -y)(x -=) y(y -*)(> -=) s [s-x)(s-y) 

54 Rs l ioo are so divided among A, B and C, that if A were to 
giOe B Rs 200, B would then have twice as much as A, and three times 
as much as C How many rupees did A, B and C each receive originally ? 

[Ans A, Rs 500 ; B, Rs 400 , C, Rs 200 

55 Find the L C.M of %ax- -^x, x i -a*, x- -ax, */( 3 ax), Jx- rja 

[Arts 3 ax(x s -a") 

-b-c b-rc-a 


56 Assuming 


-ca-b 
c—a * 


and that a-^b+c is not=o. 


a+b b—t 
shew that \_App Ex 8 ] 

• 57 Tt o persons started at the same time from A One rode on 
horse-back at the rate of 7$ miles an hour and arriv ed at B 30 minutes 
la'er than the other, who travelled the same distance by train at the rate 
of 30 miles an hou Find the distance between A and B. [See § 233] 

[Ans. 5 miles* 


58 


(in) 


Simplify 

0) 



« £b 

a ^-b c* -r^ 2 

^ 5 r»- 6 n 

2 b 

a* 5* 

I I 


b*~a* 

b a 

. a ' -rb- 




JL 

or- r- 


4 - 1- 1 


(1) (n) 


a- -b- 


(111) a-b 


ab 


59 The expression ax -38 is equal to 30 when x is 3, and to 42 when 
x is 7 , what is its value when x is 4 3 and^for what value of x is it zero ? 

Z } , [AppEx.sz] 

60 A certain number consists of two digits ; the left-hand digit is 
double the right-hand digit, and if the digits be in\ erted the ratio of the 
number thus formed to 60 is 4 • 5 Find the number [See § 231] [Arts 84. 

61 Find the g C.M of 6 x*+x s - 6 x- -$x -2 

and 2 x* + zx i T 2 x-- 7 x ~6 [Ans. 

62 Shew that if — - — L — - — C —JL— j and , s w / =0j 


zx" -X-2 


then 


i l l 
a~b c 


[App Ex 9] 


63 How many bundles of haj at Rs- 5 per thousand must 
mix with 5600 bundles at Rs. 6 per thousand in order that 
20 per cent b v selling the whole at 1 1 annas per hundred 
64 - Simplify — 


a gkaswala 
he may gam 
[Ans 2uSo 


a 

a 

a-rb 

a—b 

a-b 

a-rb 

a-b 

a—b a" 

t_~ 

b~~ 

a-s-b 

a z 

a-b~ 

a-^-b 

a-b 

a+b 


[ 4ms. 


2 a* 
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65 Find the square root of 4-40+26+^ -bc+ — [§ 197, Ex [it), 4 ] 

66. A can do a piece of work m 9 days, B m twice that time, C can 
only do J as much as^ina day ; how long would A, B and C, working 
together require to do the same piece of work ? [See § 232] [A ns 4 days 

67 Find the Greatest Common Measure of ar 4 +jr s — liar 2 -gx+i8 

and * 4 -io* a +35* , ‘-5ar+24 [A ms x* -4* +3 

68 Find the first four terms of the square root of a 2 4- v J , and from 
the result deduce the square root of 101 correct to six places of decimals 
[App , Ex 12] 

69 Two passengers have together 5 cwl of luggage, and are charged 
for the excess above the weight allowed 5 s 2d and gs lod respectively ; 
but if the luggage had all belonged to one of them he would have been 
charged lgs 2d How much luggage is each passenger allowed to carry 
free of charge, and how much luggage had each passenger ? [App Ex. 54] 

70 Divide *(l +/))(! +s s )+^(l +s , )(t +r*) +s(H r s )( 1 +;*)+4^* 

by i+xy+ys+sx. [Am x+y+s-*-xys 

71 Extract the square root of [App , Ex 

(a 2 +b-+c-)[x- +y- +s*)-{bs-ey)* -[cx-as)* ~[ay~bx) s 

72 Solve the equations — 

(a) *J4X S +20x4- 17 - 'Jl6x I + ux + ia=2{x+2). 

... 4 * +3 13* 8*+ 10 

(i) ___ + — = —2. [Am. («) _ 3 . (b) 6 

f 

3A 2 


V (1 -x-)J 


73 Simplify the expression 


( 4 *»- 3 x) 2 


-* m 


74 

measure 1 


C Ans 1 


MuUiply a^-aax" +x "- « by «" +*«, and find the greatest common 
5 of x- + o*+-J and x • + $*+■&. [Am asn+^B . a 


75 Divide x* n -y** by x- n " 1 +^ 2 "‘ l [App , Ex 73] 
76. Solve the equations — 

(a) x — k+ h!k z +x- = m. 


f a z a v+i = a - 
\a 2 va s *+6 s=o 2 «. 


<«. r- - M . 

}3 + *_19 (b) x-y=2 

\* y l zo [<) 4, 10. 

77 Two armies number 11000 and 7000 men resnpr»,\».i„ . u r , 

5&S? “ r ' m ' 0, “‘' b > r 10 ” ■”» ■ ■” Of »■ Jh’ S 

[Am The latter ' 

32— B. I. 



VIU 


alqebua 


78 

79 


80 

hours 

hours 


{ ■ \ 2X~ 1 f a 20X V 

Extract the square root of— 

J-2, 


[ Ans i 


i i * .C 1J V V "r 
+2^ r j*r T +o -2a c v*+a* 


n r 4. * 

[Ans a 1 a? 


A boat goes up stream 30 miles and down stream 44 nnles in 10 
it also goes up stream 40 miles and down stream 55 miles in 13 
Find the rate of the stream and of the boat [§ 246, Ex 7 ] 


81 What do you mean by a negative quantity ? 
Prove that a- [6- c)=a -6+e 


82 S.,pl,r y t"» X* 'V. X* «'l 

x y 

83 A man receives -ths of 10 Rs and afterwards -ths of 10 Rs He 

y x 

then gives away 20 Rs Shew that he cannot lose by the transaction 
[Apt , Ex 14 . ] 

84 What is an equation ? Prove that a simple equation has only 
one root 


85 Solve the equations — 

(1) dx- -rii*-»-20- a/* s +5*-i= 3 t Am S 


i 2 > 405 3 r i8 36 

1 ' 9* 8— 2.r x 24— 6v 


[ Am. *3. 


86 A challenged B to ride a bicycle race of 1040 yards He first 
gave B 120 yards start, but lost by 5 seconds , he then gave B 5 seconds 
start and won by 120 feet How long does each take to ride the dis- 
tance ? [§ 246, Ex 7 (7)] 


87 Divide x n —a n by a -a [% 136, Ex 7] 

88 Find the highest common factor of r s -jx - -Sav + 576 and 3* s — 
14X-80, and the lowest common multiple of these tivo expressions and 
jx- +j?x-go [Mis Ex V, Ex sf] 

89 Solve the equations 


(,) 6 5 x + . 5 .^^ 975 = l,S6_‘39-v- 73 

6 2 9 


[Ans. 5 


-a -2 v+y _ .v-y-i y + 12 ^ 

2 ” 14 ~ S 4 

*+7 , — 5 _ j 5(y + i) 

3 10 7 


[Ans 8, - 15 


90 The distance from a place P to another place Q is 3$ miles two 
persons A and B start together from P to go to Q, the former by carriage 
which travels at the rate of 6 miles an hour, the latter walking at the rate 
of 3 miles an hour If A remain? at <2 for 15 minutes and then returns 
by the carnage to P, find where he will meet B [See § 233] 

[Ans 2$ miles from P. 


CALCUTTA TOIVERSITY TAPERS. 


IX 


Jfl. Divide («-$)V ! +(rt-J)f s -(f s -* 2 } 3 e +(*'-*) 3 * by 
(a -b)c*-(c- a)t" [§ 133. Ex 22] 

, a-b , a + 6 

92 Find the value of when and >-= — 

[Alts Ex VI., Ex. 36]. 

93 Solve the equations — 

(a) x- +y-=a", xy^b" 1 . [See § 245, Ex 4], 

[ Am J(a"- + 2b*)± *J{a*-zb*)\ 

1 


(b) - — -+ — — =0 

v ' *5 05 005 *0005 


[Arts 10 


94 Reverse the digits of a number and it will become five-sixths of 

what it was , before ; also the difference between the two digits is one. 
Find the number Also find that number of three digits which is the 
same when reversed, and the sum of whose digits is 16 and the dif- 
ference 2 [See § 231] [Atts. 54, 646. 

95 Find the co-efficient of ar 4 m the product of . 

x*-ax 3 +bx- -cx+d and x^+px+q. [Mrs Ex III., Ex. 34]. 

96 Find the value of 

-3n r sn 1 r 


(0 


x n — I *" + 1 x n — I 

<ul (^i) 


a:“ + I 


l§ H4-, Ex. 63] 


+ [-~ when x 


\x+ 

97 . Solve the following equations : — 
x-ax _ , Jx . 
tjx ~~ x * 

■J A. J 


-\/ — 
v » + 1 


[Am n(n — 1), 


(1) 


00 


«*-i . . >Jax - 1 

= 4 + : 


t/ax + 1 

(tu) {.l+xf+{i-xf J ={2f , [See § 223, Ex 42 ] 

[Am. (1} (11) ~ j (m) 1.' 

98 Find to 4 terms the square root of 1 —x—x*. 

[Am. 1 ~lx-\x- ~£ z x*. 

99 Two sums of money are together equal to £54- i2r , ' and there are 
as many pounds m the one as shillings in the other What are the sums ? 

[Am. £52, 52s 

100 A boy buys a certain number of oranges at 3 for 2d , and one-third 

2 Tfl°. r ld i a L What P nce must he sell them to get 
[U36, Ex M] Ub Pt ° G be Sr * 4d> find the number brought 

101 . Extract the square root of — (?'+6 3 ) g a b 

o « as T 4 _ , . x —— r 


a+b a-b 

T§ *98, Ex. 7,] 



X 


AWH DttA 


102 Sohe the equation ) = [Am. 4«. 

103 Express (f + 3o)(x+5oXA + 7< 1 K*+9' 1 ) » s the ^ifftrence Of* two 
square quantities, [ia? t Ex { V)"\ 

a* P ' 3 

104 Simplify ^ () + { ^T7p r fl) <7-3*7=-*) 

[/JAr 2?.r i?.r 6-’ ] 


U) 

(2) 


Solve the following equations 
a -2 a - 3 v-l *-4 

A^3 + v-4 _ 'i-2 1 '.r-5 

t - zy t :s=o, 91 - S; - 3: = 


[Set § S3}, Ex 6s\ , [Am 

o, 2A t 3) +$8=36 § 244]. 

[Am 1,3, 5 


10G An officer can form his nu n into a hollow square 5 deep, and 
also into a hollow square 6 deep, but the front in the latter formation 
contains 4 men fewer than in the former , find the number of men 

[§ 236 , Ex (mhI] 


107 If 3=^=5, Prove that(t) |=f- s , 

(2) (e3+«e+flf)*=(« s +d 9 +f*W s 4 r* +«?*). t Met Ex VIII , 3 (i)> 

108 If r=« rc,j’=c-«, :-a-b , prove that 

X s t-;’ 9 +**-&*> -Zxz+ 2 ):= 4 b* [§ 115, Ex, 3] 


109 Divide 

(ax+iy) 8 + (<**-$>’)* -(ay -bx) 3 + (ay -i-bx) 3 b> (a+i)*x a -3 ab(s* -y 3 ) 

[Ant 2(0 •}•/')» 

110 Extract the square root of 

(1) (ab+ac+bc)’ -4<ibc(a+') [§ /p7, Ex (»), 3] , 

(2) . x* +2(> +c)v 3 d-tU'’ +2>s -r3: 5 )A s +2t >’ 9 +y*:+ys- +z i )x j, / 

d y* +2J ,a S 9 d-s 4 [Am x * d- 0 ’d-*)r +y* d-s 4 . 

111 Solve the equation 

(*d-7)0'-3)d-7=0'-f 3)(- 4 - i)t5» S 4 “ iD'+3Sf 0 [Am 4, 5. 

112 The dimensions of a rectangular court are such that if the length 
were increased by 3 yards, and the breadth diminished by the same, Us 
area would be diminished by lS square yards, and if its length were 
increased by 3 yards, and its breadth increased bj the same, its area would 
be increased by 60 square yards , find its dimensions 

[Am Length 10 yds. ; breadth 7 yds 

-lie xf — y _ s 

(b-c)(b+c-sa) (c~a){e la- 2 b) (o-i)(ad-0-2c)’ 
find the value of x+y-i z 


[Am o. 
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114 A man rides one-thud of the distance from A to B at the rate of 
a miles per hour and the remainder at the'rateof 26 miles pet hout. If 
he had travelled at a uniform rate of 3 c miles per hour he could have 
ridden from A to B and back again m the same time. Prove that 

[§ 23b. 2 ? a. [vi) ] 

tab 

115 Simplify the expression 

(t6* 6 -20* 3 +S*) 8 +(i-* a Mi6(i-' 2 ) s - 2 o(i-* 9 > + 5 P- l Ans ' *• 

4 1 

116 Extract the square root of 9* 3 - 24V + 19 - - + — j 

117 Solve the equation — 

_t 1 _ I i_ 

x-a x-a+c x-b-c x-b 
[Solution. Reduce each side and divide by c, thus 

* — _J[ — _ — - • whence lx -a) 8 -K'(v -«)=(*-£) 8 

(r-a)(*-«+f) (x-b)[x-b-c)’ v ' ' ' 

-c{x-b), or (a-£) 3 ~[x-a)-s:c(x-a+x-b) , &.c.] 

- 118 Of the candidates m a certain examination 45 per cent passed 
If there had been 30 more candidates of whom 19 failed, the number of 
successful candidates would have been 44 8 per cent. How many candi- 
dates were there ? [Am. 1220. 


1891 


1 Divide x+ 6 a^x z + 6 a^x i: +a + Sa^x^+ja^x^ by x*+ofc. 


Solve the following equations — 


[Am x v + sa^x r +6d s x^+a s . 


[Am. 


£ £ £ 1 

(a-b)(x-a) {c-d){x-c) {a-b){x-b) ~ (c-d){x-d)' 

x r . ab-ed 

\ 1 (o+i)-(f+rf)* 

3 A tradesman sells two articles together for 46 rupees, . making 
10 per cent profit on one and 20 per cent on tne other- If he had sold 
each article at IS percent, profit, the result would have been the same. 
At what price does he sell each article ? [Am R22, £24 

^ Prove the rule for finding the greatest common measure of two 
numbers, a and b 

Find the greatest common measure of zoa*^ia a b+b* and 6aa* 
- 3«S 3 + 5$* Um 4fl ,_ 3a ^V. 
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5, if ?=s- = £= , each of these ratios will be 

b d f 


__ {f>a n + gt' n +re , ' + ~l B 

\^ 5 n +frf n +rf n + / 

Ifi»+i 6+c=*+r? tf+a, prove that e = * or e +5 + c+rf=o 

[^/m. A* P7/7, A*. /2 ] 


1892 


1 Solve the equations — 


to ^-8) + i±£ + ^l=7- 2 - 3 -^ 


[Am S 


x+a x + ^a 


[ See Addendum ] 


^ x+b x+a+6 * 

2 The express leaves Bristol at 3 r M and reaches London at 6 P m , 
the ordinary tram leaves London at I -30 p M and armes at Bristol 
at 6 P M. If both trains trav el uniformly, find the time when they will 
meet [Am At 4-12 P M 

3 . Find the value of — 

when *= - J and j»=2 [App Mis Ex /6], 

4 Find the square root of 

4a 2 - s2ab-66c+Aa<+gb- +c s 
4a 11 + gc 5 - ia ac 

5 If x y y z, find the simplest value of 

xys[x+y+z) a $ 

( xy +ys +zx) a 


[Am 


2a-3 b+c 
20 -3c 


[Am 1. 


1803 

1 Find the Highest Common Factor of 

3* a -5* a +5*-2and 2** -2*’ +3** -* + j [Am x--x + i 

2 Extract the square root of 

4* c - 12** +13** -22*’ +25*= -8* + 16. [Am sx a -3x0 +X-4 

3 Solve the equations 

( 1 ) I20-4[ 5 x-2{6x+ 7 (x-8)}]=i6-4[ 3 x-2{x-6{x-i)}]. 

[Am 2^5 

.. x+b x-b ,.6,4 q x 

{ ) a-b~a+b' (3) J + j; =3 ’ x~y =2 % ^ ns (2) -« ; (3) 3, 4 



tt 
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4 Divide the number 834 into two parts such that 3° P er cent, of 
one part exceeds 40 per cent of the other part by 6 [Ans. 485$-, 34 "? 

5 If a b • • c d, prove that ma—nb * a+b • mc-nd . c+d. 

What number must be added to each of the numbers 3, 5 » 7 i I0 » 1 ° S ive 
four numbers m proportion ? [Ans 5. 

1894 

1 . If a : b=c * d prove that 

a 1 — b* : tt- —<xb+b~ —c~ +frf+d s s t" — cd-bd~ 

2 . Find the G c m of 

v* -zx 3 -4a? 3 -551? and a? 5 +8ar* +25-C 5 + 52ar 9 - Ila 

[ Ans x{x- + 3* + 1 1). 

3 Solve the equations 


'■> T S+ i(HH l3+ “ ) - 

3 “* 


4a?- 14 A + 10 

T — * — < 

IO 


4 Simplify 

( 2 *- 3 /)=-*= 4 * a -( 3 '-*) s . 9 r--&* 

4* a -(3/-r*) 3 ' r 9{&-P) t2£-f 3 /) 3 —hP* 


[Ans. J. 
[Ans $5 

[Ans l. 


1895 . 

1 Multiply together . 

x 3 ~ 99 x ~ +a? - 29 and x 6 * -i7x* + io$x 3 -jgx s +23X-41, 
and arrange the product in descending powers of x 

[Ans. x* - 1 i6x~ + 1789a? 0 — 10460a? 5 + 2502a?* — 5382a? 3 +46 3 3a? s 

-708a? +1189 

. 2 Find the G c M (if any) of 

x * + 3a* 4- 46a? 3 J- 89a?® + 1 27a + 164 

• and ^ c + 3 * s J - 46 a*+ 89 a? 3 + i 3 2ar !S + i69a?+2o5 [Ans x 3 -rx-r^i. 

3 . Solve the simultaneous equations 

3 a? t-20s=4>>— 10, 4(x- 1 )= 30 '- 3 ). [Ans 10,15 

4 If a . b—c d, you are required to prove that - 

5 Simplify the expression • — 

1 1 3 . 

^+n s - 2-' s -2 [Ans. f*. 


3 


■li+* 3 )- (i+r 5 )*J 
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Find the g c it of 

•c* -hex 3 - L a -\- and t s s-a-x* +a s t s -^tt 5 [Am v- —ax-rc-. 


2 Simplify 

6c{x-a) 


fa(x-d) . ab[x-c\ 


[Am. x 


, (a-6){a-c) ( b-a)[B-e ) (c-a){c-b) 

\3 Prove that 2{{5-rf-2a) , t > +(r J -a-2#)‘ t — (a +5 — 2c)*} 

={{6-c-2a)*+{c+a-2S)* -rlo+b-ac)*}- [See.#/ Ex Si* 

4 Solve the following equations — 

(1) ^—■+~-"+ x —^=2 E&* Addendum] 

3^+5 f y j " a a-rsJ 

rx-y-t- s=o, 

(2) -!i«r+ra> — abz=a, 

tax+f) +«— (i-fXr-a}(a-d}=o [See | 244] 

[Am. a[6~c), 6[c-c), c[a-6). 

5 A number consists of two digits of which the digit in the units' place 

is double of the other ; if the digits be inverted, the new number exceeds 
the original number bj 18 : find the number [Ans 24. 


1897 - 

1 . Distinguish between term and expression, poener and index, measure 
and multiple, equation and identity 

(a) White down the values of the following — 


Axo, ox A, — , ~ and - [See § 18, Note 1 , § 266] 

O /3 o 


Resolve the following expressions into factors . — 
a* — 7 t + I2, x 5 - S and a ! — i 5 tc~ -$abc 
Find the G c. M ofx* J- 3 .V -20 and 3 * s - 2 X 4 J- 8 IV-S 5 

[Ans a 2 -3x-rS 

4 - Shew that 

*2* + *ZL+lZ±- ia-W-Mc-a) ... 

i-rab 1 —be I +ea~(i -oSJU +JeHi +ra) § lbo > 


Solve the equations — 

( 1 ) (*-c](.T-d)=(*-e)(*-rf), 


[Am 


ab—cd 


(a-f 5 )— (c— d]' 

(2) ax-rby=c, ctx+b'y=d [See § 239, Ex 4] J 4 
If 3a t 4b 5a+6b =zc+ A d Sr T 6/, then will a b=Wd^^ J C^~af vn 


6 
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1898 . 

1 Resolve the following expressions into elementary factors 

(i) 8ia 4 +64^ ; (2) fl 3 (i-f)+ 3 s (e-a}+c s (a- 3 ) - r 

(3) 2 b-r- -ric-ar +20*3* -a* - 3 4 -<: 4 . 

[Am. (i) {ga* -M2ii{ + 83 4 )(ga* -I2a3+S3 s ). 

(2) - { 3 - r)(f -a)[a- b){a+b+c). 

( 3 ) {a+b +e)(b +c -a)[c +a -b)(a +b ~ c). 

2 If2J=a+3-r, prove that 

2(1 - a)(s - 6){s -c)+a{s-b)[s-c)'i- b(s -e)[s-o)+ c[s - «)(/ - 6) —abc. 

S If x+y+s=xj’z, prove 




l-x^i-y-^ 1—2* (l-^Hl-^Kl-a"-) 


i Solve the following equations : 


x-a 


x-b 


K-C 


(,) n^T3S + .+J+3 T ?f<T3 +3 = 0 - Addendum] 


{ * + 2^ + 32 =20, 

2x4-3V-5==-7, 

4 x- 5 P+ 7 s= 2 I [Am (1) ~(a+6-rc) ; (2) 2, 3, 4 

5 A farmer bought equal numbers of two kinds of sheep, one 
kind at Rs 6 each, the other at Rs 8 each ; if he had expended his 
money equally in the two kinds, he would have had three sheep more 
than he did How many of each kind did he buy ? [Am 72 

c tc a b e a pa* +qb* +7C S 

^ b c d d pb* -*-qc“ +rd* 


1899 . 


1 Divide (a® — 6c) 3 + 83 s e s by a 3 + 3 c [Am a* -^a-bc+jb^c-. 

2 Resolve the following into simple factors 

(1) a s — 3 3 ; [§1243] 

(2) a s (b+c)+6 i (c+a) +c 8 (c + 3}+3<z3c. [§ 132, Ex, 

3 {a\ Find the G c M of v* + v a - 12X+21 and x* - 15X+14. 

[Am x* +3X+7. 

( 3 ) Find the cube of x-~. 


4 Solve the follow mg equations : 






( 2 ) 


ab 


x-2y+s=o, [Am (1) ~. 

Or "T* Q 

5 =- 3 *- 4 >'=o, 

k7x+ 87 +92=98 [Am (2) 3, 4,-5. 





jyj ALOtBP / 

5 There is a number of two digits whose difference is 2, and 

if it be diminished by » times the sum of the digits, the digits * ill be 
inverted find it [Arts. 75 

6 Ha prove that 

pa'A-qc" fb x —qd-=tna- -t t‘ rl x -nd 5 


1900 


1 Prove that o*>x« B =o n+B , where m and n are psstt.ve integers JT'S I 

(5 rMsr*&r ^ • 


2 . (c) Resolve into factors 

(1) a s -»-64 , '.Ant (*+ 4 )l** ~Ax~6) }i 

(2) a 4 + 64 , [Art (jr*-+*+SJ(** 

' ( 3 1 «•(*-<) + **(*-«)-'*(*-*)• t§ » 3 =. Ex *3 

(J) If x-a-^b-zc, )=b+c~ze, sstt — o-2\ find the value of 

x~ -rj s -I s -3*js O 

3 ‘'olve the fillowing equations 


(1) 

( 2 ) 


2 ^f _lzf xiz± „5 =0 

3 4 5 64 

X-2(3> -2c) = Q, 21 4 ’3{*“S)s=0, 5-V-r7^ -9^ = 67. 


[Arts 4. 
Mrr 2, 3, 4. 


4 A person bought a certain number o f eggs, half of them at 2 a 

penny and half at 3 " penny He cold then again at the rate o r 
5 for 2d and lost a penny by tnc transaction What was the number 
of eggs? [Arts 60 . 

5 If a b—c d, prove tha. 


\f(3 a " -4^) V(5« 8 -6£ s )= v '(3i’ T4d**) VlS* s - 6<i 5 ) 


1901 


1 (a) Prove that e w — o n =o n_ ", where rt and « are positive integer., 

and m greater than n [j ij ( 

(i) Divide a tn -r 5 SB by 


2 . 

3 


[/frr ai* r ‘ -e s r»i» Ta ua^"«_ /S «i^sn 
(a) Recoh e «*+<x a d s -*-<$< into two factor* [g T24, Ex 24] 

(S) Find the G c at of ar> +6** + ii;c-»-G and x* -x* -4** -4a 


Simplify 


[Ars. x 1 J-ax J-2 


t§ 1S0, Ev 16 


(* - &Ka: - f) (a -c)[a - g) (a - e )(jr -b) 

($-£){*-«) (e-a)[e-by 

«tmple ) of«ch SU,Sh bClWCCn a " Equalt0 ’ * nd mMntu,, and give an 
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1 ( 3 ) Solve the following equations • 

(1) i(^- 3 ) J -il^- 8 ) 4 ''M*- 4 )= 2 i T T 5 [Ant. S. 

(2) 2x 4- 3>* 4-42=38, 3-~ - sy+^s—26, 4x+6y~32=2i. 

[^nf. 3, 4, 5. 


5 A number consists of two digits, the digit in the units* place being 
four times that in the tens’ place. If the digits be inverted, the new 
number increased b} 2 equals three times the old number* Find the 
number. * » [Am 28. 


6 . 


If x * a—y . 3 =s 


r, proie that - 4 -^ 


(x 4 - y+z) 3 

+ 7 -~{o+b+t) ** 


1 1802 . 

« 

L (a) Divide x 5 (r+~) 4-j' 2 (s+x)+c 5 {x4-y)+3- r J ' byyz+sx+xy 

/ [Am. x +)’+*• 

( 3 ) If r=<i+ 3 +r, prove that { 

t (ar+ 3 c)( 3 r- l -rfl)[«+fl 3 )=( 3 +r) s (f -l-a) 3 («+ 3 ) 9 

2 . (a) Prove that (tP) 0 = t«, where / and y ue positive integers 

( 3 ) Simplify (g) P+9 ~-(~S) 5 C^- 

3 . Find the L. C. M of 

-a -** -14* J-24, .r s ~2x s -5.*. +6, and x 2 -4x4-3 

[Am. (x 2 —4x4- 3)(x 2 — 4)(x + 4) 

4 (o) Prove that in a simple equation there cannot be more than one 
value of the unknown quantity 

( 3 ) Solve the following equations : 

bc(ax-i) ra{ 3 x-i) , a 3 (cx~i) . ... , 

w ~T7T + ~+~a~ + ~T+y ' = fl + b + e ; Addendum]. 

(2) 12 X 4 - 34^=8*, 34V 4-i2^=SJ [Am l, 

5 A sum of money was divided equally among a certain number of 
persons , had there been six more, each would have received a shilling 
less, and had there been four fewer, each would have received a shilling 
more than he did. Find the sum of money and the number of men 

[See § 346, Ex. 3 ] [Am £6 , 24. 

6 [a) If a b • * 3 c c d t prove that a d . a 3 - 3 *. 

( 3 ) Ifx-ax-i- 3 .y 4 -«=y bx+cy+az=s cx+ay-^bs, 

shew that each of these ratios = ^| + g , supposing x-f-y+s is not=o 

[Solution. Taking each ration =k, it will be seen that 

{x+y+dji\i-l[a+b+{)}=zo ; • i~/-{ax 3 -t-c)=o. [§ 26r] 



xvm 


alokbra.. 


1603 . 

1 («) Prove that («+i<f) 2 * 4 -{ad+bc)* =(o 4 - 3 4 )(r 4 -rf 4 ) 

(b) Divide 8a 3 — i n -27c 5 - t8air bj 20 -£-3* 

[/f»i 4a 4 +£ 4 +9?* - 3 i« 4 6«»+2a&. 

2 Simplify 

^ + | )!_ + -JL!lL' S _- + _i£±li!— [Atts i. 

(*- y)(* -s) tV-«K» - *) 1= - ' e H= -y) 

3 (a) Prove that a m 5 r<i"=(r ,n+tt , where m and n are positive integers 
(£) Simplify 

(iy X (£)*-«,.**(*.,.} * {(*")' xt* 1 )”) ) 

4 Solve the following equations — 

2(c -£)(£-*) 
c -a 


U) 


* * 


x+a~b x+6-c 


=2 , 


[Atts 


< 2 )f+f+'= 23 . Jj + i + ! = 27 W«» «» 24 . 3 « 

5 A general wishing to draw up his regiment in the form of a hollo' 

square found that he had 50 men over when it was 4 deep, but that h 
wanted 50 men to complete it when it was 5 deep, the number of men 1 
the front being the same m both cases Find the number of men in th 
regiment [Atts 531 

6 If x (i+r)=y (c+a)=s (a+J), prove that 

a (y+z-x)=b (s+jr (*+.>'-=) 

1004 

1 Simplify 

(0 (2*+ 3 }')* ~ 3 ( 2 -*+ 3»') s (2x - 35 ') + 3(2* + 3 >’)( 2 * ~ 35 ') 1 - (s» - 3>') s 

[Atts (6> )*==&< 


( x‘ \l +Im+m" /rtnym'+mn'n" /v B V 

?) X U) x (ti) 

2 Reduce 7 — I*. — - to its lowest terms 


[Arts 


[Atts 1 
3 jf s +6a: 9 +4ar+i 


2 * 6 - 5* 4 * +3 *■' 2x 3 + 4 X* + 6 x+: 

3 . Shew that [x -j)[x- 2)[x - 3)[x - 4) + 1 is a perfect square 

[Atts Given expn =(ar a -5^+5)' 

4 (a) Distinguish between an equation and an identity \ and give s 

etample of each 

(d) Solve the following equations 

/,v *te+b)+c x{a-b)+d 2 aed-c*-tF 

x+d x+e ~ ^ 5 b{c-d)s-[c-a,i)+[d-ac 

(2) x+y+ a=o, ax+by+cz—o, 

a'x+b'y+c'-s+tf-cKc-aXa-b)*',. [Ans b-c,c-a,a-< 
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5 . At 7*40 A. M an ordinary tram starts from P, and reaches Q at 
11.40 AM ; an express train, which starts from Q at 9 A M , arrives, at P at 
11 40 A M ; if both trains travel at a uniform speed without stopping, 
find the time when they meet [Arts. At 10 4 A M. 


6 


1 (a b- 


x . y, then a- +3 2 


a s 

a+b 


■ x- +y- 


x a 

x+y 


1905 . 

l.(l) Given x+y = S and xy= 7, find the value of x a - I -y a +4 [x- y) a . 

[Am. 

(2) If x-+y~- 1, prove, that (3*-4 a - s ) 2 +(4>' = -3y) 2 = i 
Divide o?(b~c)+b*{c-a)-rc*{a-b) by a+b+c [§ 132, Ex 2] 

Simplify — 77 ■j-. [Am 

Solve 


<z 2 -(b -c) 2 b s -(c-a)- r 2 -(« -$) 2 


(I) 


x-bc +x-ca 


x—ab 


b+c ’ c+o 

(2) x-y+s=2, 4x+6y+Ss=2i, 5*- liy + 135=22. 

A company of men is formed into a hollow square 10 deep 


+ -- a --j -=a+b+ c [See igo2, Q. 4\ [Am bc+ea+ab. 

[Am I, 2, 3] 
Ifthe 

company be increased by 1600 men, the whole number may afso be formed 
into a hollow square 10 deep, so that the front m the latter formation shall 
contain twice the number of men contained in the front of the former. 
Find the original number of men. [Am. 1200 

6 (1) If a b c ' d, prove that 

(2) If (a+b+c)x-(b+c-a)y={c+a-b)s=:(a+b-c)zo, shew that 

x y s w 
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Selections from tlie University Questions [1857—1890], 


1 Expand and simplify {a-[b-c)}* + {b-{c-a)}*+{c-{a-b)}*, 

, [Am 3(a 2 +b- +c-)-2[bc+ca+ab) 

2 Solve 6x-a : 4 * -b 3*+b ; 2x +a. [Am. 

4 a-b 


3. Simplify 


(x-a)(y-b) J(xy) 
\/{by) VI a±b)\x-y¥ J 


0 (*+y)lx-y){x*+y*) 


x V( aS +2ab+b") [Am. a+b. 
4 If a b e • d, and if x be homogeneous with a, b, t and d, 

then 1 a a +x° • b a c s : : i+— ♦ d 3 

1 /I- . * 



IX 


ALGEBRA. 


5 Two years after the fbod, when Shem had lived a sixth of his life, 
he begat Arphaxad ; who, when he was thirty five years old, begat Salab. 
When Salah had lived a tv entieth of Shetn’s life, he begat Eber, who 
after thirty-four years begat Peleg Pel eg begat Renal the same age as 
Salah begat Eber Reu was tv o jears older when he begat Serug Serng 
begat Nahor at the same age as Peleg begat_ Ren At a year younger 
Nahor begat Terah, who, when he had lned ^"(jUis of the years of Shem's 
life, begat Abram Abram was bom 292 y ears after the flood and lived 
I 7 S years By how many years did Abram survive Shem, or Shem 
AbTam 9 [Am Shem survived Abram 35 years 


6 What will be the value, when a=b{z 4 - */5), of 

40 -*-63 . 6c- 4b 43- -= - 63 - i 46- -6 a- 20b* ? 

a-L-b a-b a"- — b- a J — b* c* — t* 


[Arts O 




7 Two trams start at the same time from A ana B for the junction 
C The train from A should run 24 iriles an hour and reach the junction 
half an nour before that from B hut the former is so retarded is only to 
run at an average rate of 22 miles an hour The two trams arme at the 
junction at the same lime How far are A and B respectively from C, and 
how long were the trains upon the road ? [At s 132 mi ; 108 mu , 6 hrs 

8 Resoli e into four factors c[b~ -r- ) — ir(e 5 -b~)~a-[c-b) 

[ Arts [b-c)(c-a){a-b)[a-*-6-re) 

9 . Solve *]/- N /(/- 2 *)=\ / ( 4 S- 2 -t), j-(x-I 5 )= 3 S [Art 16,36. 

10 Simplify (I) {c ^fr B - x) ~ { b -a)[i ^-bx)' [A, ‘ S \i^ax){i+bx) 


(2) 


G-H+ 1 -i- 2 

2 2 *!* 1 — 2 n * rl 


[At s 


2 * — | 
ntt * 


11 A and B start from opposite ends of a straight course, eacn walk- 
ing uniformly. A, who is the taster walker, at the rate of 4 miles an hour, 
and meet at the end of two hours If, w hen A reached the middle point 
of the course, they haa interchanged their rates of walking, they would 
have met a auarter of a mile nearer the middle point Find B’s rate of 
walking, and the length of the coarse. [Ant 3 mi per hr ; 14 mi. 

12 . Divide the difference of (a: 3 -bx -&)[*■*■ a-b) and 

(x--ax~c-)[x-a-b) by a-b [Arts 3a: 3 -2[a-b)x+a i -6". 

13 For what values of »i is x*—a* divisible by x—a, and by 

x—a ? Write down tbe last three terms of the quotient in each case 

14 Solve »J{cx—b)— N /( 3 ar— a)=( s /e — *Jb)tJ[x—j) [Amo. 

15 . Separate into four factors ; — 

{a *-b'-y- -{a—b)-[c—d)- -{a-b)--{c^<D*. 

[Am [a±b-c-d){o- 5 -c-d)[a- 6 -c--d)[a- 6 +c-d). 

16 . " Simplify 

a-b T b-c c -d . d-a 

(x~a)[x+b) [x-*-b)(x-c) [x^-c^x^d)* {x+d)[x *-a)‘ ^ AnS °' 
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17 A letter carrier has a hours allowed to him for going from A to B 
and hack again, including c hours for rest at if. But he finds that he can 
gei-i hours for rest bj going d miles an hour faster each way. Find his 
ordinal} speed, and the distance from A to B 

a S a ~t'l miles per hour t miles 


18 If x=^- t y= 

m-c rn-a 


U»s -~ 

b-c " t -a 
S ~m-b 
x+y+z+xyz. 


find the value of 


[Am o. 

19 Find vvhnt term is wanting to make the following expression n 


[Am, 4 {a+ 3 ) 3 ;r a . 

ab 


[, Am . 


a+b ' 


complete square : a- 1* +64^® -4{ax* +S£)(a -i)v. 

21 Resolve into factors (2/1 4 - 2b- ab)- ~{b- -4fl){a 9 -46) 

[Atts. 4(<r — b)*[(t 4 -b 

22 S” 1 " Um ±-' 5 - 

23 bimplif, * 

24 Shew that if a+b+c—l, abl be+eas^i, abe =,Y> 

r , r 1 27 

a + cr a+fa c+aa 4 

25 A mail coach runs between two places A and B, and back again 

A. traveller, who starts walking from A 5 hours before the mail coach, is 
overtaken by it half way between A and B Hu then doubles Ins rate 
of walking and meets the mail coach on Us return journey 3 miles from B 
The traveller then goes to B at the same rate and returns, and by the 
time he comes again midway between A and B, the mail coach tenches A. 
Find the distance between A and B and the rate at which the mail coach 
runs [Atts. 30 miles ; 6 miles per hour 

26 Simplify 

(a + 3 )® a-i-2b4 ,r (a-t b) x 

(w-a)(jc+o+i)~ 2 (x-a) "* ?P-\-bx-a* + \A**s. o» 

27 . Transform (x® H y* +s® -r2*y) 9 -2(*+.y) 9 c® into the sum of two 
perfect squares {Am, [x+y)*A- s *. 

28 Is (a+b+t){a 2 — {b -f 0 ® +{i + e)® f — 3 bc(b-l r) 

s=(a+£*<r){i® -[a+c)b+{a+c) 9 } -3ar(a+c) 
an equation or an identity ? [j nt identity. 

29 Three equal vessels A, B, C arc placed one above another, 
A being the highest. A is full, B half full, C empty. In the bottom of 
^ is a hole which would empty it in 16 minutes, under the bottom of 

one which would empty it in 4 minutes. How long will it be before 
C ,s ful1 ? [Am S minutes. 



xxn 

AWjrBRA 



30 

Simplify the fraction 

( 0 * -5 4 ) 2 +2a«5 3 J-Sa 4 ^ -2i**5* 

[Am 1 


(a s -rtf5+5 3 ) 3 (a" -a5+5-) 3 

31 

[a 1 

Solve the equation — m 

!-5 3 )r-(a a -a5+f s b=a{a-25)-~, 1 


t Ans xss zr? 


1 

xy 2 a \ 

■ 

5 


ab~ a" -b- 1 


^ a — o 


32 A, B, C, D are four railway station* From B to C is 2§ miles 
wore, and from C to D 5* miles less thin from A to B A train starts 
from A, and travels at the rale of 14 miles an hour At B an accident 
happens to the engine, which causes a delaj of 6 hours After this the 
train proceeds to C at half speed There another delaj of ■§ an hour 
occurs, and then ihe tram motes on to D at a speed further diminished 
by one mile an hour A man starts from A at the same time as the tram, 
and travels straight across country to D , a distance of 5S miles Including 
stoppages he at erage=s 3 miles an hour and reaches D just with the tram 
What is the distance by rail from A to D J [Arts 102-jV miles 


33 

34 

35 


Shew that x 3 -r fifj’+r)* 5 -l2(y— s) s .x-‘-S(j'-‘-=) s 
=4(2>’T3*- 1 -6-b' :: - 
8(a +6-t-c) 3 — (5 +r) a — [c +c) 3 — (a 
3(2 a 5 +f )(« + 25 + C )(a -r 5 + 2r) 


Simplify ' 


Solve the equation — — ~^ X ^ sa 1 
ta - 3 )" 


(.v -r 6> — 2:)[x + 2:) 1 

[Am 1 

[Ans 2 1 


36 A steamer sailed from a certain port with first, second and third class 
emigrants, numbering 100 The fates of the three classes were in the pro- 
portion 4 2 1, and the total amount received was £3780 When she 
had completed two thirds of her voj age, the steamer broke down, and a 
passing vessel was requested to lake all her third class, and half of her second 
class passengers for the remainder of the voj age, for a proportionate part of 
their fares, which would have amounted to 4420 This was refused for want 
of accommodation, but an offer was made to take, on like conditions, one 
quarter both of the first and second class passengers This was accepted, 
^d ^240 paid for the service. How many passengers were there m each 
■class, and what were the respective fares ? 


37 Simplify 


lAm 30, 20, 50 , £72, £36, £lS 


g*+ 5 * +a 5 (a a + 5 a ) a 4 + 5 * - ab[a 3 + 5 ! 1 
(a+ 5 ) 3 ^ 5 p 

Find the square root of 


12 e 3 5 s 

(a- 3 - 5 )*-(e- 5 ) 3 * 

[Am 


ab 



t 5 




y+y* 

x x 3 


38 
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39 Two parlies of workmen are placing sleepers for parallel lines of 
railway. The first set had placed 36 sleepers when the second began, and 
place 8 sleepers to the second set 7 The first, however, have lo place 4 
sleepers in the same space in which the second place 3 At what distance 
from the starting point will the one overtake the olher, supposing there 
ire 1764 of the more closely placed sleepers m a mile ? [Am $ mile. 

. , 2X 4 * s , 8* s 16** , 32#* 

40 . Divide <z by a -zx to six terms [1 + a® -+ 'a‘ r+ "a I " + ~a s ~’' 


41 Reduce 


( 


42 


ap 5 — aq* -f-aJ/tyX 2 

~pTq- / 

xy+2x* ~3y s +4}’2+xs-z a 


( 


bq 2 - bp* 4 - 2dpq \ - 
p-+q> 


) 




[Am. a 2 +6 2 

x-y+s 

ar-4y-4z 


, 43 A merchant engaged two writers, their pay being Rs 60 for the 
first month, with a fixed monthly increase afterwards They agreed 
to serve for one year, and each of them placed m the merchant’s hands 
a deposit to be forfeited m proportion to the part of the year during 
which he might not serve One remained at Ins post months, and 
received for salary and portion of deposit relumed Rs 537 The 
other remained Jo months, and received in like manner Rs 728 5ns. 
4P What was the monthly increase, and what the amount of the 
deposit ? [Am Re 1 ; Rs. 100. 


44 Fmd the value of (ma - nb)(mb - vc)(mc - na) 

+ (na - mb)[nb - mc)(»c - ma), when a - b = o [Am. o. 


45 ' Shew that 


a-b . b — c , c—a (a~6)(b-c)(c-a) 

. . ■ ■ m* ■ ■ ^ ^ ■ ■ — ■ 1 I 1 ~ — l~ ■ ■ » . - ■ . ■■ * — ill 

rn+ab m-ibk m+ca [rn +ab)(m-\-bc)(m+ca)' 


46 A letter-carrier has 10 go daily from P to Q m a prescribed 
time If lie gftes a mile an hour faster than his ordinary rate, he arrives 
at Q half an hour before the Unit. But if he goes a mile an hour slower, 
he arrives three quarters of an hour too late Find his ordinary rate, and 
-the distance from P lo Q [App Mis Ex. Sr ] 


47 Solve the equation + + ? 

x-2 q-x x-i 6-x 


[Am 4, 


48 A set of beartrs on a journey perform one third of the distance at 
x. certain rate and then halt one hour to take their food The remainder 
of the journey is accomplished at only two-thirds ol the former rate, and 
the bearers reach their destination m 7 hours after first starling Had 
they travelled at the former xate 4^ miles further than they did before 
halting, they might have halted 22 j nnnutes longer and yet reached the 
end ol journey in the same time Find the length of thejourney. 

[Ans 27 miles. 


49 Solve the equation : ~^ x + r Am b(a+c) 

x-a + b x-b-c 1 * 


a-c 


50 . Two men A and B are employed on a piece of work which has 
to be finished in. J 4 days In 3 days, they do one-fifih of the work, and 
en A s place is taken by C B and C work for one day and do one- 
twentieth of the whole work, and then if’s place is taken by A. A and C 



XXIV 


ALGEBRA 


finish the work i day before the appointed time Find the time in which 
the work could have been done (i) by each working separately, and (2) b> 
all working together so, 60, 30 days , 10 days. 


51 Prove that (x-y)[x+i)[j + +)[v + i)- 

= (x-y)U- 


-y +2^1'). 


52 


Simplify 


(x+y)l+(x-yr- 
[*-y)--{x-. y)~ 


x* -y* 

2xj'(x-;) 


[Am 


1 

x +y 


53 


Prove that 


(g + 1 ) 3 (e + l)* 

(a-b)[a-c) [b- e,[b~ e) (c~c)[c~b) 


51 A number consists of two digits When the number is divided 
by the sum of its digits, the quotient is 7 The sum of the reciprocals- 
of the digits is 0 times the reciprocal of the product of the digits Find 
the number [Am 63. 


55 Eesolv e into three factors (a, + 1 )(ar + 3 )( x + $)( v + 7) 1 5 

[At s (a +2)(ar— 6){a ! -rSv+10). 

56 Shew that 

4(<i s +ab+b ! ) s -(a~6) t (a-r2b)-[2a+6) 2 =2ja !! b-[a-i-b) s 


57 If J,= S’ pro ' e lhat (* " v) (>’ *7) ^4—r- 


58 Solve the equation 


a-rc b+c _ a-c b-t 
r-2 b x-2a~ x+2b x-^za 


[Am 


-2ab 

c 


59 In a quater of a nnle race, A gives B a start of 22 yards, and beats 
him bj 2 seconds , and m a 300 yards race, he gives him a start of 2 
seconds, and beats him by 10J yards Find the rate of each 

[Atis Syds and 7I yds per -sec. 


60 

square 

If x^—ab-rbc— ca, shew that (o s +.T s )( 5 !! + ir ;! )(<; !1 +a:!) 
[See Addendum] 

is a perfect 

61 , 

Simplify (he expression — 



b " 1 +c* -2a' ; c- -zb" ,a-+b-- 2 e- 

(o-i)(o-c) (b-e)[b-a) lc-<j)( c -d) 

[.dwr -3. 

62 

Solve the equation ' J* T >X*+ 9 ) (*+6)(v+io) 
{x-r 2 ){x+ 4 ) (r + 5)(x+7) 

[Am -5}. 

63 

Extract the square root of 



x-{\- +y-+z*)+ 2*{y r:)(;:-.r ! ) -ry-z* [Am X* - 

-{y+s)x-ys. 

64 

Simplify Jl.-( c - a Y f/ 1 - {a -b)- 

[a-b)[a-c) [b-e)[b-a) (c-aj{c-b)' 

[Am 4. 

65 

Solve the equation — — -i -?~3 
x-z x-s x-3 x-4 

[Am 3 i. 



it Atm as ustvursm* rvrm 


1881. 

1 Simphfj 7(n - 3* J- t } - { *.{2 /> ! *k)(<* - ^IrjS 1 ! ’~, A ^ a ^ ^ 

-) {?5‘*-4^ * \<) ' 5 1 <*"-47^1-73 

[Am 3d 3 - t:!>" -rp'i 4 -snM -i«- 12A f S'* 

2 D'Vidc ^ -a by * -a ~ •, = tn/7rv terms (>/«/.2 t4*~S' s t-lfir* ■‘•jsv*. 

3 (i) rind the n c M. of ^ * — f*t a }-28 a s - 53 *”^ 

irnl a*+ 6>* -42^ > jeoa-ts* jy/«r r*-5\ 4 + 13^-1.}. 

(n) Simplify — --— •- 4 

* y a* • — s \ *1 6 - 3 i 3 -5i-6 

r 4 7^-5 ox^iS 

l " ,,, (a 4 iJ(t-2}(x-6/ 


4. Solve tlic equations 

(,) HZz + 5 -™ - IP1 ~ 5 ( * _ 0} >- 3 ~t. y„ f , o 

5/9 a 

{»») 49' - 577'- J72> 57 r ~ l?> - 25 ^ \Ant. 7 . 3* 

. , r i* \ V , , !2frAn; fr - (.)M - cn V. 

' <r o—a J A '0— A a J b a-rl> 

5 A composition of copper mid tin cottlainwr 140 cubic inchc 1 . neighs 

42 llis. 3 01s. How. mans ounces of each are there if a cubic inch of copper 
weighs 5} ozs , ard a cubic inch of t.'n »*«• ? [Am. 420 ; 255 

1892. 

1 . If a, A, c be three qmnUtiei who«« sum is zero, shew that 
a* \l>*-U*as[ a W f 6U'-'*-cW). 

2 Break «p into factors a'i-Tt +r'a ~[aP t A' 5 -i-ra 3 ) 

[«//»«. ~(A~r)(r-a)(a-/i)(o-t A -t r), 

3 Simnlifv (.>'**)» *(-— 0( *4 *)> 4 ( r-y)(v^iP . , 

P y 0' -1 =)(;- - -t (5 + a )t= - r )' 4 ( a- r ^ )(A ) 3 * ~ U 

4 * Extract the square root of < ’ 1 ' l • ~~*i - ^V.~ 1 --—4-2 

* 9>t s A- 4a;- 1 A* A* T 

[Am. l A q ^ £. 

‘ 3 ff A- 1 2 v 

5 . Prove the rule for finding ihe o c. m of two quantities, nml find that 

>f 7 **- 2 r'- 9 x- 2fl ml 5^ -<h» -6t - 11. [Ahs. A ’U’ IX. 

6 . Solve:— 


<» 2 ^i±l =7 4^^ + ^ 2C5 _^H 

(2) f n^AV- 17 ^ 


w#f. 5. 5 
[/f«j 9 or 



XXVI 


ALGEBRA. 


7 In a half mile race A Rives B 22 yards’ start md wins by 6 seconds 
In a three quarter mile race he gives him 20 seconds’ start but is beaten by 
20 ids 1 ft In what time can each of them run a mile ? 

* 1 [Am. I3f mm , 13? min 


1893 

1 (1) From a(bJ-c)*A-b[c+a)- +c{a+b)* subtract 
[a+b)[a-c)[b-c)+[b+c)[a-b)[a-c)-[a+c)[a-b)[b-c) [Am I2abc. 

(2) Shew that (4* s - S*" 4 -?) 5 "( 5 * 1 - 4 -i 4 *+z) s 

is divisible by x- +x+ 1, and find the quotient [Am 9(5-19*-*'*) 

(3) Divide ar* + 5 «i; s +( 25 a- 5 - 29 )a: e - 5 ( 4 iz J -^- 4 )*+ 4 i 

by x*-*-$x-4 [Am x l +5{a-l)x-b 

2 (x) Find the four factors of ( I — ) )- - 2(1 +; *]x* +(1 —y) : x* 

[Am (i J -r)(i-r)(i + v+y -xy)[i - x -ry+xy) 


(2) Simplify 


b *» 


b l 

a s 


J_ I I 
n"-b- + od 


[Am a—b 


3 
and 

4 


(a b\ ta 6 \ 1 1 

\4 - a/\4 a 1 ) 1 a 

Find the G C M of6r* ~3* s -3*-T 
4Jt < -r2x 5 -i8r s +3*-5 [Am 2x* -4* 4 -1 * - 1* 

Extract the square root of 

*40*1 _6-3«>+l _ IOX :m+J } n.! + g t ?m _ ^ oxmjin -t rSS) sw-4. 

% [Am * sn + 1 +3x"-5 y m ~-. 
Solve (x) j+|= I -~ c ’ } ~ -r- 6 ~i +- ( [§ 24*, Ex. 41I 

X. a. 

5 - r 4-x v-*-2 

6 A boy bought a number of oranges for Rs 2. Had he bought 
S more for the «ame money, he would have paid 4 f less for each Hovr 


( 2 ) 


[Am 2 or 4rr 


many did lie. buy ? 


[Am. 24 


1894 


1 Simplify the expressions — 

(1) [ Vf y \/%T V” s **• 

(2) 2(s*+xS)-U v^y)lxj -* s -> s )-( 2 (x+,<+s) 

hs+sx+xy-x* -y~- -z*)-{x-y)lx* Txy+y*)}] [Am 6xyx 

prad ”" or 

3 Extract the square root of 

**[*-*)* + 4 **** +**[ 2 x+a)*- 2a *x*i^ a) [Am. x> -ax* +2a*xrc *V 
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4 . Find the t. C M of x-a, x*-a*, v a - a s , (v 9 +o 3 ) 9 ; and the 
H c. F of r 6 +lijr' l -54and 2 t 6 -iij; 3 -9 

< [Ans (x s - a s )(.* 3 +<1®)^ ; x- +2* + 3. 

t Pvnr „. («-*)(* -f) (£-<■)(£-</) , (c-d)[d-a) (d-a)(a-b) 
t, express 


as a fraction whose numerator and denominator consists of four factors each. 

r (a— b +c-d)[a-b-c +d)[b-c+d-a)[b- c-d+a) 

lAm (a-6)[d~c)[c-d)[d~a) 


61 Solve the equations * — 

(£+ 4 Ufj 5 ) ... 3 ^+ 4 y +2s=1 9 > ‘ 

{ x+3 ~ x+9 • { } 7 x-3)'=is, 

( 3 ) */(**+ 3 *+i$)+ 2*=9 7 s- 4 >-= -1. 

t^«f. -2$ ; 3, 2, 1 ; 2 or 11. 

7 . If 3 be added to the numerator and denominator of a certain fraction, 
the fraction becomes , if 5 be subtracted from the numerator and deno- 
minator, it becomes \ Find the fraction. * [Ans. 

8 A party of travellers coming to a hotel find that there are a too 
few bedrooms for each to have one If they sleep two and two in a room, 
there are 6 empty rooms How many rooms are left empty if they sleep 
three in a room ? [Ans. •$ ( a +4#) 


1805 . 

1 Shew that (4^ s -Bar- i) a -(2 jc s - rj. + 7) s is divisible by 2ar s -3a? -8 , 
and express the quotient as the product of two factors 

[Ans ( 2 v- 3 K 3 *- 2 l 

2 (I) Simplify {r — 4_ + -Ii_l f I+ _4 **.1 lAm , l 

l v-i *-3/ \ Jf + I *+ 3 f 

(2) Prove that 

a{x-6)[x-c) b{x-e)[x~ a) r(jc-fl)(y-£) x g 
bc\a -6){a-c) ca{6-c)[b—a) ab[c -a){e-b)~ abc 
3 > Find the H, c. F. of « s + 2 x- a - 3 ar+20 and 3JC* — 34 ^® — 20 

’ [Ans. x+4, 

4. Extract the square toot of 

x«+2v*+4x°+ x * + 4 x -±-J.+ 4 ^ [^«f. **+ar + 2~. 

5 * Solve the equations . — 

(I) *-V x+y . 

x+i 2at+3 3v4 5 a + b ~ e * 


(3) 141^- -88x- 45=0 


x-y x+y 
b ~~ c 


[Ans (0 -* j ( 2 ) } (3) or -Jf. 
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ALGU3T A 


6 The gro'S income of a certain person was Us 4 more in the second 
of iwo particular years than in the fir«t, bat is he paid income-tax at the 
ta'e of 4 p in the rupee in the first year and at the rate of Kp m the 
rupee in the second year, his net income m the second year was Rs 6J 
less than his net income in the first \\ hat n as his gross income m each 
year? [Atis Us 1995 1st year , Rs 2000 second year 


1806 


1 (1) Simplify 


r s + 3r o-2 2.t-H 5*4-2 2*- +3ar-r I 


{Alls O 


/ ! .l , { a - r2b - y) 2 [6 + 2c ~^ a )- 

(2) ro\e a ^ j. 2 c -.~a)[c + 20-36) {c -r2a-26)(a + 26 - $c) 

t ( r 4 - 20- 33)- 

T (<2 + - 3r)(£ t 2r - 30) ’ 

2 Find the H C F of 

6\*4-2A a -ri9a 5 + Sc+2l and 4a 4 -2 a 5 +iox : -r x +15 [/4;« 2x -+ 2x +$ 

3 Find the L C M of 

i^^r’+s'and 1 [ Ans x°—a B . 

4 Extract the square roo* of 4%- +4* - 11 - — +~ +^- + — 

r x- x* x* 


5 Sola e the equations — 

m ( r -3)(*-4)_ (*-n)(r + 3 ) 
x-7 x -r 4 

(3) 129*= -341-80=0 


[Ans 2x + i ~---i 

X JC~ 


(2) I+J-i-6. 

3 I 2 K 

t T ; = 5 ,j;+|=i 6 


[Ans (1) —V , (2) I, i, $ , (3) -§ or *§. 

6 One person starts from a place A to walk to a place B and back 
again at the same time as another person starts from B to walk to A, and 
back again They meet first at a distance of 2 miles from A and after- 
wards at a distance of 4 nules from A I'md the distance between A 
andjS [At s smiles 

1897 

1 Perform the multiplications — 

(0 (3 ® 4 ~ 4® s f— 5 A *)(3 fl '* -r 4 «v s -1 5 T 4 ) , („) { r+o) 3 (ar-a ) 5 

[ Ans (1) 92 s - isa'a -ri2a 5 a = -2oa s x'’ - 20 <ta 7 — 2Sx 8 , 

(11) x s - 2av~ -2a e x° -6a s x* - 6a s x* + 2a 0 x s +2 a'x- a s . 

2 Diude (1) *'-\J-’+~by , 

(n) ( 3 -f){x-a) a +( ( :- a )(^-i) ! . +((J _ ^)(:( ._ c)s by (3 — c)(i -a)[a- 6) 

[Ans (l) * 4 _ xy* - y * J~ + 1 _ +>_! # (,,) 3v _ 0 _ 5 _,. 
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Resoh e into factors — 

(1) i6x 8 -l, (u) 4 (ac+bd)*-(a-- 6 ~+e--d s )* ; 

(ill) (x -l)(x- 2 ) - 2 (j* - l)(ar - 2) T (y - 1)0' - 2) 

[Ans (i) (2X 9 — l)(2x 9 +l)(2x 9 +2a+.l}(2x 2 - 2 a +l) ; 

(n) (a — b +c +d)[a J -b + c — d)[a +b +c +d)[b + c + d — a), 
(m) (x-y)(x-y-s) 


4 . Simplify (i) 


(ii) 


(b-rc- 2 a) s -(c+a- 2 b) a 

(e-^a - 2 b)* -[a + 6 - 2 c) a ’ 

a^-b a—b 

, b- , b- ’ 

a-b -\ — — r a+b + ‘ j 

a+b a-b 


[Am 


[Ans. 


a — b 

T=~c 

4 f> 


5 

6 


If 1-t.I+I 

a y s 


o, prove that 




+s ) 6 


Solve the equations (1) i{x~n) + r(2X~7)- £(i -r 5 x)= 4 (l -x). 


<11) 3 v-4y +55+26=0=3}’ -4s- 5* -13 4 18 

— 3 S— 4 - r + 5 .J '— 5 1 ' 2r ' s ‘3 7^+12 5 

v 

7 When the price of sugaT uses 50 per cent and the puce of tea 
10 per cent , the increase in the cost of 3 lbs of tea and 4 lbs of sugar, 
which together originally cost Rs 3 8 as , is 12 as What is the original 
price of tea ? [Aits 13 as 4 p per lb 


1888 . 


1 Divide (a) (x- - l)*- 3(* 9 - i ) 9 -*-1 b> x* - 3 a 2 +1 ; 

(i) a*(i~x) + ab{a - 5)(x +.}’) +6 : '(i +y) by a(l - ar) + i(i +j) 

t Aus a*-* 5 -1 , a--ab+b". 

2 Resolve into factors — 


(1) (« 9 +6 9 ) 9 -{a* -b”-)* -(a 9 + b- -r-p 

[Ans (a + b +c)(b +c- a)(c + a- b)(a+b - c) 

(2) a*(a + i)+b*(b + i)-ab(a-b) a 

[Ans {fl(o + i)+ 5(6 + i)}(a*-. a 6+6®). 
2 Find the h. c. f of 3** -2* 3 +2x 9 +8 and x 3 - 7 x 9 + 12X- 10 

[Ans. X-- 2 X +2 


4 . (a) Simplify 


1 - 3 * 


x j -x-+x-l 2X°- -X-l"* 2X* +X-. + 2XTI 


5 . 


(x-i)(x- 4 1 ) 

(6) Prove that £ rJ*M 3 « +*) 3j -( 5 g-- 6 Kc+ 36 ) g 

a+b - 3 2 (° -o J • 

E \tract the square root of b*(a+ 4 6) 9 +3(3 a? - 2 ab+b"-)(a* + &"-) 

[Ans 302-05 + 56*. 



IXS 


A LGET.P 


6 Solve the equations • — 


W 


ix — 7 y- S x — 5 

2 x-S y— 9 » s — 12 


f2) 


r 


e. 

<2-i 


=4= 


ex 
c— d 




, 2 \ lZl~: tZA-i =0 [,*•« (i) q ,{2)c-f, n-e (3) f:( 43 ± 

* 1 ^- — 2 T— X ■*■ 

7 The length and breaath of & room are s^ch that if the former were 
increased and^tne latter diminished by 3 jams the area of the room would 
be d’mimriied b\ iS sq vds , vhile if bo.h were increased by 3 yards, the 
area would be 'increased bt 60 sq yds Fird the length and breadth or 
the room C Ars 10 yds , 7 yds. 


BOMBAY UNIVERSITY. 


Selections from fhe University Questions [185B— 1860]. 


Find b, m'pec'wr the G C. \i of 
{z-iY{x- 2){ar - 3) and { r - 1 )» [x ■ 


4 )[~ ~ 3 ) 


[Art (X-J)-. 


2 

3. 


[ 4 / s 


Jl 


Required tne produc' of \Ja and 5 . a- 

There is a certain number whose three Digits are in descending 
order of magnitune and differ from e-tcb other tn accession by lhe same 
amount If the number be divioea by the sum of its aiuits. the qnotiert 
will be 4S ; uid i r from the number lcS be subtracter^ the digits of the 
difference will be me same as those of *t»e original r umber but in the reverse 
oroer ; find the number \Ans 432. 

- " J(x- -x- -x --I') 


4 Prove that 


j 




5 Solve 


y-i 


_ I n/j *" 2 
T ’ 2 


\Aus h 


^ 1 

6 Two b->ats s art at the ‘:me time from Bas-em and Tanra, the 

distance between which s 18 miles ; at a distance of 1 mile from Tanna 
the Callian creek falls into the Tarra creek, causing a current of 2t miles 
an hour towards Tanra and of 2 nn’es an hour tow arris Bas'em. The Tanna 
boat is rowed at the rate of 3| miles an hour, and the Bassein boat rt 
3 miles an hour , where will they meet 5 [3-^- miles from Bassein 

7 Solve the equations 

AX~ J-mj ->-2SS-6i' 5 

^r _ 13 l- aj =2Jr ~3/ -I3 T » y-4J= 22 I Ars. 25, 27 

8 A and B start simultaneouriv from Poona to go to Kurl ee A would 
rMch Kukee half an hour befor- B t but missing hts way , goes a mile and 
back again needlessly, during wh ch he walks at twice his former pace and 
he reaches Kukee 6 min before B ; C starts 20 min af'er A and B, and 
waUing at the rate of aJ miles an hour arrives ar Kirkee 10 mir a'ter B 
find the rales 01 walking of A and B and the distance from Poona to 

11 ee * [At s ana 2 miles per hour, 5 miles. 



noxtnu trxivrrsiiT tapeu 4 ?. 
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9. Solve 


75-* . ggj±« + 5 , 

3 (*+i) s{ 3 i+ 2 )“.\-»-i 3 ' 




10 and 5 agreed to reap a field for Us. 20 ; if thc> had worked together 
e\€ry day ihe field would hive been reaped in 15 da) 1 ?, but at the end of 
7 dajs A left off working for 4 dajs, and n consequent!* took 1 64 days to 
reap the field. In how nnnj davs could A alone, and tn how imnj dn><v 
could B alone lme reaped the field ? And what share of the U*. 20 ought 
each to receive for the work he actually diu 5 

[At t. 40 and 24 dajs ; R- 6. 4 ns , Us. 13 12 as. 


11 If 2 s=a- t -f>-b( i prove lint 

s{s - -t)~ s[i - r)(f - a) +s[s -rt)(r -£)=(*- n){f -A)(r-f) x (the 

12 Divide the product of j ,s - 12.1 A 16 and r* - T2y— 16 byj 4 -i6» 
and (-* -y=Y +SrV- by a* 4 -jr. [drir (y*- -4)’ } a* -4 x*ys b 7 >-s*. 

13 Solve „/{(v-fl}*+2nJ-*-i 4 } = v -« -io [Am. 2 a. 

14 . The sum of the three digits of v.lnch a number consists is 9 ; the 
first digit is one-eighth of the number consisting of the last two, and the 
last is likewise one eighth of the number con-tsting of the first two; find 
the number. [At s. 324. 


35 . Shew that 



and 


2* *0' V 

\ X ~a* + 6*) 


identical expressions such that the one can he deduced from the other. 


n re- 


16 Simplify 


a{a t- x) 


17 . 


Solve the equation 

£ j b _ a~( l>-bc 
x-ba x-*d x-i a~c v +(>■> c 


[See Addendum] 


[Am. 1. 


18 . If the telegraph posts lij the side of a ntlwaj he do }aids apart, 
shew that twice the number passed by a train in a minute gives roughly tin 
number of miles per bnur it winch the tram is moving if eleven po«ts be 
passed in a minute, in what time would the distance traversed, estimated by 
this rule, be one mile in error ? [Am. 2 hrs. 

19 Divide akx* d [zac-b^x * 4 f s b> c-bx*. [Am m* |-r-f bx-. 

20 If =3* prove that < * s + j £,~ 0 

21 . Extract the cube root of 


l +^-l2A«-^4 54*4 — 1X2 


[Am. r+~ -4. 


22 A person has a number of rupees which he tries to arrange in the 
orm or a square On the first attempt he has 116 over When he increases 
the side of the square by three rupees, he wants 25 to complete the square 
How many rupees lias he ? [Am 1 600 


YCMl 


ALGEBRA 


23 Determine the time, between ten and twelve o'clock, at which the 
hour and minute hinds of i common clock ire exactly together 

[Ans Sis min. to XI , just at 12 o’clock 

24 Divide (4 v 3 -3a- a)" 4 (4)' 3 - 3 a"-}')*- - a 6 by - a 

[Am :6(r<-x n -j' n - -) ;>«) - 2a- (x- +j-=)+a‘ 

25 If (a+b)[6+c)[c+d){d+a\=(al b+c-d){bcd~cda+da6+abc), 
then prove that ac—bd 

26 A person walks from A to B, 1 distance of 7 i miles, m 2 hours 

17^ minutes and returns m 2 hours 20 minutes, his rates of walking up hill, 
down hill and on a level road being 3, 3$ and 3i miles per hour respectively 
Find the length of the level road bt.twt.en A and B [ Ans 44 miles 

27 I bought a horse and a carriage for £90 , I sold the horse at a gain 
of 12 per cent and the carriage at a loss of 4 per cent , and gained on the 
whole 6 per cent Find the prime cost of the carnage [Ans £33 15L 

28 If a+b—c+d, prove that cither of them is equal to 

abed ft 1 1 it 

ab-i cd (o 6 c dj 


29 If v + * = i and j’ + i=si, prose that 5-ri = i and rjjt + i=so 

J •* x 

30 Simol.fv + a J r L±D . (q+JK^c*) 

(c-a)[a-b) ( a-b)[6-c ) ( b-c)[c-a ) 

31 Extract the square root of 
(fl-i) s {(a-i)=-2(a-+^)}4 Z (fl«+i*) ( [g/^y, Ex 46] 

32 Giv en the relation 1 “ 2 ^ r + 1-6 3 


[Ans o 


prove that 

33 


l-b 1 ~ 1 + 2 bj'+b- ’ 
a -y 2 b 


[App. Jilts Ex. 9 ] 


i-xy i+b 3 

Divide i+«+a 5 +o 0 +o' l +a»+a'+rtS +fl i, +a iii i-a^+a 0 . 

[Ans 1 +« +« ! +s 5 +« 4 +#• +B® -1 a" ■‘•a 8 , 

34 Simplify 

O ' -! = 10' +=) 3 + 1 * - * K * +*) 3 + (a - j )( r +) )» 

0’+s)0’ -s ) 3 + ls + , i)ls-r) J +(a:+ > j')(%-j<|-‘ -I. 

35 Given ax+6j =w, 6x-ay=n, a 3 +6 3 = i, shew that 

* I +y ! =w s +» s 

36 Solve 2*=8 v+S 9 v= 3 *-o [*„, 2I , 6 

37 . Find the value of the expression x[y+2)+-+Z in terms of a, 

y x 1 

■when *=72- and y=^El 

y + i 2 [Ans a. 
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38 

39 


Simplify 


KT H)~ 

teT-te)* 


If<H 3 =i, prove that (a- -6 8 ) 3 =a 8 + 3 ® -ab. 



40. Solve the following equation — 

a+\ a-x za* 

a 1 +<ta +.v 8 a^—av+x* a(rt 4 +a a ar s + a*)’ 


[/?»J a. 


41 Shew that if a number of two digits is four times the sum of us 
•digits, the number formed by interchanging the digits is seven times their 
sum 


42 Find l when {v-u)(A- 3 fl)(A-ffl)(A + 3a)-f/t is a perfect square 

[Ans 16 a 4 . 


43 Find the value of — 


„t 3 — ^abx — zb a 
x- - ab 


+ 


x- - jab 
x-za ’ 


when x^=a+b 


[ Ans. o. 


44 If tn—a x , n—av, a- ={m v n x ) s , shew that xys— I. 

[App , Mis Ex t6q ] 

45 Simplify — 

gyJ-fas-aap rfz* -(zx- 3 y) n - 4* 8 -(3r-4s) 9 r > 

(2t+3/) s -i6s 3 (U'+ 4 5 ) j - 4 v s to+2x)- -gy- 1 

46 Two vessels contain mixtures of wine and water , in one there is 

twice as much wine as water, and in the other, three times as much water 
as wine Find how much must be drawn off from each, to fill a third 
-vessel which holds 15 gallons, in order that its contents may be half wine 
•and half water [See § 236, Ex (111) ] [Am 9 gals , 6 gals 


1891 

Simplify by using factors — 

a 8 - 7 jcy + i 2 y a x* - 5 a;'+ 4 >' 8 


(>) 

(««) 


x 1 + 5 xy + 6> - a 8 +xy - zy- 


[x s -yz+y B ) s +{a 3 +xy+y-) s 
2 (r- +y s ) 

( 1 ) If a z -b"—b- -c-=c- - a-, shew that 

ab-c - , be -a 8 ca-b" 

- + — + =0 


c—a 

-P 


(u) Simplify 


a-b b-c 

(*-v) f ter 


t Ans 


•*•- 3 y 

x + zy 


[Ans x*+$ x*y*+y*. 


[At. r 


(ST- 



XXXIV 


algebra. 


3 Find the G C M and L C M of 

x " ~2x 2 -igx+20, x~ +2x- -23X-60, x* + 7 x s -4*' -52X+48 

[Atts (*+ 4 ); (A-iM*“»)(*+3)(*+4)t*-5K*+6V 


i 



[Ans 1 


X 


5 What value of a will make the product of 3 -8a and 3« +4 equal 

to the product of 6a + IX and 3 - 4 a ? [A ns 7 . 

6 The gross income of a certain man was j£ 4 ° more in the second 

of two particular years than in the first, but in consequence of the income 

tax rising from 4 d m the pound to 6 d in the pound in the second year, 
his net lrcome after paying the tax was unaltered Find his income in 
each year [ Ans £4680,^472° 

7 The sum of the ages of a man and his wife are six times the sum of 
the ages of their children Two years ago the sum of their ages was ten 
times the sum of the ages of the children, and six years hence the sum of 
their ages mil be three times the sum of the ages of the children How 
many children have they ? [§ 246, E\ 35 ] 


1892 . 


1 

(«) 

( 6 ) 

2 


Simplify — 
q+a 

a^+ax+x 3 ‘ a- -ax+x- ' a*+a*x- +x* 


a-x 


2 X 3 


1 [Atts. 


6 x-y> 1 

-3 (m-tt)x | 

r a -r 3 "I 

m + n 

L 7(f+*) 1 

I.21 xy- 4(« J -si*)} 


2 (a+x) 

«*+<ur+* a * 

[Ans J V. 


If a=v+s-2*, 6=z+x- 2}', c=x+y-zz, find b’+c--a-+26c in 
terms of v, y, c [ Ans o 

3 (a) Find the factors of (a+i) 2 4 (a + el a -(£+rf) 2 -(f+rf) ! 

(6) Find thel-c M aix*+7x- +16, * 3 +3v+4, x 3 +3^-4. 

[Am 2{a-d){a+b+c+d ) , (x-i)(x+j)(x- -x+4)(x 3 +*+4)- 
4. Tmd the square root of 

v« +.r 2 >s+J;- a s 2 - 2 x-z* -yz 3 [ Ans X- -z- +&: 


Find the cube root of 

6 * a 3 6 \ 6 3 ^a-J 5 
5 Solve (1) (a+«-s)(«-£ + v) + (a->-vX£+*)-tf*=o [Ans 


a b 

lAns 


X 


6(6 - a) 
a +36' 

(“) 3*-2J'+2=Sf-3>' + iS=6jr-y-4l [Ans ij-, 2 j. 

6 The denominator of a fraction exceeds the numerator by 4 , and if 5 be 
taken from each, the sum of the reciprocal of the new fraction and four 
times the original fraction is s Find the original fraction [ Ans & 
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1803 . 


1. Simplify 


i 

— - — TT 


(' - ih)( XT th) + ' ,+ i) 


... ^ 1 . 1 v . 3 __ 

^ r"*"A-l + .r**-J t**- I ^ x ( a * - 1)’ 




r j 2 (a* + l) 

U'”- ^r=Tf 


2. It 6*3=01, x=}(fl+4), and^'i=A(o-l c), prove that - + -= 2 . 

t y 

3 . Find the 11 C F of a 5 +6a s ltA+6 and a 3 • J -ot fl +27v+27, and 

the L c. M ot jty, '-7 and y'-~s~y. [Am \ ~ 3 , Ay{y 3 -a 3 ) 

4 (»} Find the square root of + — 3 - 1* , [Am * — - — 

y ^ y ' y ^ " 

(11) and the cube root of * 3 t s — ISA 3 ~~ 4 54r I -—-112, 


5 Solve {>) 


+I=o 


I-4JT 3 ri-i 4 


2 _ 3 = 4f =4 3^.73 

1 j 2; 35* 2a- r 70 


[Am t-4+~. 

tyf/rj. — 1$» 

[Aw* 34 , " 


6 A labourer is engaged for 30 days, on condition that he receive** 
2r. 6-f for each day he work*, and lostv ir for each day he is idle ; hu 
receives £2 7 r. in all ; for how many days did he work ? [Am. 22. 


1 Divide 


1896 . 


(i) 

\y J x- J 'v y 


w ”’ (H)' 


(11) e,a 5 t a -i 1 i ;( _v s ^ c l r 4 5*+(c l ^ t + « 2 6 t }r>* }-{c l r 5 +o ;: r i )„5 

“ (^,<5 by a.v +3^-5 f s e [Am a, v+b t y-i ( 1 :. 

2 Find then c r of&c* ~2.r s -t gv- +ot-4and gx**! Sox 3 -9 , and 
find such xxlue ol v as will make both thtse expressions vanish 

[Am 3 " “ 1 • b 

3 Resolve into el cmcnlary factors the following expressions 

(I) a 4 *I 32* [Am* (1) (A i -Cr + lS)(A 3 , 6x + lS). 

(II) Sx® - 5 a 1-3. [Am (11) (a + j)(8v 3 -Sv+3). 

(m) 5<>r s +SV~ Q n )'~ [Am. (111) ( 7 x ~9;0(Sv+U)*). 

4 Provethat (a~bY i ■{ {b~c)* -* (c-a) a =${a-b)[b -e)[c-a) and hence 
or otherwise shew that 

( fl i-^) 3+(r ._ fg)S a , {( . g _ a ty (<I +£)($ + e ^ c 4 o) 



•'ran 


ai/vebr t 


Find the square root of 

Ja* 10 \ 9 jl\ _ 3 ° ?J 

* ( 9 'WJ \ ^ 


6 Solve — 

gv~n qx -0 _ 4.r — 13 
x-s “3 r “4" -~3 


(0 


» 3 -- 4 " 
3 * 


ifa— b)x=a(a-bl , a 

’‘- 6x -irV—lA f 

c- b- ~~ a a J 


r Aft a l~£l-±. 
3 a* 




[ 4 / = 


~n>’ a-y 


b-x - 10 

(it) b{a- b)x=a(a~b\ , 

«• 

C S 3 = « 

7 A fathei s age was triple that of his «on 5 jc'ws ago, while 5 ye-irs 
hence the father will be twice as old as his 'on ; determine then respective 
ages. [Xnr 33 » * 5 - 


1806 


1 If a number is equal to the sum of two p'rfec squares, shew bj an 

algebraical relation that the square of the number is it-. If the sum of two 
other perfect squares [Ars (a • — y 4 ) : — { r* —j "Y ) 4 . 

Express {34) 1 as the sum of two perfect squares [A ns 16- -’-30". 

2 Find an expression contam.ng no higher power of t than the firs', 
which added to x* ■ s -6r s + i3.v" -rfijr—i, will make it a compile square 

[Ars 6v— 3. 

3 Find the cube root of 

&x*-izx s -dx" -371:^ -jS.r 3 - ox* -54.x 1 -27 x ; -27 [ Ans 2* * - 3 - 

4 (c) Find the Least Common Multiple of 


Ax-~6 )s-(gy iJ - 

(£) Simplify 


5 *), 0 ;*- 4 vs-U' s - 5 "-), =nd s 
[Ans (zx - $}■ t r){2w - 3 1 - s 
3-r- -(jg-i-a^lr-^g" - sal 
- \zz—b)x- —fa 5 ~zcb)x~ 


•-12VJ -Ux--q,-) 
)(=' ~31 +«)(«- s;’ “-)• 

[a, s r 

b (.t — c){r — £) 


5 - Solve (i) 


” 4 ***<t v v* “ 1 .r*" 5 rT 5 

-V — I X~2 ~ T-3 ' 


[At i l. 


(u) {e—b)x-*-bi=c.i-r(G+6))=:a s —6 3 [c(a -a), b[a — b) 

6 A certain number of two digits is equal to seven ttmes the sum of the 
digits If the digit m the units’ place be decreased b} c and that m the tens’ 
place bj I, and the number thus found be divided b> "the sum of its dibits, 
the quotient is 10 Fina the number [4, s^az 


1807 


1 Define ample and compound algebraical expressions ; and give- 
an example of a homogeneous expression of 5 dimensions containin'* four 
terms * 


Multiply together 'he expressions 1 -r-ax-^ala - tlx* - l ctn- ilfn - 
and 1 -r 5 v -t)x= ~ll[b - i)[o- Z )x= as far* as the term Invohing* 5 , and 
resolve into factors the coefficient of x- m the product 

[An: Term invol\ mg x- = 4 (u -r>}(a -b - i)x-. 


BOMBAY BN1VERSITT PAPERS. 
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2 . (a) Find wlial quantity not involving higher powers of * beyond the 

second should be added to a s -3* 7 "S* 6 + 2 * 4 +5*° + 4 * 2 + * to make it 
exactly divisible by v s + 2x — 1 . [Ans. — 5 A * 

( 5 ) Resolve into factors x* -11 v s y s +y* and (a+d-f-r) 3 - a 3 -b a -c 3 . 

[ Ans (.v 2 - 3-rj- - y - )(* 2 + 3 - J- 2 ) , 3(i+c)(f +o)(a + 5). 

3 Find the H c F of 6x B + 35 ** + 59 * 3 + * 9 ** - i 7*-6 

and 6a: 6 — 5a: 4 — 41a; 3 +7lv 2 — 37 a +6 ' [Ans zx* + $x-fr 

4 Extract the «quare root of 

(a+b)(a+b+t)(a + b+2c){a+b + y)+c*. [Ans (n+d) 2 +3r(a+£)+e 5 . 


5 Prove that the value of a friction is not altered if its numerator and 
denominator are multiplied by the same quantity 

Reduce to a single term 

. (^)Tfe + FWT) ' 


1 


6 


Solve the equations 
. . 2X+8J- 13X-2 jr_yj;_ *+ < t6 

1 9 “17^-32 3~ 12 36 

(10 p ai ( x -y)= x Ji a - 6 )> 

\2ab{x+y)+xy(a+b+2ab)=:o 


[Ans 4. 


[Ans 


2 b 2a 
bTi' ~a+i* 


7 A market womans sells 1000 oranges, some at a gam of 25 pLr cent, 
and the rest at a gam of 15 per cent , and thereby gams 18 per cent, on 
the whole How many of each sort does she sell ? [Ans 300, 700. 


1900 


1 (a) Divide x* — 3<« + i)a‘» + 2(3a + i)v® - i)x+(a 2 - i) 2 

by * 2 -{« + 3)x-a s +t [ Ans x*-2 a*-(a 5 - 1)„ 

[b) Resolve into factors l2a a +x--3S , (2£~a) 3 + (2fl ~£) 3 ~{a + b) a 
[Ans ( 3 *- 5 )U*+ 7 ) J 3 ( 2 «-^)l «-2 b)[a+b). 

2 Prove that the product of the Highest Common Factor and the 
Lowest Common Multiple of two expressions is equal to the product of 
the expressions themselves 


Find the H. c f of 

x 4 + 5 **- 36 x a + 5ox+48 and x*+x a -12* 2 -2*+8o [Ans — 5^: -I- S. 

a 2 , 


3 Simplify (1) 


(H)(W) (HXH) 

[Ans abc{a+b+c). 


(n) V(^ 4 *° - 4 % X * + 12*' ~ r) - s!(i6x* -64X* + 24X* + %ox + 2$ 

4X J — J2X—J " " * 


[Ans 


4 2 4 * -6 

2X-7 2X~l' 



xTxvm 


algebua.* 


4 Solve the equations— 



In) (i +p)[*-py)=2p* (^ + r^) =r^> lAns i-/ x+/ 


5 Two passengers have together 7 maunds of luggage, and for the 
excess above the weight allowed free one of them is charged Rs 3 and 
the other Rs 5 If all the luggage had belonged to one passenger he 
would have been charged Rs II What amount of luggage is each 
passenger allowed free of charge ? [Ans ij mds 


1901 . 

1 (a) Divide zx* -6a* 3 +{40° +ab -2i a )v a +$a6 s x-a-6- 

by * 9 - (2 a-b)x- ab [ Ans zx- - 2(a + b)x + ab 

(b) Resolve into factors x- +6x- 187 and x* - 5* 3 +gx- -7*1+2 

[Ans (jc H- 17) , (x-l) 3 (x-z) 


2 Simplify (1) 


x 3 + zx 3 - zgx -30 
x -$x J -34X + 120 


[Ans 


x+t 

v +4 


, . 3o+2i + 2C 3^ + 2c+2o , 3c+2a + 2fi T . 

(2) (r -W-o + (Fr c -) t y _^ j + ( 7 - - g -) tc - j ) V ,ts ° 

3 Find the square root of - Ja^ +£*‘ 3 +-jj* s -}* + £, and the 

cube root of 8 + 36*+ 42 a' 9 -gx 3 — zix* + gx L -x c 

lAns .r 3 - }x+l , 2+3*-* s . 

4 Upon what axioms does the process of solving a simple equation 
depend ? 


Solve (1) |-(3A+6— 4 t r+lo)} = 2j-u(g- 1 *,ar) , 


[Ans 15 


(n) 


zx + 3_)’ ab ax+by 
S a+b ~~ a* -b-~ a- +b-' 


[Ans 


ab ab 
a + b' a-b 


5 Two cjclists ride from A to B, a distance of 55 miles, and the 
first arrives 30 minutes before the second They then ride from B to A, 
the first giving the second a start of 4 miles, and >el arriving 6 minutes 
before him Find the rate of each cyclist n miles per hour [Ans 11 , 10 


1002 


1 (a) Subtract 

ence by 1 + 


* + 5 


from 


[Ans 


*- + 5*-6 

2(x 9 +4* — 8) 
x' 3 + 11* +30 
( 4 ) Resolve into factors— 

(1) 4v s -qy 3 - 6* — gy 

(2) i 1 - 5 v 3 + * 3 +2ia-iS 


v + 6 


and divide the differ- 


*“+3* -io* 

3*2 + 19*+ 14 . 1 

(a-I)(*- 2)(*+5)(* + 6 ) 5 l*-l)(*-2) 

* [Ans, (2* + 3J>)(2A- - 3y ~ 3) 
[Ans (*- i)(at+2)(a - 3) s . 
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2 State and prove the rule for finding the lowest common multifile 
of two algebraical expressions. 

Find the c. m of .iv -5 -2ov s «-i 7 '“ 4 » 2* 3 - t5v s T3i*-J2 
'ind 4 A 9 -i 6 v* + i3^-3 [-<*"• 2(v -l)*(a - 3 )^- 4 ) 

3 Find the square root of — 

a*x r + 6 abt*-zrcx i + <)b‘X i — Gfrx-H 4 , [A tis <r\ 5 -5-ji.x -c. 

and the cube root of — 




[Am. V s H 

I 


1, 

T* 


4 Solve the following equations — 


(l) 


x oSa-mo^ i 3S»~g i 5*~j S L5*~3 s 
30 40 10 J3 34 


[✓Imj 4 


. (o-^)r-t-(gT^l .i , __ ob _ c b[x - j ) - (a*y -b-x ] < aV> ab* 

at-b- ~~~a~b zab- * a-ij’ a+A’ 

5 A man travels part of a jmimc> on a bicycle, and then for the 
last 72 in les takes a tram which travels four times ns fast ns he did on his 
bicjcle, and arrives ftl his destination 103^ hours from the start If he 
had travelled the whole vvaj in the train he would have saved Ij hours 
Find the length of the jonrnej in mile' [.*f«r oG miles 


PUNJAB UNIVERSITY. 


Selections from the University Questions [1887—1800] 


1 Extract the square root of J -4^-^, 


[Ans v - 2 - 


2 Two towns L and M arc 30 miles apart. A 'ets off from L to . 1 / 

and B from M to L at the tame moment A reach* s il/ 16 hours, and B 
reaches L 36 hours after tl.e> have met on the road Find the time taken 
by each to perforin the journey. [Am 40 lirs. ; 60 hrs. 

3 If <r/.v+ bnty *-cnzsapx-\ bqy -r erz—ax- +by- =0, prove that 

x{mr - qn) +y[»/> - rl) +z{/q -//«)= 0 tSec Addendum]. 

4 Extract the square root of 1 +{Ja k v*. [Am I */v+ A 


5 Simplify 


f 1 -M Pr 

1 (* m ) r [* n ) P i • 


[Am. 


<mp+urt(mn-rpi 
v till 


Fr„» e .h,t g =0 

b-c c-aa-b {b-c){c-a)[a~b) °* 


[§ 1S3, Ex. 8]. 
34 — B. 1 , 


6 
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xl 




7 What quantity of corn at Rs 5 per maund must a tradesman mix 

with 560 maunds, at Rs 6 per maund, in order to gam 20 per cent, by 
selling the whole at 2 annas 6 pies per seer ? [Ans. 2128 mds 

8 l{y i -s i ys b-c x and s s — x 3 sx ‘c-a y, 

then prove that x" —)'• xy a—b s A-ddBUdlllul 

Divide v 5 +y r by a number which is greater than x by y 

[ Ans x* -x^y+x-y- -xy 3 +y*. 

Stz® 8 

10 Resolve arx* r lnto * 0UT factors< 

y y 

[Ans (a + i)[a-l)[x-^j{x"- + y+~y 

11 What is the solution of (* + 2a ) 3 +.y = = o ? [See § 264 ] [Ans - 2a, o 

12 A tram travelled a certain distance at a uniform rate Had the 
speed been 6 miles an hour more, the journey would have occupied 4 hours 
less , and had the speed been 6 miles an hour less, the journey would have 
occupied 6 hours more Find the distance [ie« § 233 ]. [Ans 720 miles. 

13 Multiply (b+ c) 3 - a 8 by a- -b- -c- +2bc, and divide the product 
by»£ 3 -(e-a)- [Ans nb-c- +2c"a- -\-2a-b- -a*-b* -c* , c 3 +2«r+a e -b~. 


14 


Solve the equations (a) 



I_ 3-* x -3 


[Ans 4|. 


( 5 ) *y + 3y=20, $y~4=2xy [Ans 2,4 

15 If y is a mean proportional between x and z, shew that xy +yz is a 
mean proportional between x 3 +y 3 and>> 3 + s 3 


16 A and B travel together 120 miles by rail A takes a return ticket 
for which he has to pay one lare and a half Coming back they find that 
A has travelled cheaper than B by 4 annas 2 pies for every 100 miles Find 
the fare per mile [Ans 2 pies. 


12 


189 L 

1 Simplify {x-y)[x-y- s)(* + 2y- 2z) +y[y -z){$x-zy- 2s), and ex- 
press the result ns the product of factors [Ans x[x - z)[x - 2s) 

2 Simplify (i^f ±J)‘ * , „a nUtl ft. 

> IA«, g£.yg 

256 16 

3 Find the relntion between b and c, so that + J*+c and x 5 +«+£ 
may have a common divisor [Mis Ex V , Ex 

v. If k be the highest common divisor and l the lowest common multiple 
of ’wo quantities * and y, and it h+l=x+y, prove that h 3 + l 3 =zx 3 +y 3 . 

4 Solve the equations — 


square toot of the result 


, . 5 2.T I - 2X S*-2 

1*1 J ~ I)=*i.v— 2— -+ 028 

(2) a*+ 4>'=l 2, 3*4* - 02y~*oi» 


[Ans. 4. 
[Ans. ’02, 2 9. 
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5 A person bought an article and sold it at a profit of 6 per cent. 
Had he bought it at 4 per cent less, and sold at I Re. 3 as more, his 
profit would have been 12 per cent. For how much did he buy it ? 

[Ans. Rs. 78 2 as. 


1. 


2 

3 


1892. 

Divide 

*-”*+** J&+6 b 

3 12 8 4 7 3 6 

Find the simplest expression for 

P+q , g-t-** . r+p 

{q-r){r-p) (r-p)[p-q) {p-q)(g-rf 
Solve • — 


(i) Ja 2 -r* 2 + */a 2 -*==<?. 


C Ans 


Ans. - — — +6. 
2 4 

[Ans. o. 
U^( 4* 2 -d"-)}*. 


(h) —^ 427=3x4-4.. S> 9 

7 4 3 

4. Define ratio, and shew that when t is greater than d, and c, d and 
y are all positive, c+y . d+y is less than c d Also shew that if 

.r, u ed ci - d " 
c .d=x- y , then will -=^r^- 

5 A and B start together from the same joint on a walking match 
round a circular course. After half an hour, A has walked three com* 
plele circuits, and B four and a half Assuming that each walks with 
uniform speed, find when B next overtakes A. [Ans. 10 min. 


1893 

1 If a-b=:x, a~b=y, express i6(a* -f-a® 3 2 +i*) as the product of 

two expressions involving x and y. [Ans. (31c 2 + 3y 2 ) 

2 Prove the Remainder Theorem [§ 275] 

Exhibit in the form of products . — 

(1} xy[x -y) +yz[y -a) +zx{s-x) [See § 132, Ex. j] 

(11) ( x-y) s +(y-a) 5 +(s-x) i . [See § 132 , Ex. 3] 


3 . Divide x* — 1 - s(ar - 1) by (#- i) a 
4 Solve the equations . — 

(0 


[Ans. x 3 +2x 2 +3X+4. 


bx —p ax —p 


, . x y 
(») r+| J *i = 
4 5 


: 7+ 7=23 • [Ans 
5 4 


a+b 


; 40, 60, 


5 .The sum of two fractions, which are reciprocals of each other, is 
2|. Find their difference. [Ans r . 

1894. 

1. Exhibit (x s ■i-y s )[a 3 + 3 ®) as the sumjof two squares. 

[Ans. (av-t-by)" +(ay-bx)~. 

2 . Find the h. c. F. of 3*= -23*5 +43* -8 

ana ** -5* 3 -6x0 +35* -7. 1 [Ans. x"-- 5 x+i. 
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4 


Simplify ■ 

ff + %J 

|i+. *\ 


*5 \ 

f a '/T7 

Solve 

y» 1 


l y J 


/ i */(*+*) + s/[x-b) _ a+b 
'' J[x+a)~ J{x-b) a-b 

, , a b 6a, 

(n) -+-=«» — r——d 
x y x y 


[/his I 


[Ans 


ab 

W ,iS T^b 

a 3 -6° a”--b* 
ac-bd' ad -be 


5 A man who went out between 5 and 6 and returned between 
6 and 7, found that the hands of his watch had exactly changed places 
When did he go out? [Am 32^ min pasts 


1805 


1 Divide a+d+f +3(^ + c^)(^+a^)(a^+^) by o T +i‘ :r +c^ 

[Am (a" +6^+^)- 

2 Find the <=quare root of 

o 5 (t° +2X a +i) + 2ai(j: 5 + x t + v t +x)+6 2 [x*-*- zx s +ar a ) 

[Am a(v B + i}+£(x 3 +j?)- 

3 Find the condition that x 3 +(p+q)x+a may be divisible by 
* and find the H C D of x s + iix- 12 and x s + II* 3 +54 

t Am (p+q)-[p+q + i}~a , * 3 -2*4-3 

4 Sohe the equation (*+ar)(5+«)-o(J+e)=ar+* 2 [Am — 

0 O 

5 Two men leave two places A and B, distant d miles from each 
other, and travel a and 6 miles a day respectively in the same straight 
line AB What is their distance apart at the end of t dajs, and alter 

what time will they come together ? [Am {d~(a+6)t} miles , hours 

tf+fi 

1898 


1 Reduce to their simplest forms 
tjx K /a x-a 


(1) 


(») 


sjx- */« ,Jx-i *Ja ar+o 
[a+6 *Jc) 3 +(a-6 Jc) 3 -(zb^lac) 3 


[Am 


4ax 

x 3 -a”- 

[Atts a 


(tf+d»/r) a +(a-« N /c}* 

2 Find the H C r of 20* 4 +* a - 1 and 25 a-* + 5 *® 1 [Am $x* - 1 

3 If a 6 be the duplicate ratio of o + v b+x, hnd x [Am ab 


4 Solve ( 1 ) 


. 4 bx 4 a 
H~ r + 1 
a bx 

bx ~ a 


(u) 


x-a y-b c 
y+b~x+a~d 


XAm M t ,„ v 2 bcd+a {c"-+ds) 2 acd+bict+d*) 

6 ’ 1 # d--c‘ » W^P 
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5 Two numbers each consisting of the same two digits are in the 
ratio of 4 7. Find the numbers [Am 12, 21 

1887 . 

1 Simplify the following expression — 

a . ‘ bx « a r * 3 

' l+ x-a + (x-a)(x-b)'*'(A-a)(x-b)(x-c) L(* 

2 Find the factors of a 9 -2abc e -ab t —ac 9 . [Am. a(a+b+c)(a — b—c). 

3 . Extract the square root of 

(be + ca + ab + o* )(bc + ca + ab + b 2 )(bc + ca + ab + c ® ) 

[Am ( b+c)(c+a)(a+b ) 

4 Solve the following equations — 

(i) 15*+! 2- 875+ 375- 0625^=0 [Am a 

(11) cy+bz=bc, az+cx=ca, bx+ay=ab [Am ia, {b } $c 

5 A man rows to a place 48 miles distant and back in 14 hours He 
finds that he can row 4 miles with the stream m the some time as 3 
miles against the stream Find the rate of the stream [Am 1 nule per hr 

1888 


1. Simplify 


f, a — b a — b \ 

b f- r a 

1 +ab 1 -ab 

t ( a -W ~ j _ a(a-b) 

■ 1 +ab X -ab . 



[Am 


ab 

a+b ' 


2 


Solve (1) 


(») 


3 £±i.*+i 5 

"3~ + ~r~6- 

JL- + JL-- 2t6 tt + ±)=aU-l) 

a+b a—b \x yj \y xj 


[Am -fa 
[Am a+b , a-b 


3 Express X 9 + Y 3 +Z 9 -^XYZ m terms of a, b, and c , being 
given X=b+e-a, Y=c+a-b, Z=a+b-c [Am 4(a® +b 9 +c 9 -^abc) 

4 Find the Her. of x 9 - $a-x - 2a 9 and x s -ax- -4a 9 , and the 

x. c M of 2*® -7*-2 and 2* a -x -6 [x-2 a , ( 2 X i + 4 x+i)( 2 x a -x- 6 ). 

5 Find three numbers which are to one another as 2 3.5, and such 
that the sum of the greatest and the least exceeds the other by 24. 

[Am 12, 18, 30. 


1888 . 


1 Di\ide # ia -*” ia +6(* 8 -x~ 9 )+g(x* -x“*) 


by ;c c -x~c +3(a; a -x~ 9 ) 


2 Find the value of — 71 when 

x-2 a x-2 b* a+b 


[Am +*“« +3U S +a* a ) 
[§ 183, Ex 1] 


3 Find an expression containing no higher power of x than the first, 
which added to x* 4 * 6 # 8 + + 6 # 4 - r will make it a complete square 

1 [Am. 6* +3 


ALGEBRA 


xliv 


4 


Simplify i 


x+ J[x*-i)-i 



r d(x+r)- J(x~r) 

4 x- * /(*+i\ + , 


5 Find Uvo numbers in the^ ratio ij- 
by IS, they shall be in the ratio if 3 $ 


2<r, such that 


[Am Jar 


when increased 
[Aus 27, 4S 


1800 


1 If x-a* -be, y-b 3 -ra, s = c 2 -fli, prove that 

ta+0'+«z=o=«:+fl;*+fo 

2 Find a homogeneous and symmetrical expression of the second 
degree in x and y which shall be equal to 3, when x and y ate equal to 
unity, and shall be equal to 11, when x—2, y—l» [Am S-c 3 ~7xyy$v 3 

3 . Find the square root 0/ — 

lAm ’ Jx+ -h*5? 

4 Solve the equations — 


(0 69^-^=iS 2{, 49x-^ = ii2« , [Am 3,2, 

( 11 ) 2y+s=u, ns +xs 12, 2x+y= 13 [Am 4?. 33 . 35 * 

5 Three numbers ate in the ratios of 2 3 5, and the sum of their 
cubes is 4320 Find them [Am 6, 9, 15 

If four positive numbers are in continued proportion, shew that the 
difference between the extremes is at least three times as great as the 
difference between the means 


ALLAHABAD UNIVERSITY. 

Selections from the University Questions [ 1888 — 1890 ] 

1 Remove the brackets from the expression 

(x - a){x -6)[x-c)- [bc{x -n] + {(a+5+c)x-<i(i+£)}r] 

x 3 ~ 2ax* - 2bx- - 2cx 3 + zabx + 2acx. 

2 Simplify * 

<■> 4 . {^- 3 ^} -56 . u„, 

S Solve the following equations — 

~ \ ( a +i)*-(a-6)y=Za6, [a+6)y-[a-b)xszab [Am. Itea+fl.iAza-b), 
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4 A who travels 3i miles an hour starts 2* hours |bcfore B who goes 
the same road at 4^ miles an hour where will he overtake A 1 

[ Atts At 39§ miles from starting place 

5 s-a+b+c, prove that 

(as+ 6 c)[bs+ca)[cs J -a 6 )s=(b- r c) i [c — o) s (a+£) a , 

d 1 b~ sa 2d a b 

6 Extract the square root of Jj + ^a J '3 + f + [Am ^ + 1 +-. 

7 . Simplify (y -~~) (* + iAm flB * 

8 A person walked out a certain distance at the rate of 3J miles an 
hour, and then ran part of the way back at the rate of 7 miles an hour, 
walking the remaining distance in 7 minutes. He was out 35 minutes. 

— - 4 9 ‘ 

Co 


How far did he run ? [See § 233, Ex 9] 

1891 


[Am. £?t mile. 




1 . Define the following — “term,” “dimension of a term,” “homo- 
geneous terms ” 

2 Express m their simplest forms — 

'i 

x s +y 2 ' 

(11) (x -y+z)[x - s) - (x +y +;)(x -y -s) - qys [Am. o 

3 State and prove the two lemmas on which the proof of the rule foi 
finding the G. c M. depends [§§ rjy and rj 4.] 

Find the G c M. of 

x 3 — 2ax- — 5a®x — 12a 3 andx 5 -7ar 3 +l3a 3 .r-4a : '. [Am.'x-^a 

4 Solve — 

"> s=Mfe-D-a£ip 3 

« t-ZT + Z=Z}- *-•***>* 

5 A farmer bought equal numbers of two kinds of sheep, one at £2 

each, the other at each Had he expended his money equally in the 
two kinds, he would have had two more, sheep than he did How manv 
did he buy ? [Am gf ? 

6. Find the square root of 

x® - rax 8 +6ox< -ifiox 3 4-240X 3 - 192X+64. [Am. x 3 -6x s +l 2 x-8 

1892 

1 . Find the value of when [§ xS 3 E x x ] 

2 (a) Find the 11. c. r. of x 3 -x* -Sx+12 and 3V® -2x-S 

[Am. x — 2, 
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(i) 


Extract the square root of ^*4--^ ' 4 ( X ” I‘) A ~ Z ~x 


3 Simplify • — 

a(a 4- i)4-i 3(3 + x) + x c(r4-i)4-l rg 7 l p 0j £ x I0 ] 

(a - b){a - rj (6-a)(b-c) (c-a)[c-b) 

4 Solve the following equations — 

('C+a)[x+l>) (y 4 -r)(j: 4 -rf) 
x+a + b x+c+d 

.v fn . n n . m ~ A 

1 ' x y X y 


ab(c+d)-cd[a+b) 

l Ans Td^ab 

i)i“ - n- in- -n- 
l Ans am - bn' bm-an 


, za + xb 2c+3*i 
5 If n b c d, prove that 

1893 

1 Simplify — 

f i ( x ~y x 3 -y- \fx+y ; 
w \x+y x 3 +y s )\x-y x*-y 3 J 
i b-c 


(«) 


V+— +; 


c~a 


6-c*{c-a)[a-b) + c-a' i '(a-b)[b-c)^ a— b* (b-c)[c — a) 

Find H C D of 

2** -a* 3 4 -.v a 4 3X-6 and 4** - 2 v 3 4-3* -9 [Am 2X--3 

Solve — 

2 _29 

1 “5 


-4 vy(x s +y t ) 

[Am ^ x , r _ + y< 

a — b 


[o 


2 

3 


(a) 5+- 


,,, x-a x-c 

(b) 4 - 7 =2 

b — a b —c 


[Am (<») 2 ,[b)b 


A-x 

. x-a ^y-b *'+« l J’~ a = . a 
' ' c—a c—b ’ c a — b~c 


[Am c, b 


4 If I subtract from the double of my present age the treble of my age 
six jeats ago, the result is my present age What is my present age ? 

[4ns 9 years 

5 What is Imolulion ? Find the square root oft 

aj'-V I - 4 JC 4 - 10 * 3 -s^jc 3 4-25*-* -24r 6 4- id* 0 [Ans 1 - 2 x+ 3 x- ~ 4 X- 

6 If each «>f these ratios = f^rr— ^5— 

b d f \pb a 4-ffrf 3 -rr/ 3 / 


\pb a +qd 3 -rrf s i 


1894 

» 1 (a) Divide (v4\y) s -Ss 3 bj x+y- 2 s 

[Am (#4-.y) !! 4-2s(*-r,y)4-4s 5 =&c 
[b) Shew that (-x 4- 2 )(jt 4- 3 )(j; 4- 4)(.v 4- 5) 4- 1 is a perfect square 

[Am {(a® 4- 7*) 4- II } a 
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2 . Resoh e into elementary factors 

39jt ! -7a-22, x*+2x t +9, a 3 -*-d s +«r 3 ~iabc and {a+b-y)* -a-b+y 

( 3 a+ 2 ){l 3 x-ix) ; (r a + 2 i;^ 3 )(A 5 - 2 t + 3 ), § 130J 

(a + 5-3c)(fl+i~3f-l) 

3. Simplify 

(ax b a \ ( ax y x_\ a l 

[ X T Z^-f=Z-Z+y)-\ZT=&~&-a a + b)' 1/3 ~r- 

4 - Solve — 

/,\ - — I — _ + I, [. Ars i[a+b) 

' x-ra a- 5 -i* x+a-fb x 

(11) - $b - a, - -2s = --3i • [Am hi 

' 1 x * y ’ x y 

5 A sajs to B * Two-fifths of my salary is v \ of jours, and the 
•difference between our salaries is Rs 600 What is A’s salary ? * 

[Am Rs 400 

6. If a • b=c . d, prove that c a+c=a+b a+b+c+A 

189 6. 

1 Resoh e into factors — - 

(1) A. 3 + 4* a +4* (11) x* x. x * -x-1 (111) a-b- -a" 3 -b- + l. 

[Am x(x+2){x + n) , (x+l) 3 [x~l) , (o + i)(fl- t){d-M)(£- J)’ 

2. Simplify ^ ^ r [Am o 

(x-jXx-s) (y-s)O’-x) (z-x)[=-)) 

3. Solve: ( 1 ) — — -r— r- — = — .. [Am. 3 . 

K>x-1 *Jx-2 sfx - 3 

(11) (a+b)x+(a-b)y=:2az, [b+e)x+{b~c)}'=2bc [Am E.ich=e 
% If a b=b . c, shew that a- + ab+b" b- +bc J rc-—a c 

5 Two sums of money are together equal to £54 I2j , and there are 
-as many pounds in the one as shillings in the other What are the sums ? 

[A us, £52 J 52 *. 

I 89 G 

1 {«) Factorise (1) * 12 -a 3 -. (11) x * +2x- +9. (m) 8ar a +6r-27 
[Am {x-aWx+aMx* +a-)[x* -ax+a e )(v- +ax + a i )[x t -aVx- +a*) , 

[x- +2ar + 3)(a? 2 -2v+3) , ( 4 ^+ 9 )( 2jr " 3 ) 
($) Find the h, C r of x 9 - 1 and x 19 - r [Am. x-i 

2 s»»pw 7( _ «+»+. 


2 . Simplify 


3 . Solve : (1) 


3 . Solve the following equations * — 

(«) H ±! = 3i(x±±\ & 

w -v-r 9 \jf T 2/ 9’ 

! w 


[Am -107 

b\X^^bnCt\ 
(\ bn-c^bx* c 1 a a —c i a£ 



xlvm 


ALGEBRA 


4 It a b=e </, and /> . s, prove that 

c/J-cr bq-i-ds^ is f{acpr) - is Rbdqs) 

5 Two towns X and Y, on a railway, are 64 miles apart. Coals at X 
cost 1 Sr per ton and at Y lbs per ton, they cost two pence per ton per 
mile to carry on the line Find the distance from X of the place at which 
it is immaterial to the consumer whether he buys coals from X or from i • 

[Ans 26 miles 


1897 

1 Shew that (py~ bx)'- -r{b;-cy)- x <«. -a:)" -(or -rqy+ra) 2 is divisible 
by a" t 4 s tc- and r® — }• 4 -s 5 [See App Ex l] 

2 Find the H. C D of 4** -9 V 2 —6 a — I and 6r s -"]x- 1 

[Ans (x- i)(2A'- 1) 


3 Simplify the expressions — 


M 

(u) 


a- -36- +zab b- -30^ -rZab 3a* + 1006+30® 
a* — x* a-aarfa 2 + •c-)-ra''x- a"-rx iJ -ax 
« 5 - x® a s —a 3 


[Ans o 


[Arts, u 


4 A merchant buys goods at 24 guineas the cwt , and by retailing them 

at 5 s $d the lb makes 10 per cent more profit than if he had sold the 
whole for £zso What weight did he buy ? [Ans IOOO lbs. 

5 If# i be c a, prove that a* d- * a 3 * c 3 


1898 

1 Find then C F ofs^-iia^-gand 4 T 5 -MlA 4 -r8l 

[Ans x- —22+3. 


2 Simplify (a) 


m—n 


n-p p-m 

l* r 


{ V ~ »«)(* - «) ( x - »)l* ~p) {x -/>)(* - m)‘ 


[ Ans O 


2 a 


lb) -1 — ~ 

’ (a - a)" (x -a) 1 '- 1 - a) n ~ 

3 Sohe(o) zx— j,=4> 3^+- = 5 


[Atis 


(») 


1 1 


(a:— a)* 
[Ars. If, 2|. 
[Ans -65 


X T IO X 

4 Xfff b=e shew that a[a+J-re+rf)s=(a + i)( 0 -i-c) 

5 The number of months in the age of a man, on hts birth day m th 

year 1S75, w as exactly half of the number denoting the year m which h 
was born In what year was he born } [Am. 180c 
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1898 

1 . Find the difference between (I -*)* -f(i -f (t +*b' s +?' *»nd 
3t(x+i) J -j'(>' J -l)+2xy+l, and shew' b> what expression this difference 
must be multiplied that the product niaj be y*-x*. 

[Am +y z \y-x. 

2 Find the H c. D of x 5 -4V 5 -x 2 -rZX-\ 2 and x~ -x- ~2v+2, and 
find such a value of* as will make both the expressions vanish [x- 1 } I 


3 , Reduce the following expressions into factors ; 

(0 v*- jov 5 -*-9 ; [Am. (a 2 J-2t-3)(* 3 ~2*~3) , 

(n) a-[a^-b -c)- -e-{b + c — a)-. [Am {(a~e) 2 Ti(® J - 0 }(®“f)( a 'h 3 + <). 

4 . Solve the equations — 

, , *+ a x-b 2 (c+i) r j> ab[a+b) 

(0 n-~ • [Ant. • ■v r r.- « 

x-a x+b x a- -*-b- 


(u) ~+i=S, 3 x +2y-2xy. [Ant. 2, 3 

* / 

5 Simplify b)[a _ c) + b[b _ c) ^ c[c _ fl)(c _ b) ' -rfi- 


6 . 


x y 

If~=j, prove that 


x 2 +g 2 y- -rb- (x +>‘) a -*-{a+b)* 

x-ra T y+b ~ (v+r)+(a+£) * 


1900 


1. Diudc (i-a 2 )(l-i 2 )(i-c s )-(a+if)( 5 +ca)(f+fl 5 ) 
by 1 -a 2 -i 2 -c 5 -2dbc • [Am i+abc 

and extract the square root of 1 +(\ + i)(x + 2)(x+3)(x-f4) [x 2 +5V + 5 


, 2 . 


Simplify 


(x-a) 2 (x-b) s , (x-cy 
(o -b)[a - c) (b- a)[b - e) + (c - a)[c - b)' 


[Am. 1. 


3 The expression ax-by is equal to 10 when y =2 and y=3 and it is 
equal to 25 when *=3 and y=- 2, a and b being constants ; find a and b. 


Solve 

[x+c){x+d) x-a-b’ 


[Ant, 


[Am. 11,-4 
cd[c+d) —ab[a J-£) 


4. 


is 


(g° + ab + i 2 ) - (c® + cd -r/f- ) 
g . b, e ; d t e ./ &c are m equal ratios : prove that each of them 

V<vrr\ — - 


/» 1 > r f - . are any quantities whatever. 


5 A’ s present age is to B’s present age as 8 : 7 
were as 5 4 Find Iheir present ages. 


27 years ago their ages 
[Am, 72 yrs , 63 yrs 



1 


ApGEBKA 


leoi 


1 (o) Find the H C F oi X s -sx 1 + I and 2 * 5 v- - 4 A - 7 . 


(4) Extract the square root of 

[a-i)*-2[a- -ri*)[G-&)- t2(«‘ +b*) 

% Simplify (i) {a-b-t)* -t{a~b-cY-6a{a? -{b-c\*} 

1 1 [Art 


[/frs x-l 
[Ant a- g-6- 


Solve the equations — 

4 / 3 


[4ms $a- 
4 V 8 


(«) 


*-I y - rl 2 ’ 


- ... ‘1 


X-I > 


16 " 


t-4«s s 

[<4>» - 2 J, •?. 


4 A number has three digits which increase bj t from left to right 

The quotient of the number divided bv the sum of the digits is 26 What 
is the number 5 [Arts 234 

5 If ■ — -=b, — =b, =s«, shew that 

x—y y T~ S Ti 

(i-n)li -5’(i -r)=f t -‘-eHi ~f)U -r) 


Simplify (i) 
and (u) 


1902 

o s — a*6 - cb* + b- 
a* —a'o—a z b° —ab z ’ 
c» x{5x ( s - -\chc 


[At s 


a* -rb- 
n ' * 
a 

<l-rb~C 


o* 

4 


Extract the square root of i 6 a ! ( . - 2 } -S v(i - 3 *} -r 1 

[Art 4x- - 4 A -+ 1 

Solve 5IZi2-5lZ^ = H±Z-3£±29 


jr-4 j:- 7 1-3 v-6 

Find a and / from the two equations 

a{ v ) -f 4( v -^ ) = 2 s, j (a - r(a -b)=zb 


[A ms -5 


5 

and I 


[Ans I, I. 

I wished to gi\e a certain number of old men i anna S pies each, 
found that I had not monej enough in m> purse bj II annas ; so 
I ga\ e them I onna 5 pies each, and then I had mone) enough and 3 annas 
3 pies to spare Find the number of old men [At:s 5 /. 

6 Ifc 4=r • a, proa e that 

a-5 - see 2 6* - 3 ad 3 =a-->- y- . b' 1 yP. 
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From Professor ARTHUR CAYLEY, M A , F.R S , LL D , 
D C L , D Sc., Ph 33., Sadlenan Professor of Mathematics m the Univer- 
sity of Cambridge 

“It (Elementary Treatise on Algebra by S C Basu) seems to me to be 
a clear and well writ ten work, adapted for its purpose as an elementary 
text book " 

From T C LEWIS, Esq , M A , Principal, Government College, 
Lahore 

“I feel sure that any recommendation of mine is unnecessary when you 
have been able to obtain the approval of so good a judge — and so cautious— 
as Professor Cayley.” 

From Professor JOHN ELIOT, M A , Fellow of the University of 
Calcutta, and Member of the Board of Mathematical Studies, 

“I can congratulate you for having produced a very useful book and one 
which I think is fairly entitled by its merits to be placed on the list of Text 
Books on the subject, authorised or suggested by the University ” 

From Rev JOHN P ASHTON, M A , Principal, London Mission 
College, Bhowampore, Member of the Board of Mathematical Studies, and 
Fellow of the Umversity,of Calcutta 


“Your Algebra should be of great service to students, who wish to 
understand the subject thoroughly There are several useful features in 
this work The explanations are simple, and the prominence given so early 
in the book to important formula will be very helpful The excellent 
Chapter on the Resolution of Expressions into factors should be of great 
service Students will find much assistance from what is taught concerning 
Homogeneous Expressions, Negative Indices and Symmetrical Fractions 
The examples are numerous, but if a student has time to go through them 
carefully, he ought to find no difficulty m working out the University 
Examination Papers ” 

From A EWBANK, Esq., M A , Principal, Patna College, and 
Fellow of the Calcutta University 

“Your Algebra is a good piece of work, and I have no doubt it will be 
appreciated.” 


pfiiga? °' A ‘ MA:RTIN > Esq » LL. D , Director of Public Instruction, 

JtJhJL !u‘ £ Basu’s^ Algebra) is m every way suited for the study of 
Algebra up to the Standard for Entrance into the University, and its gel-up 

is most creditable to the publisher.” * ** p 


C 2 3 


From W N BOUTFLOWER, Esq , M. A , Professor of Higher 
Mathematics, Muir Central College, Allahabad 

“As fat as I can see, I should think your Algebra likely to prove helpful 
to students ” 

From The Hon’ble GOQROO DASS BANERJEE, M A , LI» D , 
One of Her Majesty's Judges, Member of the Board of Mathematical Studies, 
and Vue Chancellor of the University of Calcutta, 

“l have looked into it (S C Basu’s Elementary Treatise on Algebra, 
Part I) and I think it is well suited to meet the wants of students preparing 
for the Calcutta University Entrance Examination The explanations given 
are clear and concise, and the examples well chosen and instructive ” 

From Babu ASUTOSH MUKHOPADHYAY, M A , F R A S , 
F. R S E , Member of Ihe Societe Malhcmatiqut de France, and Examiner 
in Higher Mathematics itt the University of Calcutta 

“Babu S C Basu’s Elementary Treatise on Algebra is a very useful 
publication It exhibits muck originality in the . division and arrangement 
of the subject The articles are written in language simple, clear and free 
from carelessness, so often met with m ike works of mast of our writers 
The chapters on the Resolution of Expressions, Application of Formula, 
Symmetrical Fractions, and Equational Problems are well written and 
calculated to be of very great use to students, beginning the subject. The 
examples are excellent, many of them appearing for the first time m 
this work, and where solutions are given, the neatest and best methods 
have been employed In short, this is the best book of its kind yet pub- 
lished in this country, and I can strongly recommend it to Entrance 
Candidates ” 

From Babu GOURY STINKER DEY, MA, Professor of Mathe- 
matics, General Assembly’s Institution, Fellow of the University of Calcutta, 
and Member of the Board of Mathematical Studies 

“Mr S C Basu’s Algebra, Part I, is an improvement on the existing 
Treatises on the subject, now in use in this country It has much original 
and useful matter and the collection of eaxmples is excellent. It will be a 
very suitable text-book for Entrance Students ” 

From Babu BIPINVEHARI GUPTA, M A , Professor of Mathe- 
matics, Presidency College, and Examiner m Mathematics in the Univer- 
sity of Calcutta 

“I have gone carefully through your Elementary Treatise on Algebra, 
Fart I, and have found it decidedly better than most books of the kind 
To those whobave a taste for the subject and desire more information on 
it than the ordinary text books afford, it is simply invaluable The large 
number of typical examples worked out as well as of the exercises set 

Stud t ”° l ° TOake y ° Ur 6 ° 0i txtremdy V 5 e f wl t0 tfae Mathematical 


THOMSON, Esq ,M A , Professor of Mathe- 
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“I have looked through the copy of jour ‘Elementary Treatise on Algebra, 
Part 1 5 which you kindly sent me, and I have much pleasure in recommend- 
me it for the use of Entrance Students Your copious treatment, both by 
explanations and examples of those furls of the subject a kick ptscttl most 
difiicuUv to young students, shews that you have spared no pains to make 
the book such as to meet their wants I trust jour Algebra will be appro- 
ciated as so painstaking a work desen es to be ” 

From Balm RAMNATH CHATTERJEE, M. A, Professor of 
Mathematics, Ag/a College, and Examiner in Mathematics in the Calcutta 
University. 

“I have to thank you foryoui kind present of a copy of yonr Element- 
ary Treatise on Algebia, Part I. I have gone carefully through the whole 
book and have found it decidedly superior to all similar works published in 
India The demonstrations are clear and concise and there is sufficient 
explanation to make the subject clear to beginners I would speci?Uy note 
the Chapters on Algebraical Formulas and their Application, Resolution of 
Expressions into factors, and classification of Equntionnl Problems The 
exercises are very numerous and admirably arranged. There are many 
examples of great beauty which are quite original and the hints for solu- 
tion given under some of the questions are simply invaluable In short, in 
these days of multiplication of books, the student who wishes to possess only 
one booh on Elementary Algebra containing everything necessary to enable him 
to pass his examination with credit and to acquire a ihnottgh and full know- 
ledge of the subject , ought to purchase a copy of your invaluable worf I 
hope your book will be appreciated throughout the whole country ” 

From s B MOOKERJEE, Esq , M A., Professor of Mathematics, 
Government College , Lahore . 

“I have to acknowledge with thanks the receipt of a copy of your excel- 
lent work on Elementary Algebra, Part I I have since gone through the 
book and can declare it as one of the best books on the subject that I have' 
met with Your lucid exposition of the subject will be of great help to the 
teacher and the collection of varied examples for exercise of which you have 
given more than enough will be particularly valued by the student .” 


From Rev J. WATT» M A., Professor of Mathematics , Duff College. 

“The Second Edition of your Algebra, Part I, is a painstaking and 
superior Text-book The student that carefully works through it cannot fail 
to have a thorough grounding m the subject. Many difficulties passed over 
by other writers are clearly explained and illustrated. The Chapters on 
Resolution of Expressions’ and ‘Treatment of Surds’ are very good. I have 
no doubt that Entrance Students will soon discover its value 33 

^«!%|S UHARIDAS SASTRI ’ M.A., Director of Public Inslruc 

,v.75 hlS ] ,andy . b ° ok h * s dcs «vedly soon reached a Second Edition It 
roughly'revised the book aiu^he ba^^ded^note ^'of inter* 
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schools under ms management and rortrol, and I am cnminr«* lint it is 
an (.welknl book to give into the hands of Indian Siml-nt* JftrHht 
ado file i is excellent anil veil mlef 1 1 to the writs ef U j * W "ill , flilux'e t 
to Inaum Universities I can unhesitating^ sav that it is in* b at work 
on the subnet that Ins >cl liscn offstul to Indian b tide ms I nnl> nerd 
snj I hops to hear that this edition had nut vn‘h a- mwh acceptance as H> 
predecessor , it des.iscs greater *ccep'ance " 


From Babu RAMOHANDRA MAJTJMDAR, M A . fw Chat i 

Roy Ci an, I Stnantt , Professor of Ma'l e-ir'tts, hernar f ,r C'lltqt 


“I hast gone through the hook -nd I ‘lonk it mil 1 e r in n>*ntl) t *cfnl 
to students preparing for the Entrance 1 sammaiion Hit ailicir* bate b-e.v 
verj clearlj txpl'ined and the exercise , mini. uni -ml atcll dm -a, jt *tU 
tnhance the table of the hook ” 


From 0 NAGOJEE RAU Esq , B A., htfrJcr cf ScJ'pU, 
Madias 


**] hate looked into Mr Tmeu’s Elementary Algebra, 1 att 1, 3rd KliMon, 
ind I hate no hesitation in waving that i’ s pi e rf t^e k, st t ' s i « t> e si b 
ject tin i' I no e seen The* o.p’nnatmns are tv rbar, an t the <> im* !*•<, 
copious and v ell chosen lean s'r^nyi} nt*> n a ■* i>s me <*/ a led s 
in (he High Sc nop Is u tins Pieiiaeiny " 

From R L MAITRA, Esq, M A, Fnreifaf Ft'afttr Pa y ui‘s 
) Collect, Co am a 

"It (Mr S C Basu’s A Indira) »r Jar at l r‘vOj trt Its! .Hfc'-rc. ei t 
• vrtUeit, and shrub! hs in the hands of tlio e t ho t iih Ihotoughlj to master 
the subject " 

From P. PANAKAL ROW, B A , Professor of Ma'henia'ies, P mp nr 
Rajah's College, Madras 

* I hate carefully perused the Elements of Algebra bj S C Basil, F<q , 
of Calcutta, and am glad In slate that it supplas a \ an* long tell in this 
Presidency of a suitable Text booh for Middle ami High bchorl D'partinenl* 
It contains at ell graduated exercises and arrant;/ men! of the several prts 
enables a teacher to make Ins bo>*> grasp the sub;, ct thorough I ) I must 
make a special mention or the Chapter on Identities which »s simple 
excellent " 


Prom Babu RAM NARATAN DATTA, B A , Guim’nn ami Tutor 

to the Mahataj Kumar of ilurdwnn, and forrcrK Principal, Kni Collecc. 
Burdwna 1 J ** ’ 


\out Algebra 'with regard to precision, system anil copiousness, c*n civc 
points to many a more preicntious European publication cot ermc the same 
ground Aour hook, m the phrase of the da), es'abhshes quite 'a record’ 
and one must indeed be tcr> hard to please u ho docs not approve of the 
simply beautiful arrangement of parts that characterises it The exercises 
ate fat too apt and copious lo leave anything to he desired and your expos, 
tion of Irtnciples is at once simple and saiisfactmy In n word a student 
would vainly look far a better and more compendious hand booh Your 

chapter on Factors is really a mamal of neatness " 
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The August {1891} number of the Madras Journal of Education 
says ; — 

“ We have gone through the book carefully, and are able to say that it is 
superior in every way to many books on the same subject It has reached a 
Third Edition in so ■short a time as three years The author has bestowed 
much labour and skill in the methodical arrangement and clear exposition of 
the text, and much originality in many of the examples given for illustration 
and exercise We agree with the author m thinking that some knowledge 
of Equations is necessary for the proper understanding of the Theory of 
DiviMors and Multiples, and of Fractions ; but a chapter on ‘Identities* — 
conditional and unconditional — with the fundamental axioms on which opera- 
tions with them chiefly depend, would have served the purpose equally well 
and left ‘Equations’ intact. The book, on the whole, must be useful to 
teachers by its numerous examples The get-up and the general style in 
which the book is printed are in no way inferior to English Publications , 
and reflect much credit on the Baptist Mission Press, Calcutta ” 

The “Indian Engineering’ (Edited by Pat. Doyle, Esq, c c) 
dated the 8th February, 1890, say s • — 

“ The fact that a Second Edition of this book should be called for within 
eighteen months of the publication of the first, bespeaks much, and con- 
firms the opinions of those who, from the outset, have pronounced in its 
favour There can be no question of the advantages of an educationist pro- 
v iding for the wants of students with whom he has had to deal, and amongst 
whom the labour of his life has been expended This appears to be the key- 
note of the success of Babu S C Basu’s Elementary Treatise on Algebra 
The plan of the book is at once progressive and comprehensive The dif- 
ficulties of the subject are simplified and presented in a form unlike any- 
thing of the kind that has come under our notice m late years The text and 
examples supply a distinct desideratum for the Indian Universities’ Entrance 
student particularly m Bengal ; and we can strongly recommend the volume 
as one deserving of recognition at the hands of Mathematical Masters through- 
out India In respect to other matters we can safely say that the Calcutta 
Baptist Mission Press has sustained its reputation in the highly satisfactory 
> manner m which the book has been produced — in every way equal to English 
publications of its class ” * 



